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INTRODUCTION. 



"L'fiTUDE approfondie de la nature est la source la plus 
f^conde des deeouvcrtes math^matiquea. 

Non seulement cette ^tude, en offrant aux rechcrches un but 
determine, a I'avantage d'exclure les questions vagues et les 
calcula sans issue ; elle est encore un nioyen assur^ de former 
I'Analyse elle-mSme, et d'en d&ouvrir les ^l^ments qu'il nous 
importe le plus de comiattre et que cette science doit toujours 



Ces Elements fondamentaux sont ceux qui se reproduisent 
dans tous les effets naturels." (Fourier.) 

These words of Fourier are taken as the text of the present 
treatise, which is addressed principally to the student of 
Applied Mathematics, who will in general acquire his mathe- 
matical equipment as he wants it for the solution of some 
definite actual problem ; and it is in the interest of such 
students that the following Applications of Elliptic Functions 
have been brought together, to enable them to see how the 
purely analytical formulas may be considered to arise in the 
discussion of definite physical questions. 

The Theory of Elliptic Functions, as developed by Abel 
and Jacobi, beginning about 1826, although now nearly 
seventy years old, has scarcely yet made its way into the 
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viii THK APPIJOATIONSi OF KLLIfTIC FUNCTIONS. 

ordinary curriculum of mathematical study in this country ; 
and is still considered too advanced to be introduced to the 
student in elementary text-hooks. 

In consequence of this omission, many oi' the most interest- 
ing prohlems in Dynamics are left unfinished, because the 
complete solution requires the use of the Elliptic Functions; 
these could not he introduced without a long digression, 
unless a considerable knowledo;e is presupposed of a course 
of Pure Mathematics in this subject. 

But by developing the Analysis as it is required for some 
particular problem in hand, the student of Applied Mathe- 
matics will obtain a working knowledge of the subject of 
Elliptic Functions, such as he would probably never acquire 
from a study of a treatise like Jacobi's Fundamenta Nova, 
where the formulas are established and the subject is 
developed in strictly logical order aa a branch of Pure 
Mathematical Analysis, without any digression on the 
application of the formulas, or on the manner in which 
they originate independently, as the expression of some 
physical law. 

In introducing these applications we are following, to some 
extent, the plan of Durege's excellent treatise on Elliptic 
Functions (Leipsic, T eubner) ; and also of Halplien's Traite 
des fcmctions ell-i/ptiques et de lev/rs appUcations (Paris, 
1880-1891). 

But while volume I. of Halphen's treatise is devoted entirely 
to the establishment of the formulas and analytical properties 
of the functions, and the applications are not discussed till 
volume II. ; in the following pages it is proposed to develop 
the formulas immediately from some definite physical or 
geometrical problem ; and the reader who wishes to follow 
up the purely analytical development of the subject is referred 
to sach treatises as Abel's (Euvres, Jacobi's FundatJienta Nova, 
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INTRODUCTION. ix 

already mentioned, or the Treatises on Elliptic Functions of 
Oayiey, Enneper, Konigsberger, H. Weber, etc. 

The following works also may be mentioned as having been 
consulted in the preparation of this work : — 

Legendre: Tkeorie des fonetions elUptiques ; 1825. 
Thomte: Abriss einer TJieorie der complexen Functionen 

v/ad der Tketafuiietianen einer Ver&nderliehen ; 1873. 
Schwarz: Formeln und Lehrsdtze sum Gebrauche der 

elliptischen Function&n. 
Klein (Morrice) : Lectures on the Icoaahedron ; 1888. 
Klein und Fricke ; Vorleswngcm iiber die Theorie der elUp- 

tischen Modaljunctionen ; 1890. 
Despeyrous et Darboux : Gours de m&anique ; 1886. 
E. A. Roberts: Integral Calculus; 1887. 
Bjcrknes: Niels Hendrih Abel; tableau de sa vie et de son 

action sdentifique ; 1885. 

We shall begin by the discussion of the Problem of the 
Simple Circular Pendulum, .as the problem best calculated to 
define the Elliptic Functions, and to give the student an idea 
of their nature and importance. 

Previously to the introduction of the Elliptic Functions, 
the Circular Pendulum could only be treated by means of the 
circular functions, by considering the oscillations as indefinitely 
small, and by assiinilating its motion to that of Huygens' 
Cycloidal Pendulum, of 1673. 

But now the employment of the Elliptic Functions renders 
the ordinary discussion of the Cycloidal Pendulum antiquated 
and of mere historical interest, and banishes from our treatises 
such expressions as " an integral which cannot be found," or 
"reducible to a matter of quadrature" in describing an elliptic 
integral, expre3.sions which aroused the indignation of Clifford 
{Motliematical Papers, p. 562), 
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X THE APPUCATIONfi OF ELLIPTIC FUNCTIONS, 

According to the new regulations for the Mathematical 
Tripos at Cambridge to come into force in the examination 
in May 189S the schedule II. of Pari I. includes " Elementary 
Elliptic Functions, excluding the Theta Functions and the 
theory of Tran'itoimation" ; so it is to be hoped that this 
reintrodnetion of Elliptic Functions into the ordinary mathe- 
matical euriiGiilutii wiU cause the subject to receive more 
general attention and study. These Applications have 
been put together with the idea of covering this ground by 
exhibiting their practical importance in Applied Mathematics, 
and of securing the interest of the student, so that he may i£ 
he wishes foUow with interest the analytical treatises already 
mentioned. 

We begin with Abel's idea of the inversion of Legendre'a 
elliptic integral of the first kind, and employ Jacobi's notation, 
with Gudermann'fi abbreviation, for a considerable extent at 
the outset. 

The more modern notation of Weieretrass is introduced 
subsequently, and used in conjunction with the preceding 
notation, and not to its exclusion; as it will be found that 
sometimes one notation and sometimes the other is the more 
suitable for the problem in hand. 

At the same time explanation is given of the methods by 
which a change from the one to the other notation can be 
speedily carried out. 

It has been considered sufficient in many places, for instance 
in the reduction of the Integrals in Chapter II., to write 
down the results without introducing the intermediate analysis ; 
as the trained mathematical student to whom this book is 
addressed will have no dif&culty in supplying the connecting 
steps, and this work will at the same time provide instructive 
exercises in the subject ; and further, in the interest of such 
students, many important problems have been introduced in 
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IJJTRODIJCTION. xi 

the text, t'onning imuiediate applications of theorems already 
developed previously. 

I have to thank Mr. A. G. Hadcock for his a.ssistance in 
preparing the diagrams, and in drawing them carefully to 
Kcale. 



Lice 9 from bottom, I'ead Hiiygeiis. 

Line <i, read siu"'* / ■ ■■ ■ - 
■V,i:-7 

Line 5 from bottom, read - 4w^(9e' + i(t'|-. 

Line 19, read Fottctions elliptigaes. 

The diagram mUBt be replaced by tba one given 1: 

The Nmloid in fig. 12, p. 99, was described by a 

which, was not a fociis of the tolling hyperbola. 

Ijiie 2 from bottom, delete minus sign before radicivl 

. Equation (7), i^ad (Cg^ -,;,*)/ D. 

. Line 12, read ^K{x, y). 

. Line 6 from bottom, read j3(«-<i]--p|H + w): 

Line 7 from bottom, read 6 + Lxf - Xiyz' - i/a) = 

with the oorreapooding sabsequeiit eorroctious. 

, Line 7, read P^X-^+q^X„^ = f>. 

Line 5 from top, for rectangle read i-ibbon. 

. Line 12 from bottom, read Proc. L. M. fi., IX. 
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ABBREVIATIONS. 

ij J M Quarterly Jour ai of Mitl emvt ca 

Proc i Vf 6 Pcooee 1 nga of the L lo Mathe at cal Vi ety 

Pro C P S Poceeli gs of tie Canl dge Ph los pi 1 Soc etj 

A J M Amer can Journal of M^ti e nat os 

F E tooetion ell pt q es (Legenl e and H Ipl j 

Yn h An Matbemat cbe An ale 
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CHAPTER I. 

THE ELLIPTIC FUNCTIONS. 

1. The Penduki/m, ; introducing ElUptic Functions into 
Dynamics. 

When a pendulum OP swings through a finite angle aboab 
a horizontal axis 0, the determination of the motion introduces 
the Elliptic Functions in such an elementary and straight- 
forward manner, that we may take the elliptic functions as 
defined by pendulum motion, and begin the investigation of 
their use and theory by their application to this problem. 

Denote by W the weight in lb. of the pendulum, and let 
OG—h (feet), where G is the centre of gravity ; let Wi;' denote 
the moment of inertia of the pendulum about the horizontal 
axis through G, so that W(h^+!<?) is the moment of inertia 
about the parallel axis through (fig. 1). 

Then if OG makes with the vertical OA an angle 6 radians 
at the time ( seconds, reckoned from an instant at which the 
pendulum was vertical ; and if we employ the absolute unit 
of force, the poundal, and denote by g (32 oeloes, roughly) 
the acceleration of gravity, the equation of motion obtained 
by taking moments about is 

Ut^ 

since the impressed force of gravity is Wg poundals, acting 
, vertically through G ; so that 

or, on putting h+Jc^lh = l, 



dt' 



"f (1) 
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THE ELLIPTIC FUNCTIONS. 3 

I£ the gravitation unit oi force, the force of a pound, is 
employed, then the equation of motion is written 

~(h'+e-^,= -WhHm(), 

reducing to (1) as before. 

2. Producing 00 to P, so that OP^l, GP = k^jh, the point 
P is called the ceidre of osoiUation (or of percussion) ; and I is 
called the length of the simple eqiiivalent p&rululum, because 
the point P oscillates on the circle AP in exactly the same 
manner as a small plummet suspended by a fine thread from 
(fig. 2); as is seen immediately by resolving tangentially 
along the arc AP — b = 1&\ when the equation of motion of 

the plummet is ^= ~g sin0=^ -(/sin , 

or l(d?QldP)= -g sinO; (1) 

and integrating, \lidQjdtf = G—g vers (2) 

These theorems are explained in treatises on Analytical 
Mechanics, such as Eouth's Rigid Dynwmies, or Bartholomew 
Price's Infl/nitesimal Galcvlus, vol, IV., and might have been 
assumed here ; but now we proceed further, to the complete 
integration of equation (2). 

3, First suppose the pendulum to oscillate, the angle of 
oscillation BOA-\-AOB'h%va^ denoted by 2a (fig. 2); the angle 
of oscillation is purposely made large, as in early clocks, in the 
Navez Ballistic Pendulum, in a swing, or as in ringing a 
church bell, so as to emphasize the difference from small 
oscillations, the only case usually considered in the text- 
books ; in fig. 2 the angle of oscillation is made 300". 

Then dO/dt^O when B^a, so that in equation (2) 
G=g vers a ; 
and now denoting gjl by n\ so that n is what 8ir W. Thomson 
calls the speed (angular) of the pendulum, 
^{ddjdt)^ — n\vers a — vers d) 

= 2n\Bm^a-Bin^e) (3) 

since vers 9 = 2 ain^ J6 ; 

dd/dt = 2nJ{sm^a- sia^B), 



and 



nt= r ^i^ (4) 

J ^(sm%asm%9) 
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4, THE ELLIPTIC FUNCTIONS. 

and (4> is called by Legendre an elliptic integral of the- Jirsl, 
kind; it is not expressible by any of the algebraical, circular, 
or hyperbolic functions of elementary mathematics. 

4. To reduce this elliptic integral to the standard form con- 
sidered by Legendre, we put 

sin|9 = sin Ja sin <p, 
equivalent geometrically to denoting the angle ADQ by 
(fig. 2"), where AQD is the circle on AD aa diameter, touching 
jSB' in D, and cutting the horizontal line PN in Q. 
For, in the circle AP, 

AN^lveTsd^^n^m-^d; 
and, in the circle AQ, 

AN'=iADveT3 2,p = ADiim',l> 

= I vers a sin^^ = 21 sin^^ a sin^^. 
Now sin^^d — sin^|0 = sin^|a cos^^, 

and ^O^sin'^sinja sin <j)), 

,, , ,,-, sinia cos dii^^ 

no that die = .. - ^ ■ - -? - .-. ■ ■f - . . ^ - - , 

and therefore nt= / , ■■■■ — -^-^ — ^-s— ,- 

y ^(1 — sm^^a sin^^) 

which is now an elliptic integral of the first kind, in the 
standard form employed by Legendre. 

{Fonctions Ulliptiques, t. I., chap VI.) 

5, In Legendre's notation, sin Ja is replaced by k; the quantity 
^(1 — K^sin^0) is denoted by A^ or A(0, k); and the integral 
/diplA<j> orJ{l-K^sm^<j,)-id^ is denoted by F^ or F(^,k), 

and called the elliptic integral of the first kind, ^ being called 
the amplitude and k the modulus. 

Thus, in the pendulum inotion, 

nt—Ffj,, 01 -F(^, sin|a). 

LegendreemployscinsteadofK, and puts K= sin 6 (a different 
Q to what we have just employed) and calls 6 the modular 
cmgle ; and he has tabulated the numerical values of F{tj>, k) for 
every degree of ^ and B. (FonctioTis Elliptiques, 1. 11. Table IX.) 

Legendre spent a long life in investigating the properties of 
the function Fi^, the elliptic integral of the first kind ; but the 
subject was revolutionised by the single remark of Abel (in 
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THE ELLIPl'IC FUNCTIONS. 5 

1823), that ]Pfp is of the nature of an inverse function ; and that 
if we put u = F<p, then we should study the properties of tp, 
the amplitude, as a function o£ u, and not of 14 as a function 
of ^, as carried out by Legendre in his Fonotions Elliptiques. 

6. Jacobi proposed the notation <p = 3.mv,, or ara(M, k) when 
the modulus k is required to be put in evidence; and now, 
considered as functions of u, we have Jacobi'a notation 

cos = cos am u, sin = sin am u, A^ = A am u, 
the three elliptic fu/netwns of u; and in Jacobi's FwndaTiienta 
Nova (1829) the properties of these functions, 
cos am u, sin am u, A am u, 
are developed, the elegance of Jacobi's notation tending greatly 
to the popularity of this treatise. 

7. Definition of the Elliptic Functions. 

Jacobi's notation is rather lengthy, so that nowadays, in 
accordance with Gudermann's suggestion (Theorie der Modular 
Fvmctionen, Crelle, t. 18), cosamit is abbreviated to cnw, 
sin am u to sn u, and A am « to dn u ; and 

en tt, sn 11, dn u 
are the three elliptic functions (pronounced, according to Hal- 
phen, with separate letters, as c, n, «. ; s, n, w ; d, n, u) ; and they 
are defined by 

Gnu — cos tp, sn u = sin ij>, 'dn 'u, ~ Atp = ^(1 — k^ sin^^) ; 
where ^ is a function of ti, denoted by am u, and defined by 
the relatio 






(1 ~K^ sin^^) "^d^, 



, damn- dd, , .,-:,,, , 

"■^ -ar" as " V(i"«"Bmv). an*. 

_, denv, dcosA . dib , 

Thence ■ , ■ — = ■— ; — - = — sm d, ■ ■,-- = — i^n w dn u ; 

du OM ^ du 

and similarly 

d&nu_dsmip^ d<j) _ 

du dv, ™ du 

ddnu dArji K*sin A cos <bdA „ 

and --3 — = — r^= F: — - -t-= ~K'snii,cau 

du du A^ du 



en u dn u ; 
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6 THE ELLIPTIC FUNCTIONS. 

8. Retucning now witli these dofinitiona and this notation 
to the motion of the pendulum, we have, on comparison, 
u~nt, while K^sinja, so that the modular angle is |«; 
and K^ADjAB^ABIAE, ^^ABjAE (fig, 2); 

also ^ = am u, cos ^ = en w, sin <p = &a.v., dipjdt = ndnu; 
d6/dt — 2nic en tt = 2nK en nt, 
sin^6= (csnw= Ksnii(, 
00856= dnu= Annt] 
AP^AE^hvlQ^ABfiTinUPE^AEaaii^e^AEdnnt; 
AN = ADBii^nt.ND^ADmHt,NE=AEdn^nt; 
NQ = J(AN. NB) = AD sunt cnnt, NP = ABsnnt dnnt ; 
giving these quantities as elliptic functions of u or nt. 

9. We notice that k = for infinitely small oscillations of 
the pendulum, the only case usually treated in the text-books ; 
and now ^ = u = nt,so that 

en w = cos u, sn u = sin it, while dn it = 1 ; 
and the elliptic functions have degenerated into the ordinary 
cwcidar functions of Trigonometry. 

But in finite oscillations of the pendulum, where k is not 
zero, these new functions are required, which are called the 
elliptic functions; and their geometrical definition is exhibited 
in fig. 2, in a manner similar to that employed in Trigonometry 
for the circular functions. 

The name elliptic function is somewhat of a misnomer ; 
but arose from the functions having been first approached by 
mathematicians in their attempt at the rectification of the 
ellipse (§ 77). 

For finite oscillations the circular functions are applicable 
only to cydoidal oscillations, as discovered by Huygljens, 1673, 
whence the motion on the arc of a cycloid is generally investi- 
gated at length in elementary treatises ; but this discussion 
may be considered as of mere antiquarian intei-est, now that we 
are proceeding to discuss the finite oscillations of the pendulum 
by the aid of the elliptic functions. 

We may however make here a slight digression on cycloidal 
oscillations, treated in the maimer we have employed for 
circular oscillations. 
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THE ELLIPTIC FUNCTIONS, 7 

10. Gycloidal Oscillations. 

In the cycloid, fig. 4, the angle ADQ or <p = 'iit (not amnf, 
as in the circular pendulum) for all finite oscillations; for 
as P oscillates on the arc BAB' of the inverted cycloid 
described by the roiling of the circle AH!, Q follows P at the 
same level on the circle AD with constant velocity. 




= lt2«.lt|lia* 
Pp Nn Pp 



For if PQN" meets the circle on AE as diameter in R, then, 
from a well-known property of the cycloid, the tangent TP is 
equal and parallel to AR, and half the arc AP ; and if n, p, q, r 
denote siraultaneoits consecutive positions of N, P, Q, R, 
the velocity of Q_ 
the velocity of P 

= cosee qQP sin pPQ = cosec AFQ sin AER 
^lADAR^iAI) J AN. AE _ ^AD 
NQ AE AE^IaKND JiAE.ND)- 
Now the velocity of P = J(^Zg . ND) 

and therefore the velocity of Q^\ADJ{mAE) 
= ADfJ{gjl) = n .AT), a constant, 
if AE~\l; and therefore the angular velocity of Q about D 
is n, and the angle ADQ = (j>=nt. 

Therefore the oscillations are isochronoV/S, since the period 
2'jrjii = 2Tr^{llg} is independent of the amplitude of oscillation. 
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8 THE JiLLIPTIC FUNCTIONS. 

But in the circular pendulum the period increases with the 
amplitude or angle of oscillation; because in the circle AP 
(fig. 2) the versed sine AN varies as the square o£ the chord 
AP, while in the cycloid AP (fig. 4) the versed sine AN varies 
as the square of the arc AP. 

The time from P to ji on the cycloid is equal to the cm. 
(circular measure) of the angle ADQ divided by n or ^{gjl) ; 
and generally the time over any finite are P^i of the cycloid 
will be equal to the e.ni. of the corresponding angle QDq divided 
by n, supposing the body to start from the level of J). 

This will be true even when the point I) is above E, as at 
D', so that the body enters the cycloid with given velocity ; 
as for instance in the case of a railway train entering with 
given velocity V a cycloidal tunnel BAB' under a river. 

Making DJ)' = \V^jg, the irti-petus of the velocity V, then 
the time occupied by the train in the tunnel from £ to B' is 
twice the cm. of AUO divided by n. 

Also if the length of the tunnel is 2s, then s~^{2lh), if 

AD, the depth or versed sine of the tunnel, is h ; so that the 

time oeewpied is 

2, ,DG ^ II, , IAD 2s , , U h 
— tan"' 



2^it^n^^^^.^--^Un'^^L- 



11. The Period of the Pendulum, and of the ElUptie 
Functions. 

The 'period of the pendulum is the name now given to 
the time of a double swing, according to the report of a Com- 
mittee at the Conference of Electricians in Paris, 18S9; 
thus, if the swing is small, the period is '^■jrtj{l/g) seconds. 

But if the angle of vibration 2a is finite, the period is in- 
creased ; denoting the period by T, and therefore the quarter- 
period, or time of motion of P from ^ to 5 (fig. 2) by \T, 
then as t increases from to ^T, 6 increases from to a, and <p 
from t) to W, so that nt or v. increases from to K, where (g 4) 



K^/i}- 



K^m^,f>)-id<j>; 



and K (or F^k in Legendre's notation, and called by him the 
com'plete elliptic integral of the tir.?t kind) is now called the 
real quarter penod of the elliptic functions, to the modulus k. 
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THE ELUPTIC PUHCTIONS. 



Now, expanding by the Bmomial Theorem, 
and, by Wallis's Theorem, 



/^ 



J...(2ti-1 

(sin j.fd^ . -2.1.6... Sr 



-^-ix[i+2- 



,-,( 1.3.5...(2i»-l) V 



so that ^i^-r/fi 'T-x.ig-^ 

TKus the period ol' a pendulum of length I, ascillating through 
an angle 2n, is 

-=f-'4{'-(2T<-^°)'-(^)''''"^«)' 

As a first approximation therefore in the correction for am- 
plitude of swing, the period must be increased by the fraction 
^(sin i^af of itself, or by 100(^ chord of cif per cent. 

Thus a pendulum, which beats seconds when swinging 
through an angle of 6", will lose 11 to 12 seconds a day 
if made to swing through 8°, and 26 seconds a day if made to 
swing through 10°. (Simpson's Fhs^ions, % 464.) 

The value of K or /"k has been tabulated by Legendre 
for every degree and tenth of a degree in the modular angle 
(FonctioTis Mliptiques, t. II., Table I.). 

We denote the modular angle by ^a, and put K = sin^a; 
while cosja is denoted by k and called the complementai-y 
modulus, so that 

and then F^k is denoted by K', and called the coviplevientm-y 
quarter period. 

The following table (from Eertrand's Galcul Integral, p. 714), 
gives the logarithms of the quarter periods K and Jf', correspond- 
ing to every half degree in Ja.thequarter angle of swing; and then 

2K/c' = sin a, f:=sin^a, K—cosla, 
and la is the modular angle. 

The modular angle in the Table is given from to 45° ; to 
determine K for a modular angle greater than 45°, we look 
out the value of K' corresponding to the complementary modu- 
lar angle. 
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12 THE ELLIPTIC FUNCTIONS. 

12. We nofiice tliat when the modular angle is 15", then 

log.ff7iC=-2385606 = i log 3, so that K'IK=JZ: 

this will bo proved aiib,?equently ; but it shows here that the 

period of a pendulimi oscillating through 300° is ^3 times the 

period when the pendulum ascillatea through 60°. 

Again we shall prove subsequently that, 
if K'jK=J1,i\i^XilKK'=\; 

so that equal parallel horizontal chords, BB' the higher, and 
W the lower, each o£ length one-eighth the diameter, cut off 
arcs o£ the circle below them, which would be swung through 
by the pendulum in timea which are in the ratio of ^7 to 1. 

Maiiy other similar numerical example.s can be constructed 
when the Theory of the Complex Multiplication of Elliptic 
Functions is studied. 

13< When a = |ir, the pendulum drops from a horizontal 
position and swings through two right angles, as in the Navez 
Eletftro-Ballistie Pendulum ; and now K=K', and the modular 
anaSe is Jtt- 

a'able II. from Legendre's Fonctions EUiptiquus, t. II., gives 
m tive decimals the value of u=Fip for every half degree in 
the value of <p, when the modular angle is 45° ; and thence by 
means of the preceding formulas which determine the motion 
of the pendulum by elliptic functions, the pendulum can be 
graduated so as to measure small intervals of time At = Aujti, 
as required for electro-ballistic experiments. 

Then from Table IL, when K=K', and ^^K^i^^, 

en u — cos 0, sn u = sin <p, dn u — ^(1 — ^ sin^0). 
14. Generally in the pendulum, K^^nT, so that the period 

T=4>Kln = iKJ{llg). 
When K = 0, K=^Tr, and the period is tTrJiljg), as proved 
otherwise in the ordinary elementary treatises, for small 
oscillations of the pendulum. 

But in the finite oscillations of the pendulum, with 
v, = nt=4:KtjT, 
then (§ 8) iiejdt = 2nK en 4>KtjT, 

sin|^= K^n4=KtjT, 
cosie= dn 4ifi/2', etc. 
Putting f = 0, « = (), we find 

cnO=l,snO = 0, dnO-1; 
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and putting t=i'P< u = K, ^^^tt, 

when the pendulum has swung to OB, 

cnit' = cos|Tr = 0, sniL = l, dnK^K^^k' 
while putting ^ = ^2", u=-2K, 

when the pendulum is awinging backwards through the verti- 
cal OA. en 2ff = - 1, sn 2^ = 0, dn 2K= 1 ; 
analogous to the vaiues of coa^ and sin0, for 6 — 0, ^x, -vr; 
so that 2K is the half period of the elliptic functions, corre- 
sponding to the Jialf 'period w of the circular functions. 

/•7r±,!, /•w pi, 

Since /d<j,j^<j>==^/d<l>li^^±/d<pjl^ip=^'i,K±u, it = amM, 

therefore am('2-K"±u)= '■jr±<l>— 7r±amu; 

and generally am(2m7f ±Tt)=m7r±^ = TO7r±aiii ■«.; 
HO that cn(29n^±n)=cos(imr±ani«)= ( — l)"'cnw, 

sn(2m.£!'±u) = sin(7iix±amtt)= +( — l)'"3nM, 
while dn(2'm.ff'±Tt) = dn u : 

analogous to cos(m'n-±0)= { — l)"'eos6, 
sinOji-r±0) = ±(- l)™sin 6 ; 
and representing the motion, m half periods, past or future. 

15. The degenerate Circular and Hyperbolic Fv/iictioTis. 

As a increases from to tt, k increases from to 1, and A' 
from Jtt to infinity; the pendulum has now, with k — 1, just 
sufficient velocity to carry it to the highest pmition, and this 
will take an infinite time. 

For with a = 7r, equation (3), page 3, becomes 
i {dejdtf = n\l + cos 6) = ^n^ cos* Jg ; 



nt 



= /secl6 d^e 



= logtanKTr + 0)--log(sec^0-i-tan^a), 
which is inlinite when 6 — w. 

In small o.scillations the period is 2Trjn, and the motion of 
M, the projection of P on the horizontal axis Ax, is then a 
Simple Harmonic Motion (s.H.M.) given by the difi'erential 
equation -^7- -|- n^x = 0, 

the solution of which is 
x = Acos nt, or B sin nt, or A cos nt+B sin nt, or a cos(nt + e) ; 
so that n is the constant angular velocity round D of the point 
Q on the infinitesimal circle AQl), as in the cycloid. 
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14 THE ELLIPTIC FUNCTIONS. 

In Kepler's Problem in Astronomy, n represents what is 
called the mean motion of a planet or satellite, and nt or nt+e 
the mean anomaly ; a satellite of Jupiter, when observed in 
the plane of its orbit, supposed circular, will appear to move 
with a s, IT. M, 

But with K = l, putting ^0-0= angle AEP (%. 3) 
nt—Jsec ^(i0 = log(sec + tan 0), 
so that see + tan <{> = e"', 

soc^— tan0 = e"'", 
gee ^ = ^(6"' + e """) = eosh mi, 
tan <p = |(e"' — e " "') = sinh nt, 
sin ij) = ia.nhnt, cos 0=sech?i(, 
tan^0 = tanhjnf, and so on. 
Also dd/dt = 2n cos|9 = 2n sech nt ; 
so that if the angular velocity of the pendulum in the lowest 
position OA is 271, the pendulum will just reach the highest 
position OE ; but the time occupied in reaching it will be in- 
finite, since 6 = v, = ^Tr makes nt and therefore t infinite. 
The velocity of P in any position is 

l{d6/(it) = 'inl eosje = n.EP. 
and therefore varies as EP. 

If EP in fig. 3 is produced to meet Ax in W, then 
AM = AB tanje = 21 sinh nt, EM' = EA sec|0 = 21 cosh nt ; 
so that, if AM' or EM' is denoted by x, 

aV 
the general solution of which differential equation is 
X'=A cosh 7ii+£ sinh n(. 
16. When the pendulum just reaches the highest position 
OE, K = \ ; and u (or nt) and ^, the cm. of the angle AEP, 
are connected by the relations 

u =y sec ^d<j) = log (see </> + tan 0) 

^cosh'^sec^^sinh-^tan = tanh-isin = 2 tanh^^tan^^. 

Conversely 

= cos ' %eeh tt = sin ■ ^tanh u = tan- ^sinh u = 2 tan- Hanh ^u ; 

and then is called by Professor Cayley the Gudermannian 

of u, and denoted by gdu; so that if 'p = gdu, then 

•M = gd - ^^ = log (sec + tan 0) = cosh - ^sec 0, etc. 
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Hoiiel proposes for <p the name of hyperbolic wmplUude o£ 
u, with the notation tp — amh u, instead of gd w ; so that 

u = /sec <j)d<p ; 

or ^ = amh u— /aechtAdu = eos"^sechi(. = sin"^tanh«, etc; 

analogous in the general case of the elliptic functions, for any 
modulus K, to (§ 7) 

F"% = amtt = / dnu(^— C0B"^cnu= win'^mK, etc. 

As degenerate forma, when a: = 1, 

en tt = sech u, nnu — tanh a, dn it = sech u ; 
while, with k=0, 

en w = cos«', snit = sinM, dn w = l. 
Thus, when k = 1, the elliptic functions degenerate into the 
hyperbolic functions ; and, when ic = 0, into the circular func- 
tions ; but with any other value of the modulus k, the elliptic 
functions must be considered as new functions, of a higher 
order of complexity than the circular or hyperbolic functions. 
The following Table, from Legendre, F. E., t. II., Table IV., 
gives the values of 

11,— log (see ^ + tan ^) = log tan(^7r + \<f) 
for every degree of radians ; whence the numerical values of 
the hyperbolic functions of v, can be determined, by aid of a 
table of circular functions, and by the relations 

cosh w = sec tji, sinhu = tan^, tanh 11.= sin 0, 

For values of u greater than about 4 the Table fails ; but 
then it is sufficient, to two decimals, to take 
coshii= sinh 14 = ^6"; 
log^gcosh u = logidSinh u = Mil — log 2 ; 
or, to a closer approximation, 

log^DCOsh w = -M'w — log2+3fe"^, ..., 
logiosinh ■«, = i/tt - log 2 - if e - ^, . . . , 
logiotanhtt= -2ife-*' ..., 

M denoting the modulus log^ofi. 

(Proposed Tables of Hyperbolic Functions, Report to the 
British Association, 1888, by Prof. Alfred Lodge.) 
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0-0] 745 
■03461 
0'05236 



0-01745 
03491 
0'05238 
0-06987 
0-08738 
0-10491 
0-12248 
0-14008 
0-1570S 0-15773 



0-54105 
0-55851 
0-57596 



63166 
0tS284 
67428 
6Q599 
717*3 
74029 



bn I 047120 
61 1 06465 



1 11701 
1 13446 
1 15192 



0-24435 
0-26180 
0-27925 



0-71558 
0-73304 
0-75049 
0-76794 
0-78640 
0-80285 



0-30116 
0-31946 
0-337S6 



0-78589 
0-80917 
0-83284 



0-93163 
0-95747 
0-98381 



0-41SSS 
0-43633 
0-45379 
0-47124 
0-48859 
0-50615 



0-41266 
0-43169 
0-45088 
0-47021 



0-89012 
0-90757 
0-92502 
0-94248 
0-95093 
0-977SS 
0-99484 



1-03812 
1-06616 
1-09483 
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17 



Considered aa a function of the latitude <p, « was called the 
meridional part by Edward Wright, 1599, who first employed 
it for the accurate coastroetion of the parallels of latitude on 
the Mercator Chart, by making the ratio of the distance from 
the equator of the parallel of latitude ^ to the distance between 
the meridians whoae difference of longitude is ^ equal to the 
ratio of u/0 (§ 98), 

17. Returning to the general elliptic functions, we notice 
that cn%+ sn% = l, 

dn%+K^nV-l, 



or, in a tabular form, 








m 


8„ 


dn 


cnw.= 
sni4 = 
dnw= 


^(l-cn%) 


V(l-«'Bn»») 


Anu' 



whence any one of the three elliptic functions en, sn, dn, can 
be expressed in terms of any other ; the three functions are 
thus not absolutely necessary, but all three are retained and 
utilized for simplicity of expression, as sometimes one and 
sometimes another is most appropriate for the particular pro- 
blem in hand ; in the same way, of the circular functions 

cos d, sin d, tan 0, cot 0, sec d, cec 9, vers $, 
one would be suificient, but all are useful ; and so also with 
the hyperbolic functions cosh v,, sinh u, tanh w, .... 

For the reciprocals and quotients of the elliptic functions 
en, sn, dn, a convenient notation has been invented by Dr. 
Glaisher, according to which 1/en u is represented by nc u, 
1/sn « by ns tt, 1/dn u by nd u, en ujdn u by cd u, and so on. 

In this manner sni^/cnw would be denoted by sew; but it 
is more commonly denoted by tanam u, abbreviated to tn u ; 
while en «/sn w. or cs u would be denoted by cotam u, or ctn u. 
According to Clifford (Dynamic, p. 89) we might abbreviate 
the designation of the hyperbolic cosine, sine, and tangent to 
he, hs, and ht ; or we may write them ch, sh, th ; with en, an, 
tn for the elliptic functions ; and merely c, s, t for the circular 
functions. 
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Ig THE ELLIPTIC FUNCTIONS. 

18. Fendiilum pBrforming complete revolutions. 

Secondly, suppose the pendulum performs complete revolu- 
tions (fig. 3). 

We have seen previously (§ 15) that if the pendulum has 
an angular velocity tn = 2^(gjl) in the lowest position, it 
will just reach the highest position ; and therefore if this 
angular velocity is increased, the pendulum will perform com- 
plete revolutions. 

The integration of equation (1) in the form 
lsl\deidtf=C-gl verse 
or ^v'^jg+AN=AD, a constant, denoted hy 2R, 

shows that the velocity of P is that which would be acquired 
in falling freely from the level of a certain horizontal line 
BDR, which now does not cut the circle, as in fig. 2 when the 
pendulum oscillated, hut lies entirely above the circle, as in 
fig. 3, at a height 2R above the lowest point A ; and the im- 
petus of the velocity of P is the depth of P below BB'. 

Denoting the angle AEP by 0, so that <l> — ^$, then 
%l\d<t>jdif = g(2,R-l vers 20) = 2g{R-l sin^qi), 

on putting K^ = ljR = AEjAD; and n^^gjl, as before; 

so that ntJK^fil-R^ sJnV)"^# = P{gi, A 

in Legendre's notation ; and inverting the function according 
to Abel's suggestion, with Jacobi's notation, 

^0 = = am('iif//c, k) ; 
and now, with (judermann's abbreviated notation, 

cos^S = cn«.i/ji-, 

sinJ^^snTif/fc, 

-rr = 2 - dn Tii/K, 
dt K ' 

AN^ I vers e = n sinV = AE snHtJK, 

NE^AEca^ntlK, ND^AD^HtJK, 

AP = AEsQnt/K, PE=AEcnntlK, 

NP=2lam^ecos^0 ^AEsnnt/KcniitJK. 
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19. The time of moving from A to E is obtained by putting 
<l> — ^-ir, and is therefore KkJii; and therefore the feriod, or 
time of a complete revolution, is 2KK/n (not iKKln). 

With the series for E as given in § 11, and with iS = l!R, 
the period of the pendulum for a complete revolution is 

The analogous expression for the period when the pendulum 
oscillates, rising on each side to a height 2JJ, less than 21, is, 
as in § 11, 

Putting )c = 1, and R^l, makes K infinite, and brings us back 
again to the separating case between oscillations and complete 
revolutions of the pendulum ; and we thus regain for this 
case the original expressions iavolving hyperbolic functions, 
previously investigated in § IS. 

But as K now diminishes again from 1 to 0, the pendulum 
revolves faster and faster, until finally, when k = 0, we must 
suppose the pendulum to revolve with infinite angular velocity, 
the fluctuations of which for difierent positions of P are in- 
sensible ; and the period is now zero. 

20. We notice that, in the circle AQ (%. 2) the point Q 
moves according to the law 

= am nt, 
so that Q moves round in a circle, centre (7, in fig. 2 like the 
point P making complete revolutions in fig. 3. 

But now, in the motion of Q, gravity must be supposed 
diluted from g to K^g ; for if fi or kH denotes the radius of the 
circle AQ, ^ the diluted value of gravity, and tC— ^{g'jR) the 
speed of the pendulum GQ, then we must have 

= am nt = am n'tJK, 
so that n'^Kii, 

g'IB = K'gll, 
g'jg=K^BIl=K\ 
We may dilute gravity in the circle J.Q by inclining the 
plane of the circle to the vertical at an appropriate angle. 
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21. Another way of diluting gravity would be to replace the 
circle AQ by a fine tube in the form of a uniform helix with 
horizontal axis through its centre G perpendicular to the plane 
of the circle AQ, and to suppose the particle Q to move in this 
helix under gravity. 

Then we shall find that if the length of one complete turn 
of this helical tube is equal to the circumference of the circle 
AF, the particle Q moving with velocity due to the level of E 
will follow the motion of the particle P moving on the circle 
AF with velocity due to the level of D, so that PQ will always 
be horizontal, if once it is horizontal, and F, Q will always be 
at the same level during the motion. 

For in this case the mechanical similitude is secured by in- 
creasing the square of the velocity of Q in the ratio of 1 to 
1/k*, instead of diluting gravity to K^g. 

We may secure the same effect by supposing Q to be a point 
on a pendulum OQ', of length greater than CQ ; or else of length 
CQ, but of which the axis G is cut into a smooth screw of 
appropriate pitch ; or else engaging with teethed wheels, so as 
to increase the angular inertia about G. 

22, If we produce GQ to any fixed distance GQ'—f, then Q" 
will also perform complete revolutions like a pendulum of 
length (', with gravity changed in a certain fixed ratio depend- 
ing on r ; and wo can keep gravity unchanged by choosing I' 
so that n'^=g/l'=ii^^—K^g/l, 

or I' = IJk^ = I cosec^^d ; 

and now Q' revolves with velocity due to a level at a height 
2?/k* = 2icosec'Ja above its lowest position ; so that the period of 
revolution of a simple pendulum of length I cosec^^a, when the 
velocity is due to the level of a line at a height 2icosoc*^a above 
its lowest point is cqua.1 to the time of oscillation of a simple 
pendulum of length I through an angle 2a from rest to rest. 

These problems on the pendulum have been developed here 
at some length, in accordance with the idea of this Treatise, 
that it is simple pendulum motion whicli affords the best 
concrete illustration of the Elliptic Functions. 

Similar principles are involved in the following three 
theorems, which the student can prove as an exercise in the 
manner employed for the cycloid in § 10. 
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1. If two vertical circles, o£ diameters AD and A E, touch at 
their lowest pointa A, the time of oscillation from rest to rest 
of a particle in the circle AE with velocity dne to the level 
of D will he to the time o£ revolution of a particle in the 
circle AD with velocity duo to the level of E in the ratio of 
AE io AB {^^. ^). 

2. Two particles move, under gravity, in vertical circles. 
The one oscillates; the other performs complete revolutions. 
Prove that if the height to which the velocity of the first is due 
bears to the diameter of the first circle the same ratio as the 
diameter of the second circle hears to the height to which the 
velocity in it is due (the heights being measured from the low- 
eat points of the circles) the ratio of the squares of the times 
in corresponding small arcs — and therefore the squares of the 
whole times of oscillation and revolution— will be that com- 
pounded of either of the before-mentioned equal ratios and 
the ratio of the diameters of the circles. 

3. Two equal smooth circles are fixed so aa to touch the same 
horizontal plane, tiieir planes being at dift'erent inclinations ; 
two small heavy beads are projected at the same instant along 
these circles from their lowest points, the velocity of each bead 
being that due to the height of the highest point of the other 
circle above the horizontal plane, show that during the motion 
the two beads will always be at equal heights above the hori- 
zontal plane. 

23. We have compared the motion of the pendulum in fig. 1 
with that of the simple equivalent pendulum composed of 
the particle P moving on a smooth circle, or at the end of a 
fine thread or wire OP ; oscillating from B to B' in fig. 2, and 
performing complete revolutions in fig. 3, the velocity of P at 
any point being that acquired in falling from the level of D. 

Taking as coordinate axes the horizontal and vertical axes 
Ax and Ay through A, and referring the motion of P to the 
coordinates x and y, then since P describes the circle AP of 
radius I, a? = 2ly — y\ 

Denoting by v^dsjdt the velocity of P, then by the principle 
of energy \v^lg = 2R-y, 

2R denoting the height of D above A. 



y Google 



THE ELLIPTIC FUNCTIOKS. 





iy ^{ily-y'}' 




da' , , <fc' I' 




dt '■Uf 2ly-y'' 


wlile 


i(d,IHy=g(iB-y); 


so that 


il\dyldtf=g(2E-yX^ly-y'). 




dt I 1 



dy-^m^liUB-yX^ly-v'}}' 

,__l fl §1 

•/im/ •J{{^R-vi^h-y')f 

called an elliptic integral in y, and o£ the first hind. 

24, Firstly, if the pendulum oscillates, R is less than I, and 
y oscillates between and 2E ; and the integraJ is reduced to 
Legendre's canonical form by putting y = 2i?sin"^^; when 

where K^^Rjl,'n?^gjl; 

and therefore with Jacobi's and Gudcrmann's notation, 

<l> = asi{nt, k) 
and y^^E sn'^i = 21k^ sn^w*, x = 'ilic an yd dn nt ; 

or AN^AD sn^f, ND=AD cn%*, NE=AS dn^t, 
as before, in g 8. 

25. When k=0, the oscillations are indeftnitely small; 
and now y = 2-HsinVi, 

where ii is a very small quantity ; 



and nt 



=/7 



{y(2R-y)}-"" \%R 



an ordinary circular integral. 

It was Abel who pointed out (about 1823) that in looking 
only at the EllipOe Integrals, mathematicians had been taking 
the same difficult point of view as if they had begun to deduce 
the theorems of elementary Trigonometry from an examination 
of the properties of the inverse circular functions, as deduced 
from the dretdar integrals . 

(Niels-Henrih Abel. Tableau de sa, vie et de son action 
scientijigue. Par G. A. Bjerknes. 1885.) 
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26. Secondly, if the pendulum performs complete revolu- 
tions, as in fig. 3, R is greater than I, and y oscillates in value 
between and 2l; we now reduce the elliptic integral in §23 
to Legendre's standard form by putting y==2l sin^0, 

when ntJK=/(l - K^ s'm^'l>y^d^ = F(<p, k) 

where k^ — IjR, 

the reciprocal of its former expression ; and now 

^ = &m(ntJK, k) , 2/ = 2i sahitJK, cc = 2lsa. ntJK en ntJK ; 
or AN=AEsnhitlK, NE^AEGa^ntJK, ND-^ADdnhitlK, 
as proved before, in § 18. 

27. In the separating case between oscillations and complete 
revolutions, It — l, and now k = 1 ; 

and y = ^l ain^0 = I vera20 = I vers 6 ; 

also (§ 23) nt =ysec <pd(p = log(sec ip + tan 'P) 

= cosh " ^aec ^ = sinh " ^tan ^ = tanh - ^sin = 2 tanh " Han^i^ ; 
so that ^ = gd 'it, or amh nt, 

and sec ^ = cosh nt, tan r^ = sinh nt, sin ^ = tanh 7it, 

y = 2l tanh^nf, a; = 2i sech nt tanh nt, 
as before, in §15. 
28, Landen's Point. 

With centre E in fig. 2 and radius EB describe a circle 
cutting the vertical AE in L ; then i is an important point in 
the theory of pendulum motion and elliptic functions, called 
Landen's point. 

Since EB^ = ED.EA= EG^ ~ OA^ 

therefore the circle, centre E and radius EB, will cut the circle 
AQD, centre G, at right angles ; and 

LQ^ = LG^+GQ'+2LG .GN=2LG .EN^2l(i-Ky:^N; 
since LG^ + C<^ = LC^+EC^--EL^ = 2LG.EG, 

and EL^EB = 21k', EG^I{1+k'% LO^l{l~K'f. 
Now, by I 20, the velocity of Q 

= ^(2/ . EN) = J{2gK' . EN) = n^J{2l . EN) 
^n.LQ{l+K'). 
Similarly in fig. 3, where P mates complete revolutions, the 
velocity of P^n.LP{l+K)JK, where the Landen point L is 
obtained by drawing a circle with centre D, cutting the circle 
^4^^ orthogonally, and the vertical AI) in L. 
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We shall prove subseqi-iently tliat any straight hne through 
L dividea the circle APE in fig. 3 (or the circle AQB in fig. 2) 
into two parts, each described in half the period. 
29. Change from one modulus to its reciprocal. 
It is important for the simplicity and for convenience of 
tabulation of the elliptic functions that the modulus k .should 
not exceed unity; but the preceding reductions of the motion 
of the pendulum to elliptic functions, in the two cases in which 
the pendulum oscillates and performs complete revolutions, 
show us how to make the elliptic functions to a modulus k, 
which is greater than unity, depend on the elliptic functions 
to the reciprocal modulus l/sr, which is less than unity. 

For, on comparing the two expressions for y, according as 
the pendulum oscillates or performs complete revolutions, 

y^2Rm%nt, k). or 2lBnXKnt. I/k), 
where i^=Iijl; 

so that (c%n"^(tii, K) = sn^(rH'i, 1/k) ; 

or, putting nt — n, 

K sn{u, k) = sn {kU, 1/k), 
so that dn(tt, K) = cn(KU, 1/jc), 

cn(u, K:)=dn(KW, I/k). 
Independently, if we suppose ^ = ara(j4, k), and if we put 
K sin = sin i//-, 
then K cos ^ d^ = cos i/' di^, 

and cos <^ — ^(1 — K'hin^^) = di(}p; I/k), 

cosi^^Jil-Khm^^) =A(^,k); 
so that u = /(l ~K^s'm^^)-id<p — /s&(;-\l/-d/j) ; 

ku = /sec ^ cl\// ^/^^ —K-'hm^\lr)~^d\}/; 

or '^ = am(K'!4, IJk) ; 

and since k sin ^ =8in i/^, etc., 

therefore k sn(w, k) — sn(Kit, 1/k), etc. 

When u = K, ^^^tt, and i/r^sin^V; so that, if « is less 

than unity, Kk — / {1 — K~'^sin^yr)~^d\lf. 
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30. Rectilinear Oscillations expressed by Elliptic Functions. 
In simple pendulum motion, referred to horizontal and ver- 
tical axes Ax, Ay, drawn through the lowest point A, we have 
shown in §§ 24, 26, that 

y = 2lKhn?nt, x = $Ik sn nt dn nt ; 
or y = 2fen^t/K, ic = 2^ sn ntlu: en ntJK ; 

according as the pendulum oscillates or performs complete 
revolutions. 

Treating the vertical motions separately, and differentiating 
according to iJie rules established in § 7, we find, on taking 
i/ = 2iK%n^ni, 
dyldt = 4^nK^sn nt en nt dn nt 
iPy/dt^ = iiiiVCcu^Jif An^nt — sn^nt dn^nt — K^sa^nt ca^nt) 

Taking y — 2lan^nt/K, we find in a similar manner 
dhf 4iln^( _^_K^ , %y\ . 
dt^" K^ \ I ;. U^ J' 
hotb immediately obtainable from the ei^uation of | 23, 

il\dy/dtf^g{2R~y){2ly-f) 
whence l\d?yldf) = igiRl-Ry -ly + ^y"). 

We shall find similar expressions for dhjjdi? when y varies 
as en^nt or dn^«-f, all of the form 

^yldt'>- = A+By\-Oy\ 
Let us determine then, as exercises in the differentiation of 
the elhptic functions, the acceleration d?xjdt^, and thence the 
force at a distance x, which will make a body oscillate in a 
straight line according to one of the laws 

a;=acniif, sank, duTii, tjint, jicnt, nsmi, 

Taking a; = a en nt, 

dxjdt = — ma sn 7i( dn nt 
d^xjdt^ = — w%(cn nt diAit — /c^sn^ni en nt) 

= -n^x{K'^-K^+2K^^j. 
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SO that -Tr,+ii^a; = 3nVa;(l — s); 

reducing to zero when k: = 0. 

It is often simpler to find dxjdt, and then to express ^(dxjdt)^ 
as a function of x ; and then a differentiation with respect to t 
will give d^/dt^ immediately as a function of x. 

Thus, if sc = t* sn nt, 

dxjdt = naciint dn nt 

i(ST=i*(-S)(-?). 



reducing to zero, when « = 0, 
Similarly, if x — adn nt, 

Generally, when x varies also as tn nt, nc «i, . . . , we shall 
find a relation of the form 

d^x/dt^ = ^ic 4- Sj-ic^, 
which, when multiplied hy dx/dt and integrated, gives 

lidxjdtf = G+ 1^x2 + ^vx* 
or dx/dt = s/{-0+ fM^ + vn^), 

t=/(20-i-/jLX^ + vx^)-idx, 
an elUptio integral, of which the difierent expressions arc given 
in Chapter II. 

31. A Spedal Minimum Surface. 

Another interesting exercise in the differentiation of elliptic 
functions is to verify that the surface discovered hy Schwarz 
(Qesammelte Matkematische Abhandhmgen, vol. I., p, 77), 

cna^+cniz+cns+ena; eny cns = 0, 
with the modulus k = J, is a mim.vmuin. surface, having zero 
curvature at every point, and therefore satisfying the condition 

p, q, T, 3, t having their usual meaning as partial diiferential 
coefficients of s with respect to x and y. 
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Schwarz shown that this condition is equivalent to 

/3j, /jg denoting the principal radii o£ curvature of the surface 
(0. Smith, Solid Geometry, % 255), whore 

Y^ P Y= 9 

^ip'+q' + iy V(P'+2H1/ 

Let us write c^, s^, tf^, for en x, sn a;, dn a; ; and c^. Sg, r/^, c^, s^, 
(^ for the same functions of y and s;. 

Then (\ + c^+c^+ CiC^c^ = ; 

and differentiating with respect to x, 

— SjC^ — s^d^p — SjdjC^c^ — c^c^s^d^p ~ 0, 
s,d,(l+CgCj 



J that 83(1 + CjC^ = SjSj, etc, ; 

s^s^d^ Sjdg djsg sjd^ 



p=- 



By symmetrj, q= — -^, \ 

so that we may write 

y -<k/ h 

Y^ _ . ._ ~^A 



_ -kV<;,-c^<^ _ Ci £/^^ 



Now f fi)^ -A\-gA' ^ \ f(d3)__<^P. 



so that -:^-=i -^ -VH — h-] — % — - — -h-\ — ^^p)}-i-D^, 
where l) = idJs^f+{dJs^)^+(dJssY; 

or g^^f'^A'. Ma'+Csdi^ . jj 

'dX \8i^Sg^ Sj%g^ / 

By symmetry 
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or c^{Sa2<:Z3HssM/)+...=0; 

or, since s^ = \-c^, d^=\{Z-^c^), 

q{(l-c,)^{3+C32)H-(l-C3«)(3 + c,^)S + ...=0, 
or (Ci + C2 + Cg + c.-^c^c^{Z — C2C3 — CgCj — c-^c^) = 0, 

and this is true, in consequence of the original relation 

Ci + C2 + ''3 + <'l'^2%'='^' 

The other relation 3 — c^Cg — c^c-^ — c-^c^ — 
represents isolated conjugate points, where 

Another minimum surface is 

tn y tn s + tn a tn a; + tn a: tn ly + 3 = 0, 
with K = |^2,/=i.. 

32. EUiptic Function Solution of Euler's Equations of 



Before leaving the mechanical interpretation of elliptic 
functions, we may just mention here an important application, 
the application to the solution of Eider's equations of motion, 
for a body under no forces, moving about its centre of gravity, 
or about any fixed point. 

Euler's equations for f, q, r, the component angular velocities 
about the principal axes, are (Eonth, Rigid Dynamics) 
Adpldt = iB-C)qr, 
Bdq/dt = {G-A)rp, 
Gdrjdt = {A-B)pq; 
where A, B, denote the moments of inertia about the princi- 
pal axes ; and two first integrals of these equations are 
Ap'+Bq^+ Gi^= T, a constant ; 
AV+£V+0')''= G^ a constant, 
obtained by multiplying Euler's equations respectively by (i.) 
P, q, T, and adding, (ii.) by A-p, Bq, Cr, and adding ; and then 
integrating. 

Comparing these equations with the equations of § 7, 
cn'M= — snttdntt, sn'« = en M dn u, dn'M= —K^nucau, 
where accents denote differentiation with respect to u, we 
notice that if A>B>G, and the polhode includes the axis C, 
so that AT>BT>G^>CT, we may put w^nt, and 
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and then, on substituting in Euler'a equations of motion, 
S-CnP A-G_nQ A-B t'«-B 
A 'QR B ~BP' ^ PQ' 
Puttingf = 0,andtlierefore^ = P,2 = 0, r = ii;tlien 
AP'+Cli?~T, A'F'+CB? = 0', 

so that '"=A(r^ar^—c<A^y 



and 



B B-C B{B-G)' 
_ p,C^ - CXB ~G)_ {AT-6^){B-G) 
-^'~ " AB ~ ABC 

-.?! 4l ^-b _ g^~gta~b 
~^r^ g b-c~at-g' b~g' 



If the polhode encloses the axis of greatest nionient A, so 
that AT>G'>BT>GT, we must put 

^=Pdnu, 5= — Qsn u, r=iicnw; 
and then determine P, Q, iE, ii, k as before ; when 
^i_{G^-GT) {A-B) i^ATj-G^B-G 
ABC '" G'^-CTA-S 

In the separating case, when G^ = BT, then nr = l, and 
p — Psechtit, q= — Q tanh nt, i' = iJsceh«i; 
90 that, when (^0, 

3_ Q^ B-C _ 3_ G^ A-B 
^ ~ABA-G'^^ ''^ ~BCA-G' 
and initially or finally, when t—+^, 

and the body is spinning about its mean axis B. 

But when the body is spinning about the axis of greatest or 
least moment, G^^ AT =A^^,oT G^ = GT=Ch-\mdK = 0; and 
the period of a small oscillation is 27r/ii, where 

lA -B,{A -C') {A -BXA - C) 

" ~ ABG BC ^■ 

{A-C)(B-C) (A-axB-G ) 

°' " ABC -"^ AB 

We sliall return subsequently to these equations in Gliap, III. 
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CHAPTER II. 

THE ELLIPTIC INTEGRALS (OF THE FIRST KIND). 

33. In Chapter I, we have immediately made use of Abel's 
valuable idea of the Inversion of the ElWptic Integral, which 
is the foundation of the modem theory of the Ellijitic Fv/nc- 
tions ; and we have considered the functions which are inverse 
to the elliptic integral, and treated them as the direct funda- 
mental functions of our Theory, 

Previously to Abel's discovery (1823) it was the elliptic 
integral which was studied, as in the writings of Euler and 
Legendre ; and, in fact, in a physical and dynamical problem 
it is the elliptic integral which arises in the course of the 
work ; for instance in the form of the Equation of Energy, 

i(dxldtf = X, so that ^2 t=/dxl^X; 
and now, when X is a cubic or quartic function of x, so that 
fPxjdt^ is a quadratic or cubic, as in g 30, the integral is called 
an elliptw integral of the Jm^st hind ; and we have to follow 
Abel and determine the elliptic function which expresses x as 
a function of t. 

To accomplish this, it will be useful to employ the notation 
of the inverse fimctions, given by Chfford (Proe. London 
Math. Society, vol. vii., p. 29 ; Mathematical Papers, p. 207) 
analogous to those used in Trigonometry for the inverse 
circular functions; and to make a collection of all the important 
cases that can occur, 

34. The Circular and Hyperbolic Integrals. 
Starting with the circular function.9, sinx, cosx, tana;, cot a;, 
... , we have, in the ordinary notation. 
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VCi-*") 



n "• ^ = COS - ^^(1 — x% 






-- cos - 'a; = aiii " ^^(1 — x^). 



dx - 1 J. ,1 . 

ij-n- =cot"-'a; = tan' -, et.c. 



We can employ a similar notation with the hyperbolic func- 
tions, cosh X, sinh x, tanh x, coth x, ... , and write 

y'" dx 
II g — ^=co3h"^a: = sinh"^^(ic^— l) = log{a; + ^(a:^ — 1)5, 



(Jb ,11 11 l + tC / ^i\ 

5 = tanh -^a; = i log, \x<\), 

. — ^ ^ ^l~x^ 

^Zry =coth-i«-ilog^--^(^>l); etc. 



and the analogy with the circular functions is now complete, 
and the results can he more easily remembered and written 
down, than when the logarithmic function alone is employed. 

To avoid complications due to the rmiXi/vplicity of the 
vcdues of these and suhsequent integrals, in consequence of the 
variable x assuming complex values and performing circuits of 
contours round the poles of the integral, we suppose" for the 
present that x is real, and increases or diminishes continually, 
s to assume all real values once only between the limits of 



ive sign is taken with the 
ion; we thus obtain what is 
integral or inverse function. 



integration; also that the positi 
radical under the sign of integrati 
called the ]principal value of the 

35. The Elliptic Integrals. 

With the elliptic functions, snii., cnu, dnu, we have (§ 7) 

dsau 1 dejiv, , ddnu , 

^j— - = en ii dn tt, — j — = —anuaau, — -, — = —k^huchu 
dih du OM 
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32 THE ELUPTIO INTEGRALS. 

and cn^'« = l~an^, dn^ = l~ic%n%; 

so that, if cc^snu, then cntt = ^(l— x^), dn ii = ^(1 — /cW) ; 

■""* /J(l-.f l-.V) ""-"""' "' '-"(''' '> (i> 

when the modulus k is required to he put in evidence. 

I^ltti5gJc = lJIlakeg,,the jntegral eqM.al..tr0 ir,.thc quarter 
period eorreapondii^ to the modulus k (§ 11). 

Similarly, with 

iB = en u, then sn u = ^(1 — x^), dmt = »J(k'^ + k^x^), 



du 



"-snudnf4= — ^(1 ~~x^ . k^+ kV), 



a"*^ y^(l-a;a.^-^+A^) "^^ = ''^"'^' '^'' '^'^"''^^' '^^ ^^^ 

so that the integral is K wheii the lower limit is 0. 
Again, with 

3; = dnti, then Ksnu = ^(l— ic^), iccnii, — ^(a:^ — k'^); 

and T^= — K^nwcntt= — J{\ — 'j? .<0' — k\ 

dv. 

We may also put x = tn U, using Gudennann's abbreviation 
of tn u for tan am v. ; and now 

en M = —777-7--^, dnu^ ^ V^ , — ^ 
dv, cn% 

/7cn3rT+7W)=''='°"''' ■>'*""(»'■•' (*) 

and the integral is K when the upper limit is co , 

PuttiSg ar^sin^, coa0, A^, or tan^ in (1)^ (2), (3), or (4), 
reduces the integral to 

/(I - «^sin'^^) - H<l, = n= F(^, k) 

= am-K0, K)=sn-Hsin0, K) = cn-Kcos^, /,-) = dn-i(A^, k) ; 
so that 
= am w, and cos = en w, sin ^ = sn w, Ai^ = dn v,, tan = tn « . 
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THE ELLIPTIC INTEGRALS. 33 

36. Thus, with a>b>x, 

/** tfc 1 ,fx h\ ,_, 

/vR^rsrsi^^j's™ W a) <"> 

indicating that we must put x = bsinip; and then the integral 
is reduced to 

a 
Similarly, with <x>x>a, 

ydx 1 ,/a h\ ,„, 

_ Jix'-a.'.x'-i^r a'" \i-i) <*> 

indicating tlie substitution x = a cosee <^ (or a eec •/), as Dr, 
Glaisiier writes it). 

Tirus, for instance, with co> ic > I/k, 

/"° dx Vj^ \ 



P dx 1_ Jx h__ 1 ,„ 

J^(a'+x'.¥-x'j Jia' + ^f" lSV(a»+4>)J *'' 

f isc _ 1 ,f6 a "I ,„, 

/;(.■-?..<-.) - ^^"-tV(^4:)}^ w 

/^.T?:^.-F,= i--'{W(--':)}--<^°> 

37. As numerical examples, 

^(l-!b)-iV2cn-ifc IV2), 

tile integration required in the rectiiication o£ the lemnismte 
r' = o* 003 29 ; so that r = a (m(Ji a/a, i ^2)- 

with. Dr. Glaisher's notation (g 17) o£ new for l/cn-w. 
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34 THE ELLIPTIC INTEGEALS. 

Consider also the vilarationa given by the dynamical 
equation d^ldt^= —2'n^x{c^—x^), 

as in § 30 ; so that x — gives the point of stahle equilibrium, 
and x~±c gives the points of unstable equilibrium. 

Integrating, supposing the motion to start from rest where 
x = h, \ (dx/dtf = C-n^c^x^ + ^n^x* 

(i,) When b^ < <?, the motion is at the outset towards the 
origin, and &'3i\S,i — — n^{a? ~a? .h^ — a?), 

writing a^ for 2c^— 6^ ; so that 

= -(if— 9n"V], with modulus - , by (5) ; 

or x — b sa(K—ant). 

(ii.) When b^=c^, dx/dt^ ±'n(b^-x^) ; 
and, by g 34, the ultimate state of motion ia given by 

x — b tanh bnt, or b eoth bnt, 
according as the motion falls away from the position of 
unstable equilibrium, towards or away from the origin. 

(iii.) When c^<b^< 2c\ 

f_ T" (to _ /"° dx _^ /"^ d/x 

^^~J Jix^-aKx^-WyJ -JX J 'Jl 

or x = b!sn(K-bnt)^hTifi{K-lmt). 

(iv.) Whenb^ = -2e^ 

dx 1 X 



J x^ 



XfJ{x^ — h^) h V 

■r !« = ?»seciii(. 

(v.) When 6^> 2c^, we must write o? for b^ — 2c^] and now 
dxjdt^ -]-nJ{a?-\-x^ . x^~¥), 

'^^J^(a?^xKx^-b^) 



x = bjcnjia^ + b^)nt = b nQ.J{a?+b^)7it. 
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38. So far the function X has been treated as an even 
quartic function of %, or as a quadratic function of a;^, resolved 
into two real factors ; but according to Prof. Felix Klein there 
are certain advantages in considering the integrals obtained 
by writing <^=z, in (1), (2), (3) ; and then, writing li for s^, 

<fe _o _i / 

or2cn-V(l-2).<""2dn-V(l-^«) (1^) 

Conversely, by writing for z the values ic^ 1 — a?, 1 — Jfcr^, we 
reproduce the integrals (1), (2), (3) from (11), by the simplest 
quadric transformations; and it will not cause confusion if 
we sometimes call k the modidus. 

For these and various other reasons, Prof. Klein suggests 
{Math. Ann. XIV., p. 116) that we should consider (11) as a 
more canonical form of the elliptic integral than (1), the form 
with which Legendre and Jacobi have worked. 

39. Now, with X=x — a.x — ^.x-y, and a>/3>y, 
we have, if ao > a; > «, 



/" 



JX J(a-yr 



^ 1 cn-\ll -"-= ,/ . dn-\/^ ■ ^. (12) 
V("-y) ^cc-y v^(a-7) Mx-y 

■with K^ = k = 0~y)l(a~y); 
indicating that we must put 

3! — y=(a — y)cec^0, a; — a = (a — y)cot^^, 
and then x — ^=(ff — y) A^0 cec^0, 

to reduce the integral to Legendre's canonical form 
^0=y(l_JsinV)"^#. 
Similarly, by putting a; — a=(a-,6)tan^0, x~/3 = {a-~j3)s&C''<p, 

/" Mdx , Ix — a 

-m->>-^-dn- >-^''-y (13) 

\x—p \a~y.x — f-i ^ ' 

where M is used throughout to denote i^(a — y). 
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Thus, with <a>x>^lk, integral (11) becomea 

^ ^(x.l—x.l~kcc) 'S l<xc 

„ , jkc — l n , , Ix — l . 

y' " dx ^ _^ //e^— 1 
V(iC.l-!e.l-fct)~"™ ikVi^'l 

40. When a>3;> /3, X is negative, and 

= cn-./-=^=d„-.V|^ <») 

=»-V?^^?ff^-^"-V§^ <>=)^ 

and now the modulus k is given by k'^ = /s' = (a — ;8)/(a — y), 
and the modulus is therefore complementary to the modulus 
in (12) and (13) ; and the form of the result in these and other 
subsequent integrals indicates the substitution required to 
reduce the integral to Legendre's standard form (g 4) ; while 
the results can be verified hy differentiation. 

Thus, with Ijk >x>\, integral (11) is imaginary and may 
be written 
/ ^1" dx ^ jX-kx 

/^(fB.l-x.l-/^)"'^"" V'l-fc 

= 1icn-'^J^ — j^ = 2idn-^.y(7(ai),mod.fe'; 

y "" cfa ^_g. J / x — \ 

Jix.l-x.l-kxT'^''^'^ yi-k.x 

= 2-icn-iyj-^^ = 2idn-iy-, mod. k' ; 

V(-l)- 
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41. When fi>x>y, X k again positive, and 

=on-J?=^.^^-T = <l„-. A-J (16) 

-„-.^|::^ = dn-^^; (17) 

wiBi * = ((3-y)/(o-7), as in (12) and (13), 
Tlius 

7 ^^ (?a! _;, _| / I — a; 

7(S7l-ic.l-fa) ™ Vl^fa 

while the result is as in (11) when the lower limit is 0. 
42. When y>ic> — co.Xis negative, and 



■Vf3-'-Vf?^^ 



\;33i-"" A/„-y./3-a, '■'"' 

/'" Mda> _ I / g — y 

=«"-VS-<'""V!::^I' ('») 

■with modulus fc' = (a — ^)/(a — y), as in (14) and (15). 
Thus, with 0>x> — 'x> , integral (11) becomes 



^(ai.l-x.T-ia;)^"*'^" Vl-a; 

= 2icn-\/- = 2idn-'*/-, .mod.i': 

_, / —kx „. , , Jk.l-x , ,, 
\ 1 — fee \ l-/fic 
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43. We notice that the substitution 

^i^^l'X^ or ^.-« =|-^-, or ^--^ = ^- 
X~y ^-y x-y /S-y X-y a- 

makes 

y" dx ^/^ dy 

J J{x-a.x-(i.x~y) J^{y-a.y-$:y-y}' 

X T 

(12) into (17), or (13) into (lij). 



Thus 



J^{x-a.x~^.x-yrJj{y-a.y-^.y-y) JI-^'-yT" 
where K^ = k=0- y)/(« - y). 



Again the substitution 

a-x^a^_y ^^a:^^y-y ^^ '^y ^§-y 
a-/3 a~y' a-li a-y' a-y a-y 
changes (14) into (19), or (15) into (18) ; and shows tliat 

f^ dx r-i dy ^JW 

Jj{a-X.X-^.x~yrJj{u-y.^-~y.y-y) Jla-yT^^'' 

where &'=K'^ = (a-^)/(a-y), 

The substitution which changes any one integral into another 
is obvious by inspection of the preceding results. 

44. Thus the integral jd^j^X can be written down, ex- 
pressed by inverse eUiptic functions, when X is a cubic form 
in X, resolved into its three real linear factors. 

For example, with a^>b^> c^, 

/ "" d\ ___2 jf jfMX ja^-b^\ 

7(ft^+X.iHX.c«+A)~V("a^-c^")™ WaHV yaf-cV' 

an integral occurring in the mathematical theories of Electricity, 
Magnetism, and Hydrodynamics, in coimexion with ellipsoids. 
As another example, the student may prove that 

y d s iirabc Y£ i a^-b^ 

[xjar + {ylbfi-{zlcf ^{a^-c^)"^" \a V«^-cV' 
when the integration is extended over the surface S of the 
sphere ir^+y^+z^ = r^ 

(W. Bumside, Math. Tripos, 1881). 
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45. When two o£ the roots, jB and y suppose, o£ the cubic 
X = are complex, we combine {x--^)(z — y) into the real 
quadratic {ic-m)^+fi^ suppose; so that ^ = 3i — a.(a;— m)^+ii^. 

Now we substitute 



y= 



{x-af 



a quadtic substitution, the graph of which is a hyperbola, and 
find the twriing values of y, say 2/1 ^^^ Vp ^^^ values o£ y 
which make the quadratic in ,x, 

have equal roots ; so that y^ and y^ are the roots of 

(^y + my - (ay +m?-\rn^) = 0, or iy^+(in-a)y-n^--0. 
Ti- (x~x,f (x — x&f 

Then y~yi= x-a '^~'^^^~x^a ' 

and |g, (»-.,X^-x.) 

ax {x — aY 

x-i and iCg denoting the values of x corresponding to y-^ and y^, 
and therefore denoting the roots of the quadratic equation 

x' — 2ax + 2am — m? — n^ — 0; 
so that iCj = «i + ^y^, x^=^in+ i^y^ 

Then /"^__/"_J? /:_(?=?i#,,„^ 



-£ 



Jiy-y-Vi-y-vii 



V(i«l-»l) »!-%' 

by (12), with i'-!/,/(!/i-!/,), i= -!/,/toi-Sj). 
since j/^ is positive and j/g negative, or y^ > y > > y^. 
Again, with the same substitution, 

y"_ dx r dj/_ 



,,,(22) 



-1 /y.^!/ 



•Jini-ys) ' 

= -,7^— ,cn-i "j— ? (23) 

by (19), to a modulus /c' the coraplementauy modulus of (22), 
namely '''-!/,/(!/, -»)■ 
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46. We denote («~m)^+«^ by H^, and then 
x, = a+H, x, = a-H; 
and by means of the same substitution as in | 45, 

r dx ^2 -i^iZja 

1 .iH-(x-a) \ 
»'=t-i(a-m)/ir, (24); 

t'-i + iCo-raj/fl, (26); 

indicating that the substitutions !c— a or o-~x — lIt^^\^^ 
reduce the integrals to Legendre's standard form ; also that 
2„'=.»,/ff. 
Thus, as numerical examples, 

f dx J_ Jx-X-JZ \ 

" r- dx ^l ,js+j-x \ , 

J j¥'-^) ij^ y^-i-i+x-')' 

yVa-^T^'s™ vs+i-t'*''' 

with 2yc/ = J = sin 30^ K = sinl5^ / = sin75°. 

47. We notice that = Jtt when x^a±H; so that 
da: 



/ 



'J{x-a.[x-mf+rif] 

J J{x-a.{x~mY+n,^) ^ ^W 

J J[a~x.{x-mf+'n:'\ 
r«+" dn 



J./{a-x.(x-vi)'+n<} JU '-'■'> 

» dx 



/ " dx /-^-H rfa! _f(sinl5") 
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dx __ /- --/'+! dx _ ^(811175°) 



then 
and 



But, by the Oubic substitution x — (4— s*)/33^ 
1 _ 3 - (s°-lXa' +^8)2 ^ _ _ s^ + 8 
^ " 27?" ' ds 3s^ 

/ '^ (to _ ,., / "° rfg 



3 that 






or i'(sin 75°) = V3^(sin 1 5°), 

that is, K'jK=^S, if K=sin 15°, a.s stated in g 12. 

48. Degenerate Elliptic Integrals. 

When the middle loot ,8 of the cubic X = approaches to 
coincidence with either of the extreme roots, a or y, or when 
the pair of imaginary roots become equal, tKe elliptic integrals 
degenerate into circular or hyperbolic integrals. 

We notice, from § 16, that when /e=0, sn'^ heeomea sin-^a;, 
cn"^ becomes cos "^, etc.; and that, when fc = l, an"^a; becomes 
tanh-^, cn"^ or dn'^ becomes sech~^a;, and tn"^ becomes 
8inh"%. 

Thus, when ^ = 1, the integral (11) 

y dx r dx 

V(fc . 1 " «( rr:^ yii^:^x)J^ 

= 2 tanh'^^a; = 2sech"^^(l — ic) 



= 2cosb-\/:i ■ = 2sinh"\/,— =.sinh-i~^. 

\1— 3; ^1— a; 1— a: 

This supposes that ic < 1 ; but with oo>a:;>l, 

/ T-^i^TYT- =2cot]i-^^ic = 2cosecli-^^(a;--l) 

= 2 sinh-\/— ., ^ 2 cosh -1./—-,— sinh-i~"^v 
yx — l yx — l x~l 

But when fc = 0, the integral (11) becomes 

2cos-V(l-^) = «in-i2^(3;.l-ic); 



/; 



dx -, , , 



J{x.\—x) 

2sin"^^(l— ii;) = Tj-— sin"^2,^(x. \—x). 
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49. Making ^-y, or a, in the integrals (12j to (19), and 

still denoting ^s/{o-~y) ^y ^^i then 

(i.) with oo>x><i, 

/"" Mdw , Ix-a ■ 1 la-y 

/, 7-7,- ■■ ^= COS"^*/— - =siii-'./ — '- 

y(ic-y)^(a!-a) ^x~y ^x-y 

r^ Mike . , te— a , /a — y 

7 J- — -^—j- -=tanh-i.p -^ = sinh-\/^ — ^ 

^ eosh - \/^^ = isinh-^^^. 
^x — a gi'^-c) 

this integral being infinite when x — a. 
(ii.) With a > iK > y, 

X-»WI-Y )°'"'''"VS-°°''''"'V^I' 

7 

which is infinite when x = a ; 

which is infinite when x=y. 

(iii.) With y > ;r > — co , 

Z"? JW<^ . , /y — ic , /o — V 

/ , ■ ■■■ , /- r= sin-\/-^ — = cos-\/ '- ; 

J(a-x)s/{y-x) ^a-x ^l a-x 

f Mdx , ly~x . , la — y 

_Jia~x)J(y-x) ya~x ^1 a-x 

/*■' Jl/c^a; , , /a— ii; . , , /a — y 

J{y~x)J{a-x) yy-x yy~x 

this last integral being infinite when x^y. 

The limits have been chosen so as to exclude these infinite 
values, 

50. Weierstrass's Elliptic Functions defined. 

When the general cubic expression X is given, not resolved 
into factors, then Weierstrass's notation becomes useful, and 
may be defined here. 
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Weierstcass writes s+/ for x, and chooses / so as to make 
s^ disappear in the new value of X, which he denotes by \8 ; 
and thus S = is^ - y^s — g^, 

where g^ and g^ are called the invarinnts ; so that the integral 

/'" dx r ds f^ ds 

and now, inverting the function in Abel's manner, s is an 
elliptic function of u, denoted by fpu in Wcierstrass's notation, 
so that 

_ Tcc^i^-^j.)-"""' " ""'■''■ ''• "■> <''' 

when the invariants g^ and g^ are to be put in evidence. 

51, In "Weierstrasa's notation we are independent of the 
particular resolution of S into factors ; but by what precedes 
in equation (12), if, when S is resolved into real factors, 

S - 4(s - e,){.^ - e,)(s - e,), with e,>e,> e„ 
then, with cc > m > e^, 

/-" ^K 1 1 je^-e^ 

by (12) ; so that 

an?,^(e,—e,)u= - — ~, cn^»y(e,— e,)u=- 

The valile of n for s = Cj is denoted hy wy and called the 
r&A half "penod ; and by (^0) we notice that 

/"^ds r%d8 _ K _ 

andby(13)and(B)/'-'-J^, = S)-i(-i^-J_J-'H«,) (29) 

With e^>s>e^, ^S is again real, and by (16), (17), and (E), 

/'■^=^-f=?^P+^) (»> 



_fu — e^ 



y Google 



THE ELLIPTIC INTEGRALS. 



52. For values of s between e^ and e^, or between e^ and 
-- '» I »JS Ja imaginary ; however, the value of Jdsl^S be- 
tween the limits e^ and — ai is denoted by 103, and called the 
vmaginary half period; so that, by (21), 

/'i ds fH ds _ iK' ,„., 

737 :7^";7c^^^' <^^' 

and, from (12) and (14), 

Also, from (14) and (15), with e^^ s>e^, 

/'i ds . ./e,— 6„.c,— e, \ ,„„> 

-JS'^f^V^t^--'^- 'J' -!'') (33) 

/' ds . ,/«, — e,.e- — e, \ ,„., 

75-'P-(, ' .'_,; ' -'.: s.. -»,)i (3*) 

and, from (IS) and (19), with e^>s> — <» , 

/'ids . ,/e,~es.e„—eo , \ ,„k^ 

-^ = »p V— ,'--j— '+«>; Sj, -aj, (35) 

• i^_ 



/'; 



-i(-s; Pa, -£^3)... 



53. The quantity (/g*—27,9g^ is called the discrvminant, and 
is denoted by A ; it is called the discriminant, because the 
roots of jS=0 are all three real, or one real and two imaginary, 
according as A ia positive or negative ; and A = 0, when two 
roots are equal. 

Since S = 48* — ^^s — t/g = 4(8 — ej)(s — e^)(s — e^), 

therefore ej^+e^+e^ — O, 

and g^= —i{e^e^+e^e^+ej^e^) — 2{6^^+e^+eg^), g^^ie^e^^, 

Therefore 

« V = (e, -«,)(«,- e,)/(e, - e,f, 1 - A'' = lgj{e, - «,)-, 
. i (l-itV)' o" 

This quantity g^/A is called by Klein the absolute vnvariant, 
and denoted by /; and then, with h for k^ 

i [i-k+ej _{ i+kfi2-mi-U)' 

a k'{i-k)" ' 2ik'o—h)' '' 
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54. For the present we reserve the difficulties of interpreta- 
tion of the multiple values o£ the integral u =/dsj^8, due to s 
being allowed to assume complex values, and to perform 
circuits round the poles, branch points, or critical points, so 
called, of the integral, given by the roots of S^O. 

We suppose the variable s to pass once through all real 
values from 00 to — <» ; and now 

(i.) 0= > s > e, 

or u=w^-fdslJS=o,^~<^-^{ ^^~''^;^^~' '-^+el); (37) 

which, employing the direct functions, expresses the relation 

tafw, — u) — e, = -^— ^' ^ -^ (88) 

(ii.) e,>s>e„ 

u. = u>^-\-/<hjJS 

= (., + iF-^(-^— ^^^~'^-«,; fe -t/3); (39) 

or u^Wi+<e^-yZlJS 

^ coi + ajg - i S3 - ^( ^^ 1^^ - ^^ - - ^^ - fia ; 92' -9s) (^O) 

(iii.)e,>«>e3. 

= co,+ ^3+r^(^J-^^H^,;3„Sr3); (41) 

or u = %ii,^-\-<e^-JdslJS 

=.2a,i + «3-F-^(^^^— -^ + e.) (42) 

(iv.) 1S3 > s > — M , 

,/6i — e,.e„~e- , \ /.„, 
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or u=2o)^ + 2w.^-/cbjJ8 

^2mj^+2wg-if^\-s; g^, ~g^) (44) 

Thus /ds[JS^2u>i+2a,^, (45) 

and 2toi is called the real period, and 2wg the vmaginary 
period of Weierstrass's elliptic function pu. 

"With Argand's geometrical representation of a complex 
quantity, such ssx+iy. the complex quantity 

M = ta,j + ('a,g (0<f<l,0<f'<l) 
represents all points lying inside a rectangle, called the period 
parallelogram. 

As 8 or jau diminishes continually from oo to ~ oo , the argu- 
ment u describes the contour of this rectangle ; and for 
« = (i.)(«,i (0<i<l), (ii.)ft,,+i'(«3(0<f'<l), 
(iiiOK+«sCl>*>0). (i^-) t'co3(l>*'>0), 
the values of s or jju are real, and lie in the intervaJs 

(i.) so>s>ei, (ii.) e-i^>s>e^, (iii.) e^>s>e^, (iv.) e3>s>-co; 
while the corresponding values of p'w are taken as 

(i.) negative, (ii.) positive imaginary, 

(iii.) positive, (iv.) negative imaginary. 

For any point u inside the rectangle pu assumes a complex 

value. (Schwarz, ElUptiscke Functionen, p. 74) 

55. In the same way, with the integral (11), denoting its 

value between the limits co and z by u, 

(i.) QO > 3 > 1/A; (§ 39), 

»=2--'Vs-=^-'''""VS--\- («) 

(ii.) l/;i:>2>l(SM), 

■ 2Jir+2iA-'-2isn-'(^j-^~^^, ,') («) 

(iii.) 1 > 2 > (i it), 

a = 2K+2iZ'+2 Bn- \lj^ 
= 4^+217?'- 2 sn-V^ (48) 
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(iv.) (I > s > - oc (g 42), 

= 4^+4i^'-2isn-i(Jj^,/) (49) 

Therefore /l^— _-^L_-— = iK+ UK', (50) 

and 4iK and 4i^' are called the real and imaginary periods of 
the corresponding elliptic function, in this case sn^Ju. 

56. But if we take Legendre'a and Jacobi'a fundamental 
integral fdxl^X, where X —1~a? . 1 — k^*, and denote 

fdxj^X by u, then, by the preceding article, with x^ for s, 

(i.) <»>3!>1/k. 

u = sn-i--i:-sn-i /4^^ (51) 

(ii,) 1/k>x>1, 

u^K-^ isn-i(^l:=^'-^%') 

^K^iK' ~im\^^^, /) (52) 

(iii.) \>x>-\, 

u== K+iK' + sn^^^^^^ 

=.SK+iK--:-iii-'^^^~ (53) 

(iv.) -1>z>-1Ik, 

= ^K+2iK'~isn-^U^—^, /) (54) 

(v.) —1Ik>x> — 'X} , 

-4Ji: + 2iA:'-sn-'i (56) 

Therefore /(I -«M-KW)-i<ia>-4-K'+2«'; (66) 

and 4ir and 2iif ' are called the periods of the elliptic func- 
tion sn u. 
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57. If, with l>ic>-l, and X^I-scM-kV, we denote 
the integral /dllJX by u ; thenJdxjJX^K (§ 11); and {% 41) 



K~u=fLlJX^m-^^^ 



or, employing the direct functions, 

^"^^-^>=Vr^S==« "^ ''^''' <^^' 

and then {,% IT) 

\ 1 - K^x^ dn -w. ~ 

dn(7ir-u) = ,/— ^ = -,--, or/ndw,; (59) 

relations ajialogoTia to equation (38) ; or to the relations 

sin(^7r— 6) = cos0, cos(|x— O) = sin0, 
of the circular functions of Trigonometry. 

58. When the discriminant A of S is negative, and two of 
the roots of the equation jS = are imaginary, we take e^ as 
the real root, and combine the product s — c^ . s — Cg into 
{8-~'nif-\-'r^, as in § 45 ; and since 

S=4s^-.9^-<,, = 4(s-e,){(8-m)Hmn, 

therefore m= — Je^, ^^-Ze^ — i'Ti?, 33 = e/+4ii%; 

while H^^{e2-~'inf+'n? = ^e^+n^, 

4 A"^ = n^jH^ = ^'n?l{Qe^+4m\ 

1 - \%kV = Zgji^e^ + ^-n?), 

^^9i- '^'^3^ = - 4^7(96^ + 4t),2)* 

*T, . r 3/__(1-16k^O'_ (I-16fc+16Fy 

sothat -/-A- -108??^ 108^(1-^) " 

''~^- 108A(l--fc) ^"' 

59. Now, as in § 45, by means of the quadric substitution, 
,_.,= _i|..(»±i4tt»^ ,60, 
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d<T_ {8-e^f~H^ _ is-8^){8~8^ ) ^ 



we find -jz~ 

while 
provided 



Thence s^+33 — 2e^ — ^(e^+e<,) — e2~^2~ ~iH~^2 '< 
or e^= —le^; on the supposition that 61+62+63 = 0; 
and e-^^e^+2H, e^- -26^, e^ = e^-'iH. 

Then y 7S:/2(«-%){«-«.)^(--e,) 

A7 /'"diT 



(s-( 


V,)' 


(s->.y 


(»-«,)' 


,»-.,= 


(S-Sg)*' 


:e, + ff. 


■*(«,-< 


i-%). 


,8,-jr. 


= «.,-, 


!,-%). 


.2e,-l( 


.,+..)- 


-ii-e^=-i 



-Jiji,,,-,,.,-,,.^-.,) J 



,.(61) 



Also with \^= — — T?.^ — 1 " — — — -TTT- 



where 2 = 4((r~ei)('T— egXa- — e3) = 4(T^— ygcr— y^, 

euppose ; and the diBcriminant A' of £ is now positive. 

60. Now, y,= -lfe.,+e,.,+.,e,)-12e,'+16il', 
yg-4elEae3 = 32e2ff2~8e2^ 

-t,^ 2g-3e, ^,,„ ei-e, 2g+38 . 

Denoting hy J' the abaolitte invariant of 2, then (§ 53) 

a' 27 X'X'< ■ 
If we put 4X-X'^=^1/t', then 

„ (*t'-1)' „ , _ (T'-l)(8T' + iy . 

■' -~iir'-~- •' -^~ 27? • 

while, with 4kV^ = t in (D), 

{4t-1)» , ,_ (t-1)(8t + 1)' „ 

Now, if 2kk' = 2AX', then tt' = 1 , the relation which holds in 
the transformation from a negative discriminant in S to a 
positive discriminant in 2. 

If we equate the values of / in (C) and (E), we find 
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61. When A is negative, and when we know the real factor 
s—e^ of 8; so that, with \e^+'>'^=\gsl6^, 

S = 4fs-e,){(s+K)'+-n-'}; 
then, with H^ = J{9e/+4ft^), and expressed as in § 46, 

with "2«:«:'=7i/JZ" ; so that 

by means of which wo change from Weierstrass's notation to 
Jacobi's and vice versa, when A is negative. 

Thus, for example, if g^^ 0, then e^ = Hg^^, n^ = le,^, IP = 3e,/ ; 
and, as in g 46, 



"* V :75=o^'^^'7rTx9' (^2) 



/: 



" 2 J3(to.)l ■=" ls+ {^3 - l){is,)>' J ■ 

62. Supposing 8 to Kwige from od to — oo in the integral 
Vi = /dsjsJS, when A is negative, then 

='^^-s>-^C-?^^+4 '^*> 

where wg denotes /dsj^S, the reai half 'period of jsw. 
(ii.) e„>s> — cc , 

^w^+w^-ip-He^-s; g^, -g^), (65) 

where w^ denotes /ds/^S', a pure imaginary quantity, called 

the imaginary half period of fu ; and the period parallelogram 
(§ 55) is now bounded by m^ and w^', as adjacent sides. 

Also (§47), w^ = KiJH,w^^iK-!JH. (66) 
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63. Treating in the same way the integral (2), 

by replacing s hy 1 ~ic^ in |§ 38, 55 ; 
(i.) x>x>l, 

= iK'- 1 cn-\l jx,k") (67) 

(ii.) I>;c>-1, 

ii — iK'+ttw'^x 

= iK'+2K^m-H-x) (68) 

(iii.) -l>po>-co, 

u= iK' + 2K-i-im-'^{-ljx, k) 

^2iK'+2K^icn-^{^'^,^./) (69) 

64. By the substitution x^—ljy, the IntegTal 

y~ dx /"^ dy 

'^{A + Bx'-^Gx^+Dx")J%J{Aif^By'' + Cy+D) 

1 /"°ds ,„., 

'Jjj 7S- ™ 

on putting y = s — ^B/A; which can be expressed by Weier- 
strass notation, or by the notation of Jacobi, when the factors 
of the denominator arc known, as in equations (12) to (19) ; 
/• E+Fx ^ 

J'^iA+Bx' + C^c'+D!^) 
can thus be reduced to elliptic integrals, of the form considered 
in gg 39-61, the first term by the substitution x^ = \ly, and the 
second term by the substitution x^ = s. 

Thus I ~ji—^ — 5T=oT7^cn-Mp^5 — ^,-~- — -„, sinl5°K 

the integration required in the rectification of r^ = a^cos 80. 
But by substituting T^ja?= \jy, we find 
r ahlr /"" ady 

so that -^ = 5jf -; 0, 4l. 
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65. Write X for a-l^-a^ .x'^-h^ .i^-(?, whore a^>?j=>e^ 
and write M for i^(a^— c^); then we find, on substituting 
y for 1/0!^ and taking a, /3, y for \j(?, l/b% 1/a^ 

(i.) « > rc^ > a^, comparing with equation (18), 

/Mdx , ja-^-x'^ , Ib^.x^-a^ 

— r-j^=:8n '*/j— 5- — -_,= sn-\/-s — 3 — rn 
JX yb-^—x-^ ya^.x^~b^ 

= ''" i^Fr^^b^-^" ^l a^-cKx^- &' •■■^^^> 
to modulus -/ts — 3 — 5. 

(ii.) a^>x^> b^, comparing -with (17) and (16), 

/'^Mdx _ _^ jb^.a^—x^ 
VVTX)-'" ^a^-bKx^ 

. la^.x^ — b^ , , la^ .x^ — c' ,_„, 

\a^—b^.x^ \ a? — c'.x^ ' ' 

^(_Z)-'" -^a^-bKx-^-c^ 



to modulus 



= CD \/-s Tj 5 r,-an \/ts s -^,....US) 

"•ib'.af-if 



(iii.) fc^ > 0;^ > c^ on comparison with (15) and (] 4), 
J V(X)"" •4v-c'.a'-J? 



= cn"-' 
/""Mdx 



7(1)-"" V5^=?-t' 

= cn-\/ ,o -n — 5 = an'\/-9 «— s (/5) 

la^.b^—c^ 
;o modulus ^ ,.,' „ ■■■■ , ■ 

(iv.) c^ > a;^ > 0, on comparison with (13) and (12), 

f Mdx 1 m.c^-x^ 

J Ji-Xr"^ '^cKh^-x-^ 

= cn-\/-„-7a— „ = dn-\/--5- — 5—=- — -„. ...(76) 
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/ " Mdx _ j_ j a^—c^.x^ 

\ c^.a^—x^ V b^ . w'—af- ' 

to modulus ^j--,-ir--i ;,. 

^Ir.a^ — c'' 

66, When X is a quartie function of x, and we know a factor, 
x—a, of X, then the substitution x — a = l!y reduces 

/dxl^X to the form M/dyj^Y, 
where F is a cubic function of y; and thk form can be treated 
by the preceding rules. 

But, independently, if we can resolve X into four real linear 
factors, x — a, x—^, x — y, x—S, 

so that X==x — tt.x — ^ .x—y .x — S, 

and we suppose that a> l3>y>S; then with 

(i.) x>>X>a, 

r^ ^ 

J J{x~a..X-fi.X~y.X — S) 

, I I3-S.X- 



■'/, 



indicating that we must put 



to reduce the integral to the standard form (§ 4) 

2 /- dqi 

;7(a-y. ^-^VN^Cl-^^sinV) ' 

and then k^ = ^ - A-~ r^«^| 

the aTi/tctrmtmic raiw of the four points A, B, G, D, the poles of 
the integral (g 54), given hyx — a,fi y, 5. 

The verification by diiForentiation is a useful exercise for the 
student. 
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(ii.) With a>x> f-i, we change the sign of X to make the 
integral real; andnow, writing Jf for l^ia-y.^i-S) tliroughout, 

=sn-\/^^--— ,=en^\/ — g ^=dii-\/— — ^....{79) 

ya-l3.x-S ya-p-x-S ^a-y.xS' ^ ' 

\a-^.x-y ya-/3.x-y ^ ^-S.x-y' ^ ' 

but now the modulus k is the complementary modulus to k, so 



that k'^ = 1 

a-y.li-6- 

the difFerent forms of the result indicate the appropriate substi- 
tution required for reducing the integral to the Legondrian form, 
(iii.) With ^>x>y, X is again positive, and 

, If-i-e.x-Y 1 IY-S.I3-X , , /y-^.a-iC ._, 

=^^ V^::^>;:^^^='''^ Vj::y:tr^^ V«=^^-^^--^'^> 

with iiie same modulus k as in (78). 
■ (iv.) With y>x>S, X is negative, and 

/y Mdx 

'.„-. /fcJ_T-! = „„-. /fcz^i^dn-.Jfai-i" (83) 

\y-i3./3-a; yy-S.^-x ^ a-y.p-x 

/'" dx 

= sn-\/— i^ = cn-\/— ,— '- — = dn-\/ ^^ — ,....(84 

yy~S.a~x yy~S.a-x V y-S.a-x ' 

with the modulus of (79) and (80). 
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(v.) With S>x> — <a, Xis positive, and 

1 ja-y.S-x , ly-S.a-x -, , {y-S.B-x 

= sn-\/ — { = cu-\/J--„— ' =dn-\/<,— „-t^ — ,....(8^) 

with the original modulus o£ (78), (81), and (82). 

67. La,nd&rb& Transformation. 

When Legendre's and Jacobi's standard integral (1) is 
treated as a particular case of these integrals (81) and (82), we 
write a = l/A, /3 = 1, y= ~1, 5-= -1/X, so that jV?"=Kl + X)/X ; 
and now, with y for variable, 

r^ i(l + \)dy 
Jj{\-y'.l-\hf) 

=^ Vxi^x"/^''" V^T^-^^'^ V i^x.i-xy -^^^^ 

, /l+X.1+1/ . /l-X.l-j/ . , li~\.l-\y ,„., 

=^°"W-2T4:a7^''; VxI^-'^"-W i-ha.iW -^'^> 
where the modulus k is now given by k^ = 4X/(H-X)^ so that 

K=2VX/(1+X), ,:' = (l-\)/(l + X), or (1 + 0(1+X) = 2; 
and we are thus introduced to Landen's transfomiation, to be 
discussed hereafter. 

Changing, in g 41, x into y'^, and k into X^, we find 

Jja-f.i-xY) 
'--Vi^^c»-;V^r^^a..Vi^ (s„ 

with modulus X ; indicating, on comparison with (86), results 
such as 

which can be translated into the various forms of Landen's 
qubadric transformation. 



y Google 



L 



5g THE ELLIPTIC INTEGRALS. 

Denoting integrals (86) and (88) by w and «, then 
«-«!+«». » = (l+i>; 

„, . 1 — X.l+w , „, . 1 — \.1+Xy ,„„, 

" <"■ "'- 2.1 -x/ ' ''"<»■ ''- 1 + X.l-xy (™> 

»-KA) = iiE^", *.■(«. X)=i^~. (91) 

L , ^s {l+Osn(u, ic)cn(u, k) , ,„„. 

whence sn(t). X) = ^ , / , , etc (92) 

dn(tt, K) 

We can easily prove, or verify by dilFerentiation, that 

Kl+X)% 

^(i-s'.i-xy) 

= sn-'{W(l+!/l + ^S)-W(l-!/-l-A!/)) 
= cn->{iv'(l+!/-l-^!/)+W(l-»-l + *9)i 

to the same modulua ic = 2^X/(l+X); so that, denoting this 
integral by v,, and denoting sn(tt, k) by x, then 

a: = W(l + S-l + ^!')-W(l-y-l-W. 

V(l-">') = W(l+!/-l->'i/)+W(l-!/-l + ''!/). 

.'II .■■fl V(l->V)+AV(l-y) _ l-i> (94) 

, , . dn(v,X)+Xcn(^i,X) ,, . dn(v,X)-Xcn(v,X) ,„-, 
or dn(it,,)= J_^^ ^ nd(HK)=— V^^:|--^^^^^,(95) 

since T/ = sn(i;, X), where w = (l+«')''i 
and thence 

dn(», X) = }(l + X)dn(«, i)+i(l-X)nd(»,r), (98) 

Xcn(»,X) = Kl+X)dn(tt,s)-i(l-X)nd(«,,); (97) 

(Cayley, EWi^tic Funationa, p. 18S). 
The relation (92) between x and i/, namely, 
(l+/)a>V(l-J) 

^ V(1-^W) 

thus leads to the differential relation 

l(l+X) d tJ _ da: 

V(l-'/.l-X¥) Jli-x'A-A'i 



(92)« 
..(98) 
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68, The six anharmonic ratios of a, ^, y, S, arising by per- 
mutation or substitution, give rise to six values of the modulus 
k, given by 

h 1 l-h, ^, I-i iAi OT 

' k 1—K k ffi — 1 

or am% cec^fl, eos°0, aec^O, - cot^^, - tan^0, if h = sin^9 ; 
or tanh^, coth%, sech%, coah%, - cech^it, - sinh^Ti, if fc = tanbV. 

We may notice that the expression for / in (D) of § 53 is 
unaltered if for k we substitute any of these other ilve values ; 
and, on comparison with Weierstrass's notation, 

J"=ft'/A, J-l-27c,,VA, 
SO that we iTiay put 

_ l~k+k^ _ (l + k)( l- 2k)(2-k) k\l-k)\ 

92- 12 '^^~ 432 ' 25ti '" • ' 

and then ei=-rV(2-fc), e^=-^i~l + 2k), e^=^Ti{-l-h); 
so that k = {e2—e^)j(,ei—e^), as in g 51. 

69. Degenerate Forms of the SUipUc Integral. 
When two of the roots a, /3, 7, i5 become equal, the corre- 
sponding integrals degenerate into circular and hyperbolic 
integrals, which can easily hn written down, on noticing as 
before (g 48) that (i,) when ^ = 0, sn-^o; becomes sin-%, en-'ic 
becomes cos"^a;, etc; (ii.) when ^=1, sn~^ becomes tanh~^, 
cn"'« or dn"^ic becomes aech-'a;, and tn"'a! becomes sinh~^3;. 

When two of them are equal, we may replace the four 
quantities a, y3, y, S by the three distinct quantities a, b, c, 
suppose, where a>b>c; and now the degenerate elliptic 
integrals fall into three classes, I., II., III. 
I. Writing M for ^^(a - 6 . a - c) ; then 
(i.) <xi>x>a, 
r Md^ . , , la—'b.x — c , , la — c.x — b 

y (x-<.)V(»-!,.»-c )-'"°'' VFT.i.-'^"'"'' V i— ^.»-« 

(ii.)«>«>6, 

r" Mdx , , ja — h.x — c . , , la — c.x — b 

(iii.) b>x>G, 

/*^ Mdx _-^ i a — h.x—c _ . ., l a — c.h — x 

y {a—x)^(h — x.x — c) yh — c.a — x "yb-ca — x' 
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f" MJx _ . _j ki—h.oi — c_ _^ }a~c.h—x 

J {a~x)^(h—x.x—c) y b — c.o. — x y b — c.a—a> 

(iv.) G>x>-a>, 
r' Mdx . , , la — h.c — x , . ja — e.b — x 

II. Writing M iov ^J{a-b .b-c); then 
(i.) oo>x>a, 
/" Mdx _ . J jh — c.x — a_ J ja—b.x~o 

Jix~b)^(x-a,x-c)~ "'" ^ja-c-x~h~ ""'' V^^'"^" 

(ii.) a>x>b, 

y'"" Mdx _ _. , _^ jb — c.a—x_ , _j ja — b.x — c 

{x—b)^{a—x.x—c) ' y a — c.x — b y a — c.x — b' 

(iii.) 6>a!>c, 

Z'" Jtfdic , _^ ! b — c.a — x _ . , _^ l a — b.x—c 

J {b—x)^ia,—x.x-^) y a — c.b — x ' y a—c.b — x 

(iv.) i3>iB> — 00, 

/"" JWdx 1 Ib — c.a — x . , la — b.c~~x 

J^b-xW(a-x.c-xr '^'^^ V^^:;^;^^ ^^^"V^X6-^- 

m. Writing il/ for i^(«-(;. ?»-<;); then 

/"'^ MiiiK , _^ la — c.x — h_ . , _j jb — cx — a 

_J (x~c)fj{x — a.x — b) y a — b.x — c y a — b.x—c 

{ii.} a>x>b, 

r" Mdx _^ j a~c.x — b _ . _j ib—c.a — x 

J{x~c)J{a~x.x-b)- '^"'^ V^^^^^ ""'" ■V^X"(s^' 

/" ilftZa:; _ . _j la — c.x — b _^ Ib — c.a — x 

J {x~c)J{a-x.x~b)~ ^'" ■\a~b.x-G^ ^'^^ \a~b.x-c 

(iii.) 6>3;>c, 

il/(i[c ,:„!.. 1 ja — c.b — x __^,,_, jb — c.a—x 

x — c 



r" Mdx . , .J j a-e.b-x _ . _^ j b-c.a 

^ {x — 6)^(a — x.b — x) ' y a — b.x — e ' ya — b.x 

(iv.) c>x>—<xi , 

y'' Mdx _ , _^ ja—c.b — x_ . , _^ /i 

(c— a;)^((i— a:.6— ic) "Vft — &-c — a; "Vi 
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70. When all four roots of the quartic Z = are imaginary, 
so that 

(x-a)(x-0) = (x-inf+nlix-y){x~-S} = (x-pf+q^ 
fdxI^X ^/{{x-mf+v? .ix-py+f}-idx 
is reduced by the substitution 

fo-mg+rf (101) 

Let US suppose that X is resolved into two quadratic factors, 
so that X is of the form 

where, by supposition, ac—b^ and AC—B^ are negative, so 
that the roots of -X = are all imaginary. 

T i ax^+'ibx+o N /i/ii\* 

^''' '■'=3?+H5i+0-ff">'P°» (^"'> 

then the maximum and minimum of y, the twi-ning points of 
y, being denoted by y^ and y^, 

y^-y=^{Ay^-a){x^-xflD,y-y^ = {a-Ay^){x-x;fjD,...{im) 
iCj and x^ denoting the values of x corresponding to y^ and y^ 
of y ; and now 

dy_ 2{Ah~aB){x,~x){x-x,) 

dx {Ax:^ + '-;LBx-^Gf ^ ' 

For X is given in terms of y by the solution of 

{Ay-a)x^+2{By-b)x-^Cy-e = Q (104) 

and this equation has equal roots at the turning points of y, 
which are therefore given by the quadratic equation 
{Ay~a){Cy-c)~{By-hf = i), 

or {AC-m)y''-'{Ac + aG--2Bh)y + ac-¥ = (105) 

and then 

_ By — b _ ax-\-b _ bx+c 

^'~ ^Ay-a' °'' '^'^Ax+B~Bx+C' 
-.-r /"dx r dx fdx 



-A 



S(Ab-aBXx^-xXa>-x^Jy 

2iAb-aB) y V(!/.i/,-y-»-»,)' 
and (A.y^~aXl-jiy,)= -A'y^y,+Aa(:!ji+y,J-a' 
_ {Ah-aE f 
AC-B' ' 
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60 THE ELLIPTIC INTEGEAXS. 
which, hy (15), gives / ^^ p= — - — = 

with i^^='^-y^lyv'^'^=y2lyi\ 

the last expression, by the inverse dn function, lieing the 
simplest, as expressing a function of an argument oscillating 
between two positive limits, y^ and y,^, 
71. For example, if 

Z = a;H SaVcoa 2a + a' 

= (;r2 4. 2ffl3; sin a + a^X^i^ - ^aic sin a + a^) , 
and if y = (a;* + 2aa; sin a + a^)l(x^—2aic sin a + a% 
then Xj^^a, y^ = taji%lT!- + ^a); x^^ ~a,y^ = baii.HiT!- — ^a); 
so that / = tan^(j7r — Ja) = (l— sina)/(l + sina) ; 
1 n dx 

,dn-j ;-^!""-^;+^'^^!"«+« ; (108) 



ffl^(l 



But, by substituting ~ 



sV+2%inV) 



= ^cn-i(3; 9ina) = ^cn-^J^, (109) 

by (2), a reduction of the elliptic integral to a different 
modulus, the modular angle being now a ; affording another 
illustration of Landen's transformation of g fi7. 
Thus, with a=\-ir, equation (108) gives 

where K'^iJ^-lf (when K'IK=^); and by (109), 

7(if+r)=*°°(?+i'*-'V 

y"'^ dx _ ^ ^2x r dx _^ ^—x?- , 

7(i+5')-*°"'7(i+sij'y7(i+?)-"™ r+s*"""- 

For other numerical examples, the student may take 
X = a;*+2a;^ + 2, «*+-3a:H3, ic*+a;s+l, a;*+2ic2+3, etc. 
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72. When two roots only of the quartic X = are imaginary, 
we may still make use of the substitution (§ 70) 

but now take ac—lfi negative, and AO—B^ positive. 

Proceeding as before we find that the maximum y^ is positive, 
hut the minimum y^ is negative ; and y oscillates between 
and y^ for real values of ^X ; and 

/dx _ 1 r dy 

^X-v'(2C=3')yV(*!/-!'i-?.7^)' 
so that, by (14), 

= ' , .°-\/^= ,, ^ , dn-\/^^a, ...(110) 
with K'-yJiVi-V,), k'- -yjini—n,). 

73. By another method of reduction we shall find 

(Enneper, ElUptisahe Functionen, p. 23) 



Jj{x-a.: 



-^.(!e-m)'+n') 



=^— cn-.{^<!=a=Sizi-) ,i am 

y^* da! 
^{a-a;.a;-^.(a;-m)H™^l 



(112) 



- ' ,„..f g(»-»)-g(»-(3) 

etc.; where ff2^(a-m)2H-ii2_ .ff2 = (^_^j3..|.^2. 
and ,i' = i-i{(a-ffl'-fl«-Z')/fl"jr, 

'<''=i+l{(»-/5)'-ff'-ir')/fli:; 
so that iKK =%{a.-P)IHK. 

Degenerate forms occur when a and yS are equal ; and now 
dx 



Jlx- 



\x-a)J{{x-mf-\-n^] 



,cosh-.> ^«-")'+":'v«='-")'+'''> , 



— —77-; r;—— i-r ciJSll ; ^ — -- 

f dx 






J{(o.-mf-\-n^] ii{a-x) 
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74. Replacing y by NjD in equations (102), then 
I)y,-N={Ay^-a){x^~xf, 
N-Dy, = (a-Ay,){x~x,f; 
so that we may write, according to Mr, E. Russell, 

N= ax^ + ^bx +c =2>(Xj_-xf+ q{x~x^)^; (113) 

where F = {Ay^~a)l{y^~y^), Q = (a~Ay^)l{y^~y^); 
and p = Py^, g = Q?/j. 

Interesting numerical examples can be constructed by giving 
arbitrary integral values to x,, x,, P, Q, p, g; and now the 

substitution s= % 

x^ — x 
will make, as in g 37, 



fdx _r 

J JX J J( 



(a^-a;g)< 



' JX J J{f^<lzKPJrQ^') '^^■^^ 

7o. When the factors of the quartic X are unknown, we 
employ Weierstrass's function, and we shall show subsequently 
in Chap. IV, that the elliptic integral fdxjiJX is reduced to 
Weierstrass's canonical form ^/ds/JS (§ 50) by the substitution 

s=~H/X, 
H denoting the Hesdan of the quartic X (Cayley, Elliptic 
Functions, p. 346) ; we may thus write 

/fx'\H-r'^>4- d") 

where g^ g^ are the quadri/nvaHanf and cubinvariant of the 
quartic X or aa^ + ibx^+^cx^+idx+e, 

so that g^=a6~-ibd+Zc\ 

g^ — ace+2bed — ad^—eh^—<fi, 
H = (m~¥y>f+2{ad~bc)x^+{ae+'ihd~^G^)x^ 
+ 2{be — cd)x+ce—d^ ; 
and the general reduction of the elliptic integral of the first 
kind JdxjJX, where X is a cubic or quartic function of x, 
is now complete. 

The application of this general method to the particular 
eases already discussed is left as an exercise for the student. 

76. Systematic Tables ofthe integrals of the elliptic functions 
sn u, en u, dn u, ns u, ds u, cs u, dc u, nc u, sc u, cd u, sd u, nd tt, 
and of their powers have been given by Glaisher {Messenger of 
Mathematics, 1S81). 
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Suppose _/cniw^i4 is required ; we may write it 

; = l—rr-^ 5— 5-^ = -Slll HKsnti,)=-cos '^(A-Q.v,), 

ete. ; so that 

/k en udu = cos -^(dii ii) = sin "^(fc sn u) = tan " \k sn ujdn u) 

= ^Biii"i(2f:snttdnw) = am(K:i*, 1/k), etc. 
Similarly, 

/Ksntt(iu=cosh-i(dnu/K')=sinh-^(Kcntt/K)=tanh-'(Kcnu/dn'M.) 



" Anu — Kcxiu ° K " dn u — K en u' '' 
while /dii'M.(^w = cos-i(cm4) = sin-i(siii!,) = ainM (116) 

As an exercise the student may integrate ns w, ds u, . . . ; also 
Bn%, en%, dn%, ...; and obtain formulas of reduction for the 
integrals of (snti)", (cnw)", (dnti)", — 

As a general method, for (snit)" for instance, we put 
sn^a^s; and now 

y(sH-M.)"c;u^^ 7- ^^ -^_^-^ -it„, suppose. 

By means of the well known forrnAila of reduction, 

for Vp=fxHxUN, where JV^^tiic^+Sfee+c, 

we have, on comparison, 

a^h,h^ -\0-\-h), c = \, 'p = ^{n-l) ; 
80 that t;p = 2n„, i'p+i = 2u„+2, Vp.^ = tu„-^; and 
('n.+l)^„+2 — «(l + /c)tt„+(« — l)if„-2 = sn''-%cnudn'i4,...{117) 
the formula of reduction for tt,, =y(sn w)"!^!*. 

When the limits are and K, we obtain the recurring formula 
(n+l)fctt„+2-7i(l+A;K+(«-lK.2 = 0, (118) 

analogous to Wallis's formulas for /(sin or cos Q)^d9. 

The same formulas hold for ii„ = (cd'w)"(^'i(., since {§ 57) 
cdu-sn(^-it). 

Thus w„ is made to depend ultimately on w^, already deter- 
mined, or on u^ ; and a similar procedure will hold for the 
integrals of (en u)" or (sd u)", (dn w)™ or (nd u)'\ ete. 
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77. The Elliptic Integral of the Second Ki/iid. 

We may mention here ineideutally that the integrals of 

sn^, cnV, dn^ii, n8^it, daht, cs^u, . . . 

require for their expression new functions called elliptic vn- 

tegrals of the second hmd, such as occur for instance in the 

rectification of the ellipse. 

For if, in the ellipse {xjaf+{ylbf^l, 

we put a!=asm^, 3/ = 6cos0; 

,, (ia^ da?' , d'tfl = i. , , i? ■ ■> . a-t ■> ■ ^ ^ 

then ^-5 = T— 5+ -^ = a^cos'^d + o^sin^d, = a^( 1 — e-sm^^) ; 

d<^ d<^ d<^ ^ r \ V' . 

so that -=y\y (1 — e^aiii^0)<i0 ^fh.{^, e)d(j, ^Jdn^udu, (119) 

on putting = am(u, e); and e, the excentricity of the ellipse, 
is now the modulus. 

The integral /^{}- — K^sin^^'jd'p or JA{ij), K)dip is denoted by 

M{^, k) by Legendre, and called the elliptic integral of the 
second kind; and when the upper limit is Jir, the integral is 
denoted by E^k, or by E simply, and called the complete elliptic 
integral of the second hind. 

Exa/mplea. — The following examples are collected chiefly 
&om Legendre's Ey/nctions EUAftiques ; the results, being 
now expressed by the inverse elliptic functions, will serve as a 
guide to the substitutions required to reduce the integrals to 
the standard elliptic forms, and the correctness can be tested 
by differentiation as an exorcise. 

-fiyidx 



4./«-a.. 



5. /{a~x.x — 
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~/ v^ '•{(x—my+'ri^}* J 

7. Prove that, if ■Mi"=4fl;"(l— a;"), 

y (1- ie")i - i/»(^5r; =/( 1 - a;")! - 1/"*^ = 2 - ^y (1 - 10") - ^w ; 

2-3 /» J. 

and express the result when 7^=3, 4, or 6. 

8. Prove that, if x~a ia a factor of the cubic X, so that 

X = {x-a){ax^+2bx+c); 

3 ,/ X* „ , ac~b^ \ 

T7— ,-i — —&-H — 



> 



aa^ + 26«+C. 



an integral occurring in the determination of the motion of a 
projectile in a resisting medium. 

Evaluate the integral when aa^-\-2ha+c = 0, so that 



9. Prove that (i.) / zj——. = a/: .-, - ; ■ ■ 



.... r ^aaudv, _ 1 
^"'V dnw+K'"?(r+7)" 

ttsn^iwi-M,= 2X(X-.E)/K^. 
i''(^, K)sin^ffl0 = -sin-^K. 

10. Prove that 

EJK^ >K>E> ^Kk'^H 1 + k'^). 

11. Denoting the integral y(A0)-M0 by w^, establish the 



formula of reduction 

Evaluate tt„ for ii = 2, 3, 4, .... 
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CHAPTER III. 

GEOMETRICAL AND MECHANICAL ILLUSTRATIONS 
OF THE ELLIPTIC FUNCTIONS. 

7S. Graphs of the Elliptio Fwnctums. 

Now that the Elliptic Functions have been defined and a 
few of their fundamental properties have been estabhshed in 
Chapter I, in connexion with the pendulum ; while in Chap- 
ter II. the reductions of the elliptic integral to the standard 
form have been tabulated, let us consider some further applica- 
tions, and first in connexion with the graphs of am u, en it, 
snu, dnu, represented by curves whose equations are of the 
form y = am x, en x, sn x, or dn x. 

The graphs of these equations are given in fig. 5, in curves 
(i.), (ii.), (iii.), (iv.) ; the modular angle employed is 45°, so that 
the curves can be 'plotted from the numerical values given in 
Table II,, analogous to the graphs of the circular and hyper- 
bolic functions, given in Chrystal's Algebra, Part II. ; tiius, 
for instance, the curve •i/=a,rax is the graph of the relation 
between and w in g 5. 

"We notice from the equations of § 57, Chap, II., that by 
sliding the curves along Ox through a distance ±K, the curve 
y = snx becomes changed into y =:sn(K +x) — cnxjdn x ot cdai, 
and not into y = cna; ; while the curve y = cax becomes changed 
into y = CTi(x—K) = K'sax/Anx or Ksdx, and not into y = anx; 
so that the curves y=sn.x and y=^cnx are essentially distinct 
curves, and cannot be superposed, like y — Qosx and y = &\nx. 

The curve (i.), the graph of am x, consists of a regular un- 
dulation, running along the straight line y — ^Trx/K; so that 
ama; = ^7fa:/i^-|-periodic i,erra.)i = ^wxjK +J:,Bn^m{n-n-x/K), 
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in a Foufier series, where the B'a are to be determined sub- 
sequently ; and then hy differentiation, 

dnx = {^-^/K){l + 2ImBn<iOii{nTXJK)). 
So also tlie graph of JSij^ or Eamu, the elliptic integral of 
the second kind (§ 77) consists, like (i.) the graph of amic, 
of an undulation running along the straight line y = Ex/K; 
so that we may write, in Jaeobi'a notation, 

E am X = ExjK + Zx, 
where Zx is a periodic function of a;, which can be expressed in 
a Fourier series 

Zx^l.Gn&i.-a.n-j:xlK; 
and then, by differentiation, 

dn^ - EIK+(i!-IK)I.nCn cos nirxlK ; 
whence also the expression for sn^ and cn%5 in a Fourier series. 




Fig. 5. 
We proceed now to some mechanical and geometrical appli- 
cations of these curves. 

79. Problem I. The curve asswmed by a revolving chain 

We shall prove that 

ylb-snKxIa 
(fig. 5, iii.) is the equation of the curve of a uniform chain, 
rotating steadily with constant angular velocity n about an 
axis Ox, to which the chain is fixed at two points, 2a feet 
apart, gravity being left out of account, e.g. a skipping rope. 
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Denote by t the tension in poundak of the chain at any 
point, and by v) the weight in lb. per foot of the chain. 
Then the equations to be satisfied are 

Therefore tdxlds = T, a constant, the thi-ust in poundala in 
the axis due to the pull of the chain ; and therefore 

the differential equation of the curve of the chain. 

3a;'^ "~ dx'^' 

so that dyd^^^d^.^ 

dx dsB^ dx dx^ ' 

Integrating, supposing y = h -when dyjdx = (i and d^/dai = l, 

so that t = Tds/da> = T-\-^'n^w{¥-'i/). 

so that X is an elliptic integi'al of y, of the form (5) in 
Chap. IT. ; and y is an elliptic function of x, obtained by 
inverting the function of the integral. 

To obtain this function, let j/ = & sin ; then 



dx^~ 



dA^ ii^wf^ , ■nhvh^f, <, ■ <, ,\ -•> 



-V')]. 



4<T+n^wb^ ' 

so that = am .ff^, where — - — —^nj ; 

and ylb^anKx/a, 

the equation of the curve formed by the chain ; and now 2a 
denotes the distance between the ends of the chain. 
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We may denote Tj\nhv by ft^ ; and now 

whence the modulus k and quarter period K can be determined 
when h and a are given ; and 

wMle ^=^A<pi 
dx a '^ 

and integrating, with the notation of ^ 5 and 77, 

If 2i denotes the length of the chain, then s = I when ^ = Jtt, 
and ^(0, k)=K, E{^, k)=E; and therefore 

l-\-a = lERh?la=hElK^^aElKK'\ 
from which k, ^, and E must be found by a tentative process, 
from Legendre's F.E., II,, Table II., when a and I are given. 

For instance, if k = v' = Jv'^' ^ ^" Table II., page 11, 
ii:=l-85407, £'=1'35064); 
and 6/a = l-5255, Z/a = l-9206. 

80. When the chain is fixed at two points not in the axis, 
nor in the same plane through the axis, the chain when re- 
volving in relative equilibrium will form a tortuows curve, 
which will sweep out a surface of revolution, of which the 
preceding curve yjb — SQKxja is a particular case of the 
meridian curve, while the general equation is of the form 
;i/H «^ - hhn^KxIa) + c'cn\Kxja). 

For in this more general ease the equations of relative 
equilibrium are now 

Three first integrals of these equations are 

'S=^^ w 

t\y-^ — z-^j^H, a constant; (2) 

and t-\-\vHv(nf'\-z^)^\, a constant. (3) 
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dy <lz_,dr^ 



and from (1) and (2), 



dz dy ^H _ 
therefore, squaring and adding, 






(£)•=-(; 



tfe' \ jH' 
jM ) P 









suppose ; and for r^ to lie between b^ and c^, we must suppose 
d?>b^>r^>c\ and as it is of the form (17), p. 87, we put 
r^ = 6^sin^0 + c^eos^^, 
b^-r^ = (b^ - c2)cos^^, r^ - c^ = (&^ - c^)siQ2^, 
.^ _ r« = a^ - c* - (&2 - c^)ain V = (d^ - c^) A^0, 
where ((^ = (62--c^)/(d2~c^). 

Then (*7 = 4(!.-c')W*d„vg 



-T5r\" 



c^)coa^0 sin^0 A®0, 



so that ^ = amKxja, 

where K^ja^=n*w\S? - c^)j'i'JP= i{d^ - c^)/h'* ; 

and then r^ = 3/^+s^ = 6%n^ir3;/a+cVn^^ic/«, 

the equation of the surfece swept out by the chain, the meridian 

curve being similar to curve (iv.) in fig. 5. 

81, The chain will obviously take up the form which, with 
given length between the two fixed ends, baa the maximum 
moment of inertia about the axis of revolution ; and we have 
thus investigated the solution of an interesting problem in the 
Calculus of Variations. 
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The form of the chain for a mimmiim moment of inertia is 
obtained by supposing that r^>d\ as in (13), p. 35 ; and by 
putting r^—(P=(d?—b^)iB,ti^<p, 

r^- cS=(#-c2)AVseeV, 

K^ = (b^ - c^y(d^-c% as before. 

Then Q' = 4(<^^ - 6«)«tanV sec^g, 

SO that = am Kx/a, 

and then y^+s^ — d 

ca^Kxfa 
= d^ac^Kx/a — ly^no^KxIn 
is the equation of the surface of revolution upon which the 
chain lies, when its moment of inertia about the axis of x is 
a minimum. 

The projection of the chain upon a plane perpendicular to 
the axis is to be investigated subsequently. 

82. When the two points to which the ends of the chain are 
.festened lie in the axis, or in a plane through the asis, the 
chain takes the form of a plane curve, whose equation is 

yjh = sn Kxja 
for a maximum moment of inertia, as already shown in § 79 ; 
and y en Kxja =d, ov y = da(i Kx/a 

for a minimum moment of inertia; which can be proved as a 
simple exercise in the Calculus of Variations, by considering 
the variation of the integral 

/(y'+\)s/(^+p')ds. 

83. Peobleh II. " The curve on which an ellipse, of semi- 
axes a and b, must roll for its centre to deacribe a straight line 
Oic is the curve whose equation is 

y/a = do xjb, 
the modulus k being the excentriuity of the ellipse." 
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For if the centrs M of the ellipse describes the horizontal 

straight line Ox (tig. 6), M must always lie vertically over P, 

the point of contact with the fixed curve, so that the ellipse 

rests in neutral equilibrium if its centre of gravity is at the 

centre M; teeth being cut in the curves, if requisite, to prevent 

slipping. 

Therefore the polar subnormal 

Turn '^''* • 4-1 11- 1 Cos^S , sin^^ 
JHtf = — -^7, m the ellipse ~„^ — 5— + — r^— 

must be equal to the subnormal 

MQ= —y-^ in the fixed curve AP, where MP — r — y. 




Fig. 6. 

Now in the ellipse, differentiating, 
2 dr 



ft-4')2 8ineco8e = 2J(i--„-i-- 
1 1 /I 1\ . 2a 1 1 A 1\ m 



dr __ rs/ia?-r'.'i^-b^) 
**' ~de~ ab 

so that in the fixed curve AP 

dx ab 

_ Z*" ab. dy 



bdn- 



J{a?-y\-y^-h'^) 

by (9), p. 33 ; or, by inversion of the function, 
'a^Anxjb. 



{I'V(-D> 
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The are of the rolling curve is obviously the same function 
of r as the arc of the fixed curve is oi y; and therefore the 
arcs are espreasible by elliptic integrals of the second kind. 

The curve AP can be described as a ronlette, by a point P 
fixed to a certain curve which rolls on Ox, and therefore 
touches Ox at G, since G, the foot of the normal PG, is the 
centre of instantaneous rotation. 

Since PM is the perpendicular from a pole P on the tangent 
of the rolling curve, and that the relative orbit of P aad M is 
the ellipse, therefore the pedal of the rolling curve with respect 
to the pole P is an ellipse ; or, in other words, the rolling 
curve is the first negative pedcU of an ellipse with respect to 
its centre, that is, the envelope of lines drawn through each 
point on the ellipse perpendicular to the line joining the point 
to the centre of the ellipse. 

The first negative pedal of an ellipse with respect to its 
centre is called Talbot's curve ; its (p, w) equation is 
1 _cos^£o sin^o) 

and it is of the sixth degree (Cayley, Proc. R 8., 1857-9, p. I7l). 

84. For a rolling hyperbola, changing the sign of b^, the 
fixed curve must be given by 

/ _ ah Ja l>_\ 

by (S), p. 83; so that, by inversion of the function, 

ajy = en xjox, or yja ~ nc xjax, 
is the equation of the fixed curve for the hyperbola. 

85. When the fixed curves are of the form of curves (ii.) and 
(iii.) in fig. 5, we shall find in a similar manner that the rolling 
curves which will rest upon them in neutral equilibrium are 
given by 

1 _ cosh^e sinh^e ^ 1 __ cosh^e _sinh^e 

Taking tlie first of these two rolling curves, 

r^ a^ W by 1^ b^ \a? W ' 

r^ dQ \a^ bv y Vfi a? r^ hV' 



^-h-^ 
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30 that in the corresponding fixed curve 



Vx/( 



ah Ay 



/ ^(a'-f.b'+y') V(»' + S') W J{a' + b'}r 

^y C^)' P- 3^ i so that, by inversion, 

yla = ciixjbK, with mod. K — al^{a^+b^). 
Similarly it can bo proved that the second rolling curve can 
rest in neutral equilibrium on the fixed curve (fig. 5, iii.) 
yla^snxja, with mod. a/6. 

86. Problem III. Dynami'lcal Problem. " The curve 
rcn0 = c is the relative orbit of the centres of gravity of a 
straight rod fitting into a smooth straight tube, resting on a 
smooth horizontal table, when struck by an impulsive couple, 
the centres of gravity of the rod and of the tube being initially 
c feet apart." 

Suppose the rod to weigh m lb. and the tube to weigh 
M lb,, and denote the momenta of inertia about the centres 
of gravity by ttiJc^, MK^ (lb. ft.^). 

Then, if P is the C.G. of the rod, Q of the tube (PQ = r), and 
the (stationary) c.G. of the system, 

OP^Mrl{m-\-M), OQ=inr/(m+jW). 
Denoting by n the initial angular velocity communicated to 
the system by the impulsive couple, then from the Principle of 
the Conservation of Angular Momentum, 

{m(P + OP^) +M{K^^O(^)}{deidt), 
i 79 , ji*!.-^ , ■m.Mr'^W^ / j_g , .-„„ , mJlfc^\ 

or (mt'+»ir'+^;^:j:jf)3^=(w^+m^+j^jj>. ...(1) 

Again, from the Principle of tiie Consei'valiion of Energy, 
, I M V*> , , (• Jf \'ji(l' , , ,ji9' 



+K™l»)*+i'(s 



nr, after reduction. 
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c energy in foot-poundak. is eonwtaiit, and 
1 mM 



Therefore, employing the value oidQjdt given by (1), 
ikM. {dr^ , A , ,„,,,„, 



or, finally, 

d7^_. 2_ a\ ™^^ + ^^^ + mJfr^/(m+ if) 
de^"^^ '^'mF+i¥^-^+mifo7(m+Jl/y 

so that r is an elliptic function of 0, given by (8), p. S3. 
We therefore put r = csec^; and then find 

, 3_ mk^+MK^ . 

"^ '* "^ ~ mF + MK^ + mMc'Km + M) ' 

so that = am 0, coa = en ; and therefore 
r en 9 = e. 
87. When = 0, k — 1, and this method fails; but now 

suppose, where a^ = (m+Jlf)(mA^+Jlf^^)/m3f; 



and now 0=/ — /,, , ^, a\ = ^'"^'^^' 

or r sinh = a, 

the equation of one of Cotea's spirals, the relative orbit of the 

centres of gravity of the rod and tube, ultimately described 

after leaving the unstable position of coincidence. 

The system of the rod and tuhe may be supposed started 
by any arbitrary impulse, not necessarily a couple, and the 
essential character of the relative motion is unaltered; but now 
the c.G. of the system is no longer at rest. 

88. Other mechanical arrangements, leading to the same 
ecLuations of motion, will readily suggest themselves ; thus the 
tube may be supposed to be one of the hollow spokes of a 
wheel of weight M lb., moveable about a fixed vertical axis, 
while the rod is one of a number of equal rods, or balls, of 
collective weight m, lb., one in each tube, and initially placed 
with the C.G. at a distance c from the axis of the wheel. 



y Google 



76 ILLUSTRATIONS OF 

Now, if the wheel is started by an impulsive couple with 
angular velocity w, the path of the C.G. of each rod or ball in 
its spoke will be of the form 

89. Problem IV. Central Orbits and Catenaries expressed 
by EUiptic Functions. 

When a Central Orbit, expressed in the polar coordinates 
(l/w, ff), is described under an attraction to the pole, of magni- 
tude P (dynes per gramme), then, aa is proved in treatises on 
Dynamics, P is given by the equation 

P = k?uH^7i^+u), where ''■=^-31—-^ -jt' 



and the constant h is twice the rate of area swept out by the 
radius vector ; and v the velocity is given by 

Given the equation of the orbit as a relation between v, and 
Q, the value of P as a function of u is thence easily determined 
by differentiation, as in g 30 ; let us then determine P for the 
orbits era = sn, en, tn, or dn mO ; 

also for the inverse curves 

att=ds, nc, cs, or ndmfl, 
in Glaiaher's notation ; the remaining orbits 

au = cd, sd, dc, dsm9; 
!U« not distinct curves, being merely formed by reflexion in the 
line Q = \Ejm, since cd inQ = sn(^— mQ) (g 57), etc. 

As in g 30, we shall find by differentiation that (d^ujdff^) +uia 
always of theform J.«-|-jSu^so thatP iaof theform/xu^+vtt^; 
and conversely, given this form of P, we find by integration 
that (du/ddf is of the form C+Du^+Su*; so that is an 
elliptic integral of u, and u an elliptic function of 9, of which 
the results are given in 1 36. 
When the orbit is given by 

aw = sn^m9, cn^mfl, dn^d 

we find by differentiation, as in | 30, that P is of the form 
\u^+/i.u^+m^; and conversely, when P is of this form, 
{dujdQf is a cubic form in u ; and Q is given as an elliptic 
integral or inverse elliptic function of u, by the results of 
equations (12) to (45), Chap. II. 
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As an exercise the student may determine the value of P 
and v^, as functions of u or r, in the orbit 

and its inverse curve, whose equation is of the form 
r^=a^cn%,e+6%n^ma 
Similarly the central forces required to make a chain assume 
the foim of one of the preceding curves can also be determined 
(Biermann, Problemata, quaedatn mechanica fv/ncUonum 
ellvpticarum ope sohita, Beroliui, 1865). 

When a transverse force T is introduced into the field of 
force, then h is no longer constant, but, as demonstrated in 
treatises on Dynamics and the Lunar Theory, 
>^J^ T ^dlogh, 
do V?' h?v? do ' 



whUo 


w^'^-hv-mpdi- 


St. that 




It we ass 


.ameP=k'u'; then 


-*(hS)+^1' = 0, or 4|=a, a constant. 




= hu', so that J = 0»', "f JJ- -l^. "•""l 



that the body approaches the centre with constant velocity 0. 
Suppose, for instance, we take an orbit given by 
mO — am au, 

then h^oj^^G-dnau^ G~J(l ~ K^sin^m^) ; 

du m m^ ^ 

and P = khi? = C^~{1 - «%in^O), 
T= \u^-ja = — f ^ ic^sin mO cos mQ ; 



that V, the potential of the field of force, is given by 
2 m?' 



V^l-^^(l~>^sm^ii 
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90. Problem V. The w,otu)n of Watt's Governor. 

"The oscillations of Watt's Governor between tha inclina- 
tions a and ,8 to the vertical, virhen constrained to revolve with 
constant angular velocity w, are given by 

tan^0 = tanjadn('ni, k), with K'=tan^^/fcan^c(, 
where 9 denotes the inclination of an arm to tlie vertical axis 
at the time t." 

Consider the motion of either rod and ball, as if unconstrained 
by the other, and denote by the moment of inertia of the 
rod and ball about its axis of figure, and by A the moment of 
inertia about the axis on which the rod turns at the upper 
joint (fig. 7). 




Drawing the three principal axes OA, OB, OG at 0, and 
three moving coordinate axes Ox, Oy, Oz, such that Ox 
and OA are coincident, Os is vertical, and yOz, BOG in 
the same vertical plane, then the components of angular 
velocity about OA, OB, OG are ~{dBjdt), —to sin ft to cos 0; 
and the corresponding components of angular momentum are 
^AidOjdt), -AwfimO, CwCosO. 

The components of angular momentum about Ox, Oy, Oz 
will therefore be 

\= -A{dejdt), k^={G-A)ws\nd(ioae, h^=(Cm&'e+AmTi'e)w; 
while the component angular velocities of the coordinate axes 
Ox, Oy, Oz are di = 0, 9^ = 0, ds = w, with the notation of 
Routh's Rigid Dynwmics. 

Take the poundal as the unit of force, and denote by M the 
weight in lb. of either arm and hall, by h the distance in feet 
from of the centre of gravity; the equation of motion 
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obtained by taking moments about Ox or OA is 

or -Aid?6/dt^) + (A~a)i^mTiecose = Mghsme; (1) 

so that, if j1 = (7, the motion reduces to aimple pendulum motion. 
Integrating, on the supposition that a> Q> 0, and that 
de/dt-^Q when = a and ^, 

'^=£^^2^COse-cosa)(cos3-cose) (2) 

The position of relative equilibrium ia given by d^B/dC'^ — O; 
and then, if 6 = -y, 

cosy^Mghl{(A-G)o,^} = i(cosa+iios^}, (3) 

so that in these oscillations the point D, which controls the 
valve, makes equal excursions above and below its position of 
relative equilibrium. 

The technical name for these oscillations is " Hunting " ; and 
some kind of frictional constraint is required to prevent these 
oscillations from becoming established. 

(MaxweU, Froc. R. 8., 1868.) 
Denoting tan^a, tan^^, tan^$ by a, b, x respectively, then 
equation (2) may be written 

4 d^^_A-G J \-x^ l-g^ /l-j)^ l-x^\ 
{\+xfdt''~ A '^U + iB^ l + ftVU + 6^ T+icV' 

or ^=il^-ft,Vos2|acos^i/3(«^-«^)(cc«-i^) ; 

and this, by equation (9), p. 33, gives 

x = aA-a.i^t,K), or tanJ0=tanJadn7ii, 
where K'=f'/a = tan^iQ/tan^a, and ■)i=(osin|acos|/3^/(l~f/A). 
For a small oscillation, we put o. — ^; and then /=1, k — ; 
and now the period of an oscillation 
2- 



Stt^ 4-7r / A 
n la sin u\ A — G 



G 

91, If we suppose the whole weight of a rod and ball con- 
centrated at the centre of gravity, we have (?=0, A = Mh?; 
and now the motion may be assimilated to that of a particle 
in a smooth circular tube, which is made to rotate about a 
vertical diameter with constant angular velocity w. 

(Prof B. Price, Analytical Meckamos, § 403). 
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The equation of motion (1) now 

A ^ J — hw^s'm cos Q~ ~~q sin 0, 

where h, denotes the radius of the circle ; and for oscillations 
on one side of the vertical between a and /3, a > 6 > /8, 

(d&fdty = (o^(cos 6 — cos a) (cos /3 — cos 6), 
the solution of which is, as before, 

tan ^9 = tan |a dn nt, 
where K' = tan^^ytan^«, 7i=o)sin|a cos^/3. 

If the particle in its oscillations just reaches the lowest 
point of the circle, ,8 = 0; and then /=0, k=1; and now 
dntit degenerates into sech nt (g 16) ; so that 

tan|0 = tanjaseehiii, where ?i = wsin^a; 
the position of relative equilibrium being given by 
COS y=gjta% — ^(1 +COS a) = cos^^a. 
If the particle passes through the lowest point, it will come 
to rest again where 0^—a; and now 

(dd/dty = «2(cos - cos «)(2 cos y - cos a - cos 8), 
where 2co8y— cos«>l; and the solution of this equation is 
tan|0 = tan|acnmi, where ii=W;^(cosy— coact). 
M''hen a — ir, we shall find the motion given by 

so that, after an infinite time, the particle just reaches the highest 
point of the circle, where it will be in unstable equilibrium. 

A still greater velocity of the particle relative to the tube 
will make the particle perform complete revolutions, which 
will be expressed by 

We have supposed the circular tube to be made to rotate 
with constant angular velocity about a vertical diameter ; but 
the motion of the particle relatively to the tube will bo found 
to depend on similar equations when the tube is attached in 
any other manner to the vertical axis. 
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92. Such will be the motion of a pendulum swinging about 
an axis fixed to the Earth, and now it is interesting to notice 
other cases of motion of bodies which can be directly compared 
and made to synchronize with the motion of an ordinary 
pendulum, swinging through a finite angle. 

Thus the pendulum, if moveable about a smooth vertical 
axis, which is fixed to a wheel moveable about a fixed 
vertical axis, the inertia of the wheel being sufficiently great 
for the reaction of the pendulum to have no sensible effect on 
ita angular velocity, will perform pendulum oscillations,, with 
g replaced by Ooi^ w being the angular velocity of the wheel 
and a the distance between the axis of the wheel and of the 
pendulum. 

Again a cylinder of radius a and radius of gyration k, roUing 
inside a fixed horizontal cylinder of radius b, will synchronize 
with a pendulum of length l = (h~a)(l+h^la^). 

If the fixed horizontal cylinder is free to rotate about its 
axis, and has its centre of gravity in the axis, then the length 
of the equivalent pendulum is 



l=^ih-a}{l + n\ where «-^j(l + ^J 



ME^r 



mk^, MK^ denoting the moments of inertia about the axes 
of the rolling and fixed cylinders. 

The rolling cylinder may be replaced by a waggon on 
wheels, and the motion can still be compared with that of 
a pendulum. 

A circular cone, whose C.G. is in its axis of figure, and whose 
axis is a principal axis, performs pendulum oscillations when 
it rolls on an inclined plane, or inside or outside another fixed 
cone, whose axis is sloping, the vertices of the cones being 
coincident; the determination of I, the length of the equivalent 
pendulum, in these cases is left ^ an exercise to the student. 

In those cases where the finite oscillations are not of the 
pendulum character, we suppose the motion indefinitely small ; 
and now, in small oscillations under gravity, instead of giving 
the formula for the period of a small oscillation, it is in general 
simpler to give I, the length of the pendulum, whose small 
oscillations have the same period. 
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Thus for the vei'tical oscillation of a carriage on springs, 
I is equal to the permanent average vertical deflection of the 
springs, due to the weight of the body of the carriage. 

For the small vertical oscillations of a ship, l=VjA, where 
V denotes the displacement of the ship (in cubic feet), and A 
the water line area (in square feet) ; and if the ship is floating 
in a dock of area B sq. feet, then it is essily proved that 



-S-^) 



93. The Reaction of the Aads of Susp&nsion of a Pendvliim,. 

It is important to know the magnitude of this reaction in 

the case of a large swinging body, like a bell in a chutch tower. 

Denote by X and Y the horizontal and vertical components 

of this reaction, considered as acting on the swinging body ; 

and take the gravitation unit of force, the force of a pound. 

Then X, Fand W, applied at the centre of gravity G (fig. 1), 
will be the dynamical equivalents of the motion of the body, 
collected as a particle at G ; and since the component accelera- 
tions of G are h{dO/dff in the direction GO, 

and Md^Qjdt^) perpendicular to GO, 
therefore, resolving horizontally and vertically, 
WA(#0/d*^)co3 Q - Wh{d6ldt)^m 6 = Xg, 
Wh{d?eidt^ym e + WkideidtfcoB e=Yg-Wg; 
while, from the pendulum motion, 

l{d^eidfi)= -gsmO, ^IXdejdtf^gi^E-lverae). 
From these equations we find 

-Tp.= l — -.am'^y-1- -.^-eos d— y cos y(l — cosy), 

X fill 4m\ . . 37i . „ . 
-rir= [-j ■j^jsxn 6 — ^-sin d cos 6, 

and therefore the resultant of X and F— W{l—kjr} is a force 

in the direction GO ; and T varies as the depth of P below 
the line y=^l+^B, 

whence X and F are easUy constructed. 
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94, In the simple pendulum, k = l, and the tension T of the 
thread FO is given by 

At the end of a swing i/ = 2iJ, and TjW^l-^Rjl; so that, 
if 2R is less than I, T is always positive. 

But if 2fi is greater than I, so that the plummet swings 
through more than ISO", T changes sign, and the thread will 
become slack, unless replaced by a light stiff rod. 

When 2JJ is greater than 21, the pendulum makes complete 
revolutions ; and now, at the top of a revolution, y = 21, and 
T/W=4!li/l — 5 ; and when 2i£ is greater than -|Z, jTis again 
always positive, and the plummet can be whirled round at 
the end of a thread, without the thread becoming slack. 

95. When the axis of suspension of the pendulum is hori- 
zontal, and cut into a smooth screw of pitch p, the equation of 
energy gives 

^W{h''+lc^-\-f){de!dt)^= Wg(If-hyerH 6), 
if the centre of gravity descends from a height // above its 
lowe.st position ; so that 

(AS + ;fc2 4.^)((i20/(Z(2)= -ghsin 6, 
and therefore l=h+(k^~]r^)/k; 

and now in addition to X and Y, the reaction of the axis exerts 

a horizontal longitudinal component Z and a couple pZ, given by 

7~E d^O_ -Wph sin 6 

Similarly the increase in I due to the pendulum being sup- 
ported on friction wheels may be investigated. 

As an exorcise the student may investigate the small oscil- 
lations of a system of clockwork, in which the wheels are 
unbalanced about the axes, and prove that for small oscilla- 
tions the length of the simple equivalent pendulum is given hy 

where w denotes the weight, wh the moment, and wh'^ the 
moment of inertia of a wheel about its axis ; a denoting the 
angle which the plane through the axis and centre of gravity 
makes with the vertical in the position of equilibrium ; and 
•p denoting the velocity ratio of the wheel. 
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90. The Intnnuf Sijfsses of a i^mmging Body. 

These internal atiesses are mo&t forcibly realized on board a 
ship rolling m the sea nat only m their effects aa producing 
sea-sickness but also in causing the cargo to shift, if the cargo 
is grain, coal or petroleum, in bulk. 

It ia usual to consider the ship as acted upon by two forces, 
(i.) W tont, the weight oi di&placement of the ship, acting 
vertically downwaida thiough the centre of gravity G, 

(ii,) W tons the buoyancy of the water, acting vertically 
upwards thi u h 1/ thi mi tictntre (fig. 8). 




These two forces form a couple of moment W.OM.t 
(foot tons), so that the ship will roll about a horizontal longi- 
tudinal axis through G, like a pendulum of length GL = k^jGM 
feet, Wk^ denoting the moment of inertia of the ship about 
this axis of rotation. 

Now to find the force which acts upon w, any infinitesimal 
part at P of the ship, to give it its acceleration and to balance 
its weight, we refer the point P to axes Gx and Gy, drawn 
upwards through GM and porpenilieular to GM. 
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This force will balance the reversed effective force of -mj at P 
and the effect of gravity on w ; and therefore, in gravitation 
measure, will have c 



VI d'e w fm\' , . . „ , . n 

-^''Tt'—g" KM) +'" "° "■ P"'"'' '° ""■ 

If vj is suspended a^ a plummet by a very short thread, the 
thread will take the direction of this force, and will therefore 
make an angle with Gx 

. game- xjd^Oldt^) - yjdejdtf 
g cos e+y(d-'e!dt?')-aid6ldtf 
Supposing the ship to roll like a pendulum of length I, 
through an angle 2a, then 

U,^6ldf)= -g sin 0, and \l{dOjdtf = ^(cos d ~ cos «} ; 
and by § 8, 

d^Qjdf = - i-t^ain 9 = - 2nhm^e eoa |0 = - StcV m nt dn nt, 

{deidtf = 2)i^(cos e- cos a) = ^n\mi%a-s\ii%d) = ^'A^mHt. 

At any instant the lines of reversed resultant acceleration 

will be equiangular spirals, of radial angle <p, round the centre 

of acceleration Q as pole, the resultant acceleration at P being 

g.- sin Q cosee ^, and the resultant effective force its sin Q coaee ^, 
when we put GP=r, and l{de/dty— g sin Scot ^i so that 
tan <l> = (sn nt dn nt)/{2K ax'nt). 

Superposing the effect of gravity, the resultant lines of force 
or internal 9tre.ss will be equiangular spirals of the same radial 
angle ^, round a pole J, the position of which is obtained as 
follows (fig. 8) : — Draw LK perpendicular to 6L to meet the 
horizontal line OK in K; describe the circle on GK ss diameter, 
and draw ^J^making an angle GKJ=ij> with GK; this will 
meet the circle in J. 

For the resultant effective force of w at P, being 

, r . „ ^ PG 

j= «i jsm 9 cosec = '»>7Tt' 

making an angle ij> with GP, will, when compounded with w 
upwards, and taking the triangle PGJ turned through an 
angle as the triangle of forces, have a resultant 

t =w . PJjGJ, niaking an angle with JP. 
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This will be the tension and in the direction of a short thread, 
from which w is suspended as a plummet at any point P ; and 
the deflection of this plumb lino from its original mean direc- 
tion in the ship will be a measure of the tendency of a body 
to slide or of a grain cargo to shift ; and to a certain extent of 
the tendency to sea-sicknesa at this point of the ship and at 
this instant of its motion. 

The tendency will clearly have its maximum value at the 
end of a roll, when clBldl — 0, and ^ = Jt, and then J coincides 
with K. (Prof. P. Jenkins, On the Shifting of Cargoes, Trans- 
actions of the Institute of Naval Architects, 1887.) 

The plumb line at P will now set itself at right angles to 
KP, while the surface of water in a tumbler at P will pass 
through K; and a granular substance at P will begin to slip 
if KP makes with its surface an angle greater than the angle 
of repose of this grain. 

Thus up the mast, at a distance a feet from 6, water would 
be spilt out of a tumbler, or sand in a bos would shift, by the 
rolling of the ship through an angle 2a, which would not spill 
or shift, if the ship heeled over steadily, until an inclination /3 
(the angle of repose of the sand) was reached, given by 

tan /3 = (1 + a/Otan u. 

At the centre of oscillation L, where a=—l, there is no 
tendency for the water to spill, and this shows that the motion 
of the ship is felt least by going down below as far as possible 
in the middle of the ship. 

In a swing the body is very near the centre of oscillation, 
so that ordinary swinging is very little preparation for the 
motion of a vessel. 

A swing to act properly as a preparation for a sea voyage 
should he constructed as in fig. 5, to imitate, in full size, the 
cross section of the ship, suspended at M ; and now the varying 
effect of the motion can be experienced by taking up diiferent 
positions on the deck, up the mast, and in the cabins, con- 
structed in this swing. 

Sir W. Thomson proposes to find the axis of rotation of a 
ship and the angle through which the ship rolls by noting the 
direction of the plumb lines of two such plummets, suspended 
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at two given points across the ship ; planes through the phim- 
mets perpendicular to the phimb lines at the extreme end of a 
roll would intersect in K; the horizontal plane through £" would 
meet the median longitudinal plane of the ship in the axis G ; 
while the plane through K perpendicular to the median plajie 
would meet it in L, whence GL, the length of the equivalent 
pendulum, and therefore the period of small oscillations could 
he inferred, as a check on this construction. 

Exmnple. A rod AB, whose density varies in any manner, 
is swung in a vertical plane about a horizontal axis through A. 
Prove that the bending moment of the rod is a maximum at a 
point P, determined by the condition that the C.G. of the part 
PB ia the centre of oscillation of the pendulum. 

97. Problem VI. The Elastica or Lintearia. 

The Elastica is the name given to the curve assumed by a 
uniform elastic beam, wire, or spring, originally straight, when 
bent into a plane curve {fig. 9) by a stress composed of two 
equal opposite forces T, on the assumption that at a point P 
at a distance y from the line of the applied stress the bending 
moment Ty is equihbrated by a moment of resistance Bjp, 
proportional to the curvature 1/p ; and the constant B is called 
the flexural rigidity of the spring (Thomson and Tait, Natural 
Philosophy, § 611). 




Then Ty^Bjp, or yp=.BIT=c\ suppose; 

and by Kirchhoffs Kinetic Analogue, the normal of the Elas- 
tica performs pendulum oscillations on each side of a pei-pen- 
dicular to the line of stress, as the point on the curve moves 
with a constant velocity. 



y Google 



8S ILLUSTRATIONS OF 

For, wlien the normal lias turned through an anglo 6, the 

1 dS y 

curvature - — -r=-i> 

p as a' 

and by difFcrentiation 

ds^ c^ ds c^ ' ' 

which agrees with the equation of pendulam motion 

d^djdt^ = — nMn 6, if s/c = nt. 

Corresponding with the oscillating pendulum we have the 

undulating Elastica, intersecting the line of stress at an angle 

a ; and thus, writing s/c for nt in g 8, 

sin |0 = K sn s/c, cos ^0 = dn s/c, 
sin = — dyjds = 2k sn a/c dn sjc, 
so that y = 2cAr en s/c, 

measuring s from the point A, at a maximum distance from the 
line of thruat ; and a graduated bow might thus be employed 
for giving raechanieally the numerical values of the en function. 
In the nodal Elastica corresponding with the revolving 
pendulum, 

6 = 2 am s/c/c, sin 9 = 2 sn s/ck cu sjCk = ~ dyjds \ 
so that y = 2(c/ji:) dn s/ck. 

In the separating case, (c = l, and i/ = 2csechs/c; and 

|$=amhs/t!, sin|0=tauhs/c, taii|0 = 8inh8/c, etc. 
In the undulating Elastica 

J = cos e = J{1 - 4^2 sn%/c dn%/c) = 1 - ^K^&xi'nje ; 
and in the nodal Elastica 

^ = cos 9 = ^(1 - * sn^s/c cn%/c) =1-2 sn^s/c ; 
so that X is given in terms of s by means of elliptic integrals 
of the second kind (§ 11). 

A great simplification is introduced when k = k' = ^^2; the 
Elastica now cuts the line of thrust at right angles, and 

cose = cn%/c=Mc" 
which shows that this Elastica is the loulette t tl e uentre of 
a rectangular hyperbola rolhng on the line of thiust 

It is easily proved that in this cuive the radms ot curvature 
p is half the noimal PG also that a chain can hang in this 
curve as a catenaij, pioMded the Imeai density 19 pioportional 
to (nc sjcf ; this is leit \s 111 e^.ei lie t 1 the stu lent 
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When (c = 0, the undulating Elastica coi-responds with small 
oscillations of the pendulum, and the Elastica is ultimately 
coincidect with the line of thrust, the ordinate y varying 
as sin sjc or sin xjc ; and then the length of the beam, 
vc = -ws/{BlT), is the extreme length at which the straight 
form of the beam begins to become unstable under the 
thrust T. 

The nodal Elastica becomes practically a circle when /c = 0, 
corresponding in Kirchhoff's Kinetic Analogue to the practi- 
cally uniform i-evolutions of a pendulum when the velocity is 
indefinitely increased. 

The Elastica is also called Bernoulli's Lmtearia, being the 
cross section of a horizontal flexible watertight cylinder, when 
filled with water, the free surface of which lies in the line of 
thrust Ox; for if t denotes the constant circumferential tension, 

tjp=wy, the pressure of the water, 
or yp = tjw=G\ 

It is also the profile of the sui-face of water drawn up by 
Capillary Attraction between two parallel plates (Maxwell, 
Encyclopaedia Britannica, Capillary Action). 

The student may prove, as an exercise, as in g 80, that if the 

wire is bent into a tortuous curve by balancing forces and 

couples at ics ends, it wUl assume the foim of a curve in a 

surface of revolution defined by an equation of the form 

'f-Vz^== a?m\slc) + fi^sn^Cs/c). 

{Proc. London Math. Society, vol, XVIII.) 

98, Problem VII. Sumner Lines on Mercators Chart. 

Sumner Lines, so called after Captain Sumner, of Boston, 
Massachusetts, are the prcijectious on Mercator's chait of 
small circles on a sphere ; if simultaneous observations are 
taken of the chronometer and of the altitude of the sun or a 
star, the observer knows that he must lie on a small cii-cle 
having its pole where the Sun or star at that instant was in 
the zenith, and having an angular radius the complement of 
the observed altitude; and two such observations are em- 
ployed in Sumner's Method for determining the ship's place. 

According as the observed altitude of the Sun or the star is 
greater or less than the declination, the small circle on the 



y Google 



90 ILLUSTRATIONS OF 

Earth does not or does enclose the polar axis; and the cor- 
responding Sumner line will be a eloaed or open curve, whose 
equation may be thrown into the form 

cosh y/o = SBC a COB xjc, (i.) 

or sinh ?//c = tan cos xjc (ii.) 

On Mercator's chart (g 16) the latitude 6 and the longitude 
of a point whose coordinates are x, y may be written 

ij, = (c/c, 6 — amh yja, 
where ttc/ISO is the length on the chart of a degree of longitude 
at the equator. 

These relations are obtained by noticing that the bearing by 
compass of two adjacent points on the chart will be the same 
as on the terrestrial sphere, if 

dy^_de_ 
dx cos dd<f 
and now, if x = ci}/, so as to make the meridians of longitude 
equidistant parallel straight lines, then 

dyld$=csec6, ylo=Jsec9d$, 
or (§16) e = B.m\\ y/c. 

Now let S denote the declination of the Sun or star, y the 
observed altitude, ip the difl'erence of longitude of the observer 
and of the object; then in the spherical triangle SPZ 

PS^i^-S, 8Z^^w-a. PZ^l^r-e, SPZ=<p, 
8 denoting the Sun or star, Z the zenith of the observer, and 
P the pole of the Eairth's axis. 

Since cos SZ= cos PS cos P^+sin PS sin PZ cos SPZ, 
therefore sina = sin5sin&-!-cos5cos0cosq!), 
or cos S cos = sin a sec — sin ^ tan 6 

— sin a cosh y/e — sin S sinh y/o ; 
and according as a is greater or less than S, this is reducible to 
the form Acosh{y — b)je or — Bsinh(y — ?>)/c; and this again 
by a change of axes to the form of (i.) or (ii.). 

(Crelle, XI., Gudermann, on the Loxodrome ; Messenger of 
Mcdk&matics, XVI, and XX., Sumner Lines.) 
Diiferentiating equation (i.) with respect to x, 
dy _— see a sin x/c _ — see a sin xjc 
dx ~ sinh yjc ~ ,^(sec^a cos^a;/c— 1)' 
ds _ tan a _ sin a 

dx ^(sec^a cos^x/c — 1) ^(sin^a ~ sin^/c) ' 
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SO that, as in |§ 3, 4, and 8, 

sin x/c^K sn sIc, cos x/c = dn s/c, 

cosh y/o = sin a dn s/e, sinh y/c = tan a en s/c, 
the modular angle being a. 

This shows that s/c in the closed Sumaer Line (i.) may be 
equated to nt in the oscillating pendulum, and then xfo will be 
half the angle made by the pendulum with the vertical ; also 
in the Sumner Line 

cos 1^ = -T- = en a/c, or >/r = am sjc, 

the intrinsic equation; and p = c sin a sec x/c. 
The differentiation of equation (ii.) gives in a similar manner 



dx ^(1— sin^^ain^x/c)' 
BO that iK/c = am s/c, with mod. angle /3; 

and now, in the corresponding undulating Sumner Line, xjc is 
half the angle made with the vertical by a revolving pendulum, 
if we put sjc — lent 

Also cosi/' = -j- = dns/c = (cnica/c, l/n-) 

by g 29 ; so that -^^ &m{Kslc, 1/k), 

the intrinsic equation; and /j = ccoaec/3sec(J!/c. 




Fig. 10, 

The second curve, by a shift of origin a distance |xe to the 
right, becomes sinh yjc = tan ^ sin xjc, 

and then it cuts at right angles the first curve (fig. 10) 
cosh y/c — sec a cos ic/c. 
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For, differentiating these equations logarithmically, 

coth^ -f-= cot-, 
c (te C 

, , V dy , ^ 

tanh- -f-=— tan-. 

e ax c 

and thcietbre the product of the -p's is —1. 

In fact putting sec a = coth «', the curves are derivable as 
conjugate functions from the equation 

ic+iy = camh(a'+i/3). 

99. Problem VIII. Catenaries. 

" The catenary for a Hue density proportional to cosh sja, 
where 8 is the length of the arc measured from the lowest 
point, is of the form 

tanh yjb = dn xja, or dn xjb, 
according as a, the ratio of the tension in pounds to the density 
in lb. per foot at the lowest point of the catenary is greater 
or less than h ; the Catenary of Utiiform Str&ngth being the 
curve iu the separating ease of a = b." 

The equation o£ the Catenary of Uniform Strength, in 
which the linear density or cross section is so arranged as to 
be proportional to the tension, is well known (Thomson and 
Tait, Natural Philosophy, g 583) being 

e^/^cos x/h = 1, or e'"!'' = sec xjb ; 
or as it may be written 

tanh iyjb = tan^^ie/i. 
For if o-Q denotes the density in lb. per foot, and a-J) the 
tension in pounds at the lowest point A, <r the density and 
a-b the tension at any other point P, at a distance s from A, 
measured along the cui-ve, the equations of equilibrium of 
AP are 

(t6 cos ^}r = rrj}, trb sill 1^ =JtTds. 
Thence o- = o-Qsec i/^, andycrds = ^^ tan i/r ; 

so that a = erj) see^i/fdi//-/d8 = a-(|Sec yjf, 

or dsjd^p- = b sec yjr, 

K=y 6seci^(^T^ = 6cosh~i8eci^ = (;c(Ksh"V/a-o, 
a- = (T^eos,hfijb. 
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We might tVierefore take a piece of uniform flexible and 
inexteosible material, cut out from a plane piece by two 
catenaries, or modified catenaries, say yjc= ±coshx/b, and 
hang it up in a catenaiy of equal strength. 

Also X —jGos tffdn =ybd\p- = b\^, 

y =Jkm. -yp-ds =fh tan -^d-^ = h log sec i/<- ; 
90 that T//6 = log sec x/6, or 6^'''*= sec (»/(>, 

the equation of the Catenary of Uniform Strength. 

But now suppose two supports at the same level to be made 
to approach or recede from each other ; the piece of cloth or 
the chain will hang in a different catenary. 

Denoting by ir^a the tension in pounds at the lowest point 
A, and by t the tension at P, then 

t cos i/' = a-f/i, t sin ^p• =Jo-ds = a-J) sinh s/b ; 

so that ra or -^ = tan i/r = sinh y, 

^ dx ^ a b 

the intrinsic equation of the curve. 
ahdp 



"Z&i 



aa elliptic integral, of the form (10), p. 33 ; and putting p — tan i/r, 
d^_ //coaV , «inV\ 
l^-\\ a? + h^ f 
In the separating case, (i = h; and then ic = 6i/r, as in the 
Catenary of Uniform Strength; the greatest possible span of 
a catenary of given material is therefore irb — TrTJ'W, where t 
denotes the tenacity of the material, in pounds per sq. foot, 
and w the density or heaviness, in lb. per cubic foot. 
Evit with a>h, 

-J-=T^{1— Aos^i/'^ = -j-A(|x+Ti', k), where K^bja; 

80 that ^-TT + 1/' = am xfh, 

-, dy , , en xlb 

and v^ = tHnit-= 7,, 

as; '^ sn xjb 

r—ca xlb an xlb J f— K^Rnxlb snxlb , t , , , , „ 

« = / -4—r, — '—dix = l — = — ,' „ ■■ acc = otanh-Mna;/t), 

^ J sn%/6 J l-dn^/o ' ' 

or tanhi//?) = dna!/?>. 
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so that ^—ataxja, 

and ^=^tanii-=— — V' 

cte "^ en ic/a 



k), where K' = <ijh\ 



/3n a;/a en a;/o; , rK^an x a en ai/a , 
-S— i — —OfA = I -1 „', 75-(«B 
cn^a;/« y dn^/a~K^ 

= s-^log^( ;=&coth-i ^-, 

or tanh3//&= ., — -j- = dn{^— a;/a), 
^' dna;/a ^ ' ' 

by § 57 ; so that by a ehange of origin, taking the axia of y in 

a vertical asymptote of the curve, its equation may be written 

tanh yjh = dn ic/tt. 

(Compare Cayley, on A Torse depending on ElUptie F-wnc- 

tiom, Q. J. M., XTV., p. 241.) 

100. In the eatenary formed by an elastic rope or flexible 

wire, obeying Hooke's Law " ut tensio sic vis," we may still 

have p = sinhu; but u is no longer proportional to the arc s. 

We use a-Q to denote the uniform density of the rope when 

unstretched, and s^ to denote the length of rope which stretches 

in AP to length s, u-Ji denotes as before the tension in pounds 

of the rope at the lowest point A, and a-^e is used to denote the 

modulus of elasticity of the rope in pounds ; so that, by 

Hooke'a law, -,-- = 1-1 , 

Then, as before, for the equilibrium of AP, 

t cos 1^ — a-^a, t sin i/^ =f(ids = o-qS^,, 
so that p = -,^ = ^ = sinh u, 

if we put Sq = 'f 3"!^ ""■ ; 

and then ( = To^iO'^ + V) ~ '^o'^ ^"^^^ ^■ 



ds _(-. , i \ds„ 
\ o-^c/dv, 



T— — ( 1-1 — ^ )T-"-=«cosh w+ — cosh%, 

dV, \ (Tr&ldV, c 
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80 that ^ = 

-T^ = Mainh u-\ — - cosh lisinh u. 
dw c 

Integrating, putting ajc — Ji, 

sja — sinli u + ^A(m. +cosh u sinh li), 

xla= u-\- ft. sinh %, 

yja = cosh v, + \k sinh%. 

For the corresponding points on the rope, when it is supposed 

inextensible, putting c = co , and k-=0, 

So/a = sinh -ii, xja=u, yjrx — cosh.'w, 

giving an ordinary catenary ; so that the tangents are parallel 

at corresponding points of the catenaries of the elastic and o£ 

the inextensible rope. 

The terms depending on h, considered separately, define an 

ordinary parabola ; so that the catenary formed by an elastic 

rope is something intermediate to a parabola and a common 

catenary. 

101. Problem IS. OeodesiG8. 

" Investigation of the geodesies on the Catenoid, the surface 
formed by the revolution of a catenary round its directrix, and 
on the Helicoid, into which it can be developed ; also of the 
geodesies on the Unduloid and Nodoid, the capillary surfaces 
of revolution, of which the meridian curves are the roulette 
of the focus of a conic section, an ellipse or hyperbola, roUing 
upon the axis of revolution." 

The simplest mode of determining a geodesic on a surface of 
revolution is to treat it as the path of a particle moving 
under no forces on the surface, considered as smooth, so that 
ds/di is constant ; and then, since the reaction of the surface 
passes through the axis, r'^dB/dt is constant ; and therefore 

7'^ -,- = 6, a constant, 
rfs 

r and denoting the polar coordinates of any point of the 

projection on a plane perpendicular to the axis Ox ; and thus 

dffi~d0''^d6^'^^~h^' 
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In the eatenoid r/(i = cosh xjo,, 

so that ^- = sinh x\a = "^-^ ; 

OiC ' a 

and therefore, in the geodesic, 

Y^ — a? ^ di^ „_r* 

We must distinguish the two cases according as ?)^ < a^. 
When h^ > a?, then 7^ > 6^ ; the geodesic osculates the circular 
cross section of radius h ; and we have 

r sn e = &, with k = a/6, 
as the polar equation of the projection of the geodesic. 

When If < a^, then r^> a^; the geodesic crosses the circular 
section of minimum radius a; and supposing it cuts the 
meridian here at an angle a,h = a sin « ; and now 
r sn{6lK) = a, the modular angle being a. 
In the separating case, ?» = aandjc=l ; and then 3n9=tanh9; 
so that r tanb d=a 

is now the polar equation of the projection of the geodesic, a 
curve having r=a as an asymptotic circle. 

Generally in any geodesic on a surface of revolution, which 
cuts the meridian curve at a distance r from the axis at an 

, . d6 h 

angle x> '^'^'^d^'^r'' 

so that sin ^ varies inversely as r. 

102. Now suppose the eatenoid is divided along a meridian 
curve AP, and again along the smallest circular section AA', 
and that this section AA' is drawn out into a straight line, of 
length 2ir<i ; the rest of the surface, if flexible and inextensible, 
will assume the form of a HeUcoid, or uniform screw surface 
of pitch a., such that its equation is 

taking the axis of s along the axis of the surface, and p, the 
polar coordinates of the projection of a point on a plane per- 
pendicular to the axis; and AP will become a generating line 
of the Helicoid ; this is proved geometrically, hy noticing that 
the length of the helix PP' on the Helicoid is equal to the 
length of the circle PP' on the Oatenoid. 
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97 



The surface Ijeing inextensiblo, and a cirailar cross section 
of the Oatenoid becoming a helix on the HeUcoid, it follows that 

tHS^ = pH4,^ + dz^ = {p^ + aF)d>f' ; 
and since r^ = ^^ 4- a^, therefore = 0. 




Therefore the equation of the projection of a geodesic on the 
helicoid is either of the forms 

p tn {ij>Ik) = a ; 

or (p^ + a')an^0 ^ ^^ = w^/k^, 

ffldnd) 
p^ ■! 

pC:n(K~<p) = aK'JK. 

The Catenoid is the surface of revolution formed by a 
capillary soap bubble film, when the pressure of the air is the 
same on both sides of the tilm. The surface is easily formed 
practically by dipping a circular wire into soapy water and 
raising it vertically ; and it is evident from mechanical con- 
siderations that the surface is a TnimiTnum suvface (§ 31). 

The Helicoid, into which the Catenoid can be deformed, can 
be produced in the same manner by a film between two coaxial 
helical wires of the same pitch {0. V. Boys, Soap Bubbles). 
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These Kurfaces are particular cases of Soherk's •minvmum 
surface, whose equation is 

IB bj{x'+y'+a,'y J(x' + y' + n'y 

or 
,_„ r„--ifa V(»'+y'+»')-<tj/^(a;'+8l'-6') 

3 ■ — U, Cu& 77 — i, ■ tar. — ir~, — ^\ — 

+'="'■ ' \/(,- + f) ' 
reducing to the Catenoid when (i = 0, and to the Helicoid 
when 6 = 0. 

The verification in the manner of § 32 is left as an exorcise 
for the student. 

103. The meridian curve of the Catenoid is the roulette AP 
of the foeus of a parabola aG, the pre^ure of the air being the 
same on both sides of the film (fig. 12). 

But when the pressure of the air inside the film is increased 
or diminished, we find that the surface of revolution formed 
by the capillary film has as meridian carve BP or GP, the 
roulette of the focus of an ellipse or hyperbola, the first surface 
being called the Unduloid and the second the Nodoid. 

(Maxwell, Oapillary Attraction, Encyclopcedia Britannica.) 

Denoting by y, y' the perpendiculars from the foci P, P' on 
the axis Ox on which the conic rolls, then in the Unduloid 
BP, generated by the focus P of a rolling ellipse bQ, 

y +y' = {PQ-\-QF)ms ^p- = 2a cos yp-, 
and yy' — b^ ; 

so that };^+y^ = 2ay cos i/r. 

If in the meridian curve BP of the Unduloid, we denote 

the radius of curvature by p, and the normal PG by n, then, 

since h^+y^ — '2ay cos ■<p- — 2ay^ In. 

.1- e 1 ^' . 1 

thererorc —~^ — 5+s— ■ 

n zay^ za 

and since cos ii'==-- - +,v-- 

zay '2a 

differentiating, 

■ ■^'^^=( ^^ ~iy^ 

ds \iay^ 'la/ds' 
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Then, if p denotes the excess over the atmospheric pressure 
of the air inside a capillary iilm, in the shape o£ an Unduloid, 
and t the tension of the film. 






. increased, the 



so that, if inside a Catenoid, the ^ 
surface is changed into an Unduloid. 

If the pressure is slightly diminished by p, the surface be- 
comes a portion of a Nodoid CP ; for now 



p — ti 






and in the meridian curve CP of the Nodoid, the roulette of 
the focus P of a hyperbola cR with foci P and P", 

y — y = {P"Ji— iJP)cosi^ = 2« COS 1^, and yy'^b^; 



so that 



-t 



%ay cos 1^ = 2ay'^ln : 

1^_^ !_ 

n iay^ 2a.' 

p 2ay^'^2a' 

p = t/a. 
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In the geodesic on the TJiiduloid, 

y^dQjds — a sin y, 
supposing the geodesic cuts the meridian curve at an angle y 
at its maximum distance a from the axis; also a = a(l + e), and 
the minimum distance (3=ct{l — e), ao that a/3=b^, a+;S = 2a; 
and y lies between a and ^. 

Now, in the projection of the geodesic on a plane perpen- 
dicular to Ox, writing r for y, so that ba,ii.\lr = dyjdx=drldx, 
ds^ dai^ , dr" , „ d^ . , . . r* 

or _^^^=^,:„Y(^^-1); 

and rcosi^ = (?)^+r^)/2a; so that 

J Va'^sin'^y / 
^ (gS _ ^)(y3 _ ^)^yg _ (/sinV) 
«X«+/3)^sinV 
leading to integrals of the form (72) and (73), p. 52. 

"We suppose first that ^ > a sin y, so that the geodesic crosses 
the minimum section of the surface, and therefore all the 
sections if produced ; and now with « > r > /3 > u sin y, we 
have, according to equation (72), 

y V(«^-^-'^-|8^-'^'-«^sinV)~ Vc^-^e^r*' 
1 cn%.6 . sahnd 



.j,ii a > r > a sin y > ^, then the geodesic osculates 
the circle of radius asiny, and is limited by the convex part 
of the surface between two such circles ; and the equation of 
the projection of the geodesic is obtained from the above 
merely by interchanging a sin y and (3. 

In the separating case asiny^^; and then )c = l,w== tan ^y; 
and the polar equation of the projection of the geodesic is 
1 __seeh^7}i9 tanh^mS 
^ ^^~ W~' 

a curve having an asymptotic circle y—fi- 

The formulas are similar for the geodesies on the Nodoid. 
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104. Elder's EqiiMions vesmned. Poinsot's Geometrical 
Representation of the Motion of a Body under No Forces, 

We now resume these equations of motion, of which tlie 
solution by ellipfcie functions has been indicated in § 32. ^; . / % 

By the Principle of the Conservation of Angular Momentum, 
(Routh, Rigid Dynamics, Chap. IS.) the axis 00 o£ the re- 
sultant angular momentum will be fixed in space ; and the 
direction cosines of this axis with respect to the principal 
axes of the body being 

ApjG, BqjG, Gr/G, 
the component angular velocity about 00 will be 
f ._X^_X__ = ^, a constant, 

where, as before, T denotes twice the kinetic energy of the body. 
It is convenient to denote this component of angular velocity 
about 00 by a single letter, say /x; and also to replace G and T 
by Z»,( and D^^ making 2'/G'= ^ and (JVr^ i>; and then i) will 
be a constant quantity, of the same dimensions as A, B, 0. 

If / denotes the moment of inertia about the instantaneous 
axis of rotation OP, and if OP denotes the vector of the 
momental ellipsoid at 0, then /varies as OP''^, so that we may 
put I^Dh^jOP^, where /<■ is a new constant length. 

Now, if (0 denotes the resultant angular velocity about OP, 
T^Ii^, or Dfjl^^DhKi'lOP^, 
so that the angular velocity w varies as OP ; and 
h, _0P _x ^y __z 
At (a 'p q r 
The direction cosines of the normal of the momental ellipsoid 
at P being proportional to Ax, By, Oz, or Ap, Bq, Or, are 
therefore ApjG, BqjG, OrjG ; so that 00, the axis of G, is 
perpendicular to the tangent plane at P : and if OG meets this 
tangent plane in 0, it follows that 00=h, so that the tangent 
plane at P is a fixed plane ; and during the motion the 
momental ellipsoid rolls on this fixed plane, called the m- 
variable plame, with angular velocity proportional to OP. 

The curve traced out by the point of contact P on the 
momental ellipsoid is called the polkode, and the curve traced 
out by P on the invariable plane is called the kerpolhode ; 
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these names are due to Poinsot, as well as this geometrical 
repreaentation of the motion. 

(TMorie nouvelh de la rotation des corps, Paris, 1852.) 
The equation of the momental ellipsoid may now be written 
Ax^+Bf + Cz^^^m^; 
while AxjDh, ByjDh, GzjDk are the direction cosines of the 
mvariahle line 00 ; so that 

AV+B^y^ + C^s^ = I>^hK 
The polhode is therefore the curve of intersection of these 
two coaxial quadric surfaces, and therefore lies on the cone 

A(_A-D)x^+B(B-I)}j/+G{G~D)g^=0. 
called the polhode cone ; and the projections of the polhode 
on the principal planes are therefore 

{A-B)By'+{A~CjGz'=iA-B)Dh^ 

105. Denoting hy v the component angular velocity of the 
body about the axis OH, where OH is equal and parallel to OP, 

A'p''+ Bq^+ Ct^=T =7)/^^ 
AV4--BY + (^r^= O'-^-O'/u' ; 
and, by solution of these equations, 

A-B.A~G , 3 A , 1\,7, (?' 8 2 

\b^gF'bc -^^--"^'^PPOS'^. 

— -y^ ) f^ " "i" suppose; 



K-S)(>- 



-G.B-A , , ,/, BV, -D\ , , 



0-A.C-B , 



K-S)(^- 



AB 

and in these equations we may replace p, q, r, w, /x, 
^! y, s. OP, k, p, respectively, where p^ — OP- — Ji^. 
Example. — Prove that 

(^t)'H4?;+(4)'H^-)'. 

and simplify 



y Google 



THE ELLIPTIC FUNCTIONS. 103 

106. On the supposition that 

AT> BT> G^>CT.or A>B>D>C, 
r never vanishes, and the polhode encloses the principal axis G; 
but p and q alternately vanish, so that v^ oscillates in value 

b6tw6e„(l^D(§-iyand(l-^)(§^l)M>. 

Kwput ^,.g-l){(,-|)c„s.e + (l-|>i..e}. 

then 4rf = i)fi".-^-~';cos'e. 

A — C 






Cr' = _D;«»(^-^oos«0 





B-l> . 



We now find, on substituting in one of Euler's equations, 
a'""''" ABO U- 



and ^=-i)/— -jAj^smScose, 
the solution of which is o£ the form, as before in g 
= ani(«i5, k). 



ABO 
the anharmonic ratio of A, B, D, G; while 



giving (§ 32) 



■^ ^^.A-c^' '^ ~B.B-C^' ^o:a-g'^- 

107. Quadratital OscUlatuins. 

The oscillations given by a differential equation of the form 
d^Qjd^^ —mhin & cos d 
ire called quadrantal oseiUations (Thomson and Tait, Natural 
I, the system having two positions of stable 
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equilibrium given by = and 9 = 7r, and two unstable posi- 
tions in the remaining quadrants, given by fl=±|7r; for 
instance, an elongated piece of soft iron in a uniform magnetic 
field, or an elliptic cylinder moveable about its axis in a cur- 
rent of liquid performs quadrantal oscillations. (Q. J. M., xvi.) 
When the system performs complete revolutions, the solu- 
tion is (I 18) = am(m(/K, k) ; 

but if it oscillates about the positions of stable equilibrium, 
given by 6 = 0, the solution is (§ 29) 

or cosO= dn{ mf/K, k), 

sin = K Bn(mt/ic, k), 
where k is less than unity. 

The second solution will apply to the second state of motion 
in § 32, where AT>G''>BT>GT,oi A> D>B>0, and where 
jj never vanishes, and the polhode encloses the principal axis A . 

108. Differentiating the equations of g 105 with respect to (, 
d<6___ dv_ A-B.A~a dp_ B-G.B--A dq_ G-A.C-B d/r 
*'^~'^~ BG ^di~ CA ^dt~ AB ^t 

so that tt)^ and v^ are elliptic functions of (, of the form given 
by equation (15), p. 36. 

But, on reference to equation (A), p. 43, we see that 
p'tt= -v'(V'«'^-S'2S'^^-!'8)= -s/{'i-r>J'-ea- pu-e^.fu-e,), 
if fio, et, Sc denote the roots of 4s^— p'^s— (/3 = 0; so that on 
comparison we may make 

tOa^ — w^, Wb^ — w^, «1d (B , or Va—v, v^—v , v^ — v^, 
proportional to j™ — «a. f'^—%< W^ — ^; 
or, symmetrically, we can put 

A'f=-m\B-G){fu-t^), 

Bf= -m\G-A)i<pu-e6), 

Cr^=-m\A-B){fu^e,); 

where the factor -m^ is introduced for the sake of Jwmogeneity, 
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m. being of the dimensions of an angular velocity, such as 
T, to, fi, v; and now, on substitution in Euler's equations, 
du^ B-O.C-A.A-B , /B-0 0-A A-B\ „ 



\ A 



-+-^+- 



:e ; so that tt = a constant±ml 



109. As in § 32, we take A>B>C; and then 
(i.)when AT>BT>G^>CT,oY A>B>I)>C, 
T never vanishes, and we must take 

€j>6a>g»lt>e!,; 

so that e^ = ee,e^ = €„., 63 = ^6; 

(ii.)when AT>Q^>BT>CT, oy A>D>B>G, 
p never vanishes ; and then 

and we must take ^1 = 60. ^2 = ^=' ^3 = ^6' 

Since ^u oscillates between e^ and e.^, and is taken 
initially equal to e^, we find, on reference to equation (42), 
p. 46, that we must put 

u=2(0i+(e3— Tii, 
so that the constant of integration for u in | lOS is ^w^+a)^. 

Now, at the coat of symmetry, to get rid of the imaginary 
Mj, and to make the argument of the elliptic functions a real 
quantity nt, equation (42), expressed in the direct notation, 



^t — e^ 



'^ ^ pnt — e^ 

and ej always replaces e^, while Ca replaces e^, e^ replaces e^, or 
vice vet'sa, according as the polhode encloses A or G. 

110. For the determination of Sa, ej, Cc, we have the equations 

ea+ e>,+ 6„ = 0, 

(B-G)e^+ (G-A)ei+ {A-B)e,= Tlw?^ Bfi^jm^ 

A(B-0)e^+B(G-A)ei+G(A-B)ec=Q^lm!' = D^M-^lm^, 

whence AT-G^=m%G -AXA~B){ei~e,), 

BT-Q^==m%A~BXB-G){e,-ea}. 

GT-<? = rn?{B~G){G-A)(e^-ei); 
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_Bfl A-B 
°^ ^" ^'' m^ C-A.A-li' 

^' ^^ m^ A^B.B~C' 
_Dfl_ C~I>_ 

^^ ^'' w? b~g:g'~a' 

so that Cc — Pa is taken positive or negative, according as 
BT—Q^ or B — D is positive or negative; while e},~<ic and 
cj— Ba are always negative, as explained above. 

Also (e„— e6)-((^„-c„) = 3e„, .... 

whence the values of to, %, Cp 

Then (,,_j((«._e.)'+(e,_«.)>+(e.-e,)!) 

can be found ; and the discriminant (§ 53) 

^ OVf (^--py^-B-jnc -i))^ . 

A ~ im{B-C)\C-A)\A-B)\A-D)\B~D)\G~Df ' 

111.. We have supposed no forces to act; but the case in 
which the impressed couple is always parallel and proportional 
to the resultant angular momentum leads to equations which 
can be solved in a similar manner ; in this way we imitate the 
motion of a body, like the Earth, which is cooling and con- 
tracting uniformly. 

Now, the component impressed couples about the principal 
axes being of the form \Ap, \Bq, \Ct, 

Aidp/dt)-{B-G)qr = \Ap, ..., 
which, on putting j) = e"^'p', and \tf = l—e.~^^, reduce to 

^f-'-s-Wr'-o 

80 that p', q', r' are the same functions of t', which p, q, r would 
be of (, in. the case where no forces act. 

In the case of the cooling and contracting body, we put 
A — e'^^A^ B = e~*''Bfj, G=e'^'G^; and the equations become 

aJ-W-Qs'-o..... 

which are solved as before ; and Poinsot's geometrical repre- 
sentation of the motion still holds, with slight moditication. 
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A similar procedure will solve the following theorem : 
" A rigid body is moving under the action o£ a. force whose 
direction and magnitude are constant, always passing through 
the centre of inertia {e.g. gravity), and of an absolutely con- 
stant couple. 

" If "p, q, V denote the component angular velocities about the 
principal axes at the centre of inertia, and if u, v, iv denote the 
compound velocities of the centre of inertia along the principal 
axes at the time ( ; then the determination of 

p/t,qlt,Tlt,ult,vlt,wlt, 
in terms of J(^ is the same as that of j>, q, r, u, v, lu, in terms 
o£ t, when no forces act; t being reckoned from the commence- 
ment of the motion," (W. Burnside, Math. Tripos, 1881.) 

112. To obtain the equation of the herpolhode, we notice 
that during the motion the polhode cone, fixed in the body, rolls 
on the herpolhode cone, fixed in space, being the common 
vertex ; corresponding areas of these cones are therefore equal, 
as also their projections on any fixed plane, for instance the 
invariable plane. 

Therefore if p, ^ denote with respect to the polar co- 
ordinates of P on the herpolhode, 

^d^_Ax( dz ^\j_^( ^ ^\j_^^( *% ^\ 





p g 1- , ,,' 


therefore 


dx f.B-C 


and (§104)!/ J - 


dy f.lA-B , C~A ,\ IK.A-D) , 


so that 


JU (A-D . , B-D„ , 0-D„ ,\ 




{A-D)AV+{B-D)B'y'+{C-D)(!'!i' 



ABC 

, A-D.B-D.G-D,, 
= P V + -jj^ — ■ ft> ; 

which, combined with the value of dv^jdt or dp^jdt of g 108, 

,]J- = - ^V (* ■ Pn'' - P^ - V - /»' ■ P-^ - A 
will determine the equation of the herpolhode. 
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113. Using Weierstrass's functions o£ g 108, 

B-C Q~A A 
B~6 ^ G-A , 



j3(;=_ . 



and then ^v — ea=-2y-~ n/ir"^)' (positive), 
^v-e(.=Ja(l--^)(2--l). (positive), 
S.t;-e,= J(l-5)(|-l), (negative), 

^'^v = 4(^v - e„)(^tJ - etX^i; - e^) 
= -^ (A-DnB-J)f(C-Df . 

and, since e^ (or fie) > j^v > e^ (or e-a), 

we must, by (39), | 54, where if is b. proper fraction, take 

_ _iiE^ 
dt 



Therefore J+~f-'^''^^^7 



and, integrating, dt — ut + H /— 



^'vdu 
f fv-pvl 

and we are thus introduced to a new integral, called an 
elliptic integral of the third kind. 

The cone described in the body by OH (g 105) is called by 
Poinsot the rolling a/nd sliding cone ; during the motion this 
cone rolls on an invariable plane through 0, while at the same 
time this plane turns with constant angular velocity fi about 
OG ; so that, if p, ^' denote with respect to the polar co- 
ordinates of H on this plane. 
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114. With the notation of the elliptic functions of Jacobi, 
[S in § 106, 



-B.D-C D.A~B.D-C 



AC ABC 

which can he thrown into the form 



^'a A-0 

sn%f, 



on putting 



_D A-B 
BA-D 



B B^C " •= -B D^' •"' "-B A^- 

'Wit'hea^e^,e^ = 6g,ec=e^, and ii=(Oi +('0)3, then by (32), p. 44, 

and dn\K+riK') = nL::^=^^^=dn^a; 

so that a = K+fiK'. 

^, #_ B-n ji. 

^^®^ di~'^ B l-ic^sn^asnVi 

i en a dn a ih 



sn a 1 — K%n^ft sn%( 
and, writing u for nt, 

. i sn a dn a Z' dw 

, icnadnft . /"K^snacnadnasn^ , 

= ut „_„u— ^/ — q „ ■ ^ -■ - au, 

sua J 1 — K^sn'^tt sn'w 

the last term an dliptie integral of the third Jdnd, in the form 
employed by Jaeobi. 

On putting snu^sin 0, and sna = aina, K%n%= —w,, then 
.cos aAa /~ d9 

the third elliptic integral, as employed by Legendre ; the 
further diacufesiun of this integral muat be reserved for a 
subsequent chapter. 
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]SXAMPI.E8, 



1. Prove that, if the excentric anomaly in an undisturbed 
planetary orbit o£ excentricity e is represented by 2 aiii(w, e), 
the mean anomaly is 

2 am 11.+ 2 — -, --„ . 

2. Prove that the envelope of the straight line rays 

K^ sn u+ (en. u+K dm. u)y = K3mi{Aiiu+K CO. ii) 
where v- is the variable parameter, is the curve 

the caustic oi' parallel rays, after refraction at a circle, of 
refractive index l/ic ; and find the order of thia curve. 

(Cayley, Phil. Tram., 1857, " Caustics.") 

3. Prove that a portion of a flexible inextensible spherical 
surface of radius a, bounded by two meridians (a lune, or gore 
of a spherical balloon) can be bent into the surface of revolu- 
tion given by 

ic=acosecos(,^/K), i/ = aeoaesin(0/K), s = aj?(0, k); 
Q, denoting the latitvide and longitude of the point on the 
sphere. 

Explain the geometrical theory, distinguishing the cas&s of 
K < 1, and K>1. 

4. Denoting by w the solid angle subtended by a cicclu of 
radius a at a point whose cylindrical coordinates arc r, % with 
respect to the axis of the circle, prove that 
<ico_ ttg *^,, 

' z'+ia + r)^ " sH(fl+r)^' 
Show how to determine the illumination at any point of the 
surface of the water at the bottom of a deep well, due to the 
light from the sky. 



where 
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5. A uniform circular wire, charged witli — e coulombs, is 
presented symmetrically to a fixed insulated sphere of radius 
a centimetres, so that every point of the wire is at a di<itance 
/ cm from the centre of the sphere, the radius of the wire sub- 
tending an angle a at the centre of the sphere. 

Prove that the electricity, in coulombs per cm^, induced at a 
point of the sphere whose angular distance from the axis of 
symmetry is d, is given by 

f-a^ E 

^ 27r% {a^-2afcosie-a)+f",^{a^--zafcoii(6+a)+fy 

.^_ 4a /sinasin0 ,g _ a^ — 2a/cos(g — a) +/^ 

where k -^ir2a7cos(0+a)+/^' " ~a?-2af cos{e+ a) -{-f 

6. Prove that if this sphere and wire gravitate to each other, 
and if the wire is free to turn about a fixed diameter perpen- 
dicular to the line joining the centres, the wire will be in stable 
equilibrium when its plane passes through the centre of the 
sphere ; and prove that the oscillations of the wire due to the 
gravitation will synchronize with a pendulum of length 

tiffs' em, 

where b denotes the radius of the wire, c the distance between 
the centres of the sphere and wire in cm, M the weight of the 
sphere in g, C the gravitation constant ; and 

where fc'^ = 46c/(6 +c)^. 

Determine the position of stable equilibrium and the length 
of the equivalent pendulum, when the attraction is changed to 
repulsion. 

7. Two uniform concentric circular wires of radii h and c cm, 
weighing Jlf and M'g, are freely moveable about a common fixed 
diameter. Prove that in consequence of their gravitation, the 
oscillations will synchronize with a pendulum of length 

where F and k have the same values as before. 
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CHAPTER IV. 

THE ADDITION THEOREM FOR ELLIPTIC 
FUNCTIONS. 

115. So far we have considered the elliptic functions of a 
single argument u ; but now we have to determine the for- 
mulas which give the elliptic functions of the sum or difference, 
'M,±w, of two arguments It and «, in terms of the elliptic functions 
of « and V ; and thence generally the formulas for the elliptic 
functions of the sum of any number of arguments u-\-v+w-\-...; 
and the formulas for the duplication, triplication, etc., of the 
argument. 

The Addition Theorein for Cvroular and Hyperbolic 
Fu/nctions. 

The analogous formulas in Trigonometry for the Circular 
Functions are well known, namely, 

3in('W ±v) = sin u cos v ± cos u sin v, 
cos(u ± v) = cos u cos V + sin u sin ■;; ; 
or, a8 they may be written, 

ain(u±ii) = sin u sin'tf+sin'usin v, 

eos(u ±v) = cos u cos v + cos'w cosv ; 

the accents denoting differentiation ; and to these may be added 

, , , , tanii±tan'D 

tan(w±t') = — ■ — ; 

l+tanwtanw 

these formulas constituting the Addition Theorem for the 

Circular Functions. 

For the Hyperbolic Functions, the formulas are 

(ios'ii(u±v) — cosh u cosh v ± sinh u sinh v, 

sinh(u ± ^) = sinh u cosh V ± cosh 14 sinh II ; 
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or, as tliey may be written, 

cosh( u±v) = cosh u cosh v±coiih.'u cosb'w, 
sinh {u±v) = sinh u sinh'v + sinh'w sinh v ; 

and to fcbeae may be added 

, ,, . , tanhit+tanhu 

tanh(zt±v) = - -^ — -, — - — ,'-' ; 

l + tanhutantiw 

constituting tbe Addition Theorem for the Hyporbolic Func- 
tions. 

116. The Addition Theorem for the Elliptic Functions. 
For the Elliptic Functions the analogous formulas of the 
Addition Theorem are found to be 

sn('H.±i?) ^(sn'U. an''i;± an'it sn v)jD, 
cn('W±w) = (cntt cntJ+ cn'u cn'v)ID, 
dn(w±ij) = {dnudni;±K"^dn'udn'D)/i>, 
where .0 = 1— K^n%sn^; 

or, performing the differentiations, and dropping thedouble signs, 
, , , RnucnvAnv+cnuAnusTiv ,,, 

, , en 1/ en V — an n dn tt sn f dn II ,„, 

cn(tt+y) = ^ 5 — 5 6 — ■ , (2* 

' 1 — K'^snnt. sn'y 

, , , dnudnv— (c^nwcnw.sni'cnv ,„, 

"""'"'+">= l-A,i%m- i ■ <^' 

Putting n: = 0, we obtain the formulas for the Circular 
Functions, si^-ii+v) and cos{u + v), the denominator D re- 
ducing to unity. 

Putting K = l, remembering that then (§16) sn-!!. becomes 
ta,nh«,, cnw or dnu becomes sech w, we obtain from (1) 
, , . _ tanh u sech^ji + sech^-u. tanh v 
^ '~ 1 — tanh^w tanh^ 

_ tanh u( 1 — tanh^) -I- (1 — tanh^u)tanh f _ tanh u -|- tanh v 
I — tanh^u tanh^ 1 -1- tanh u tanh v' 

as before; with the corresponding formula for sech(u-l-4') 
or cosh(M4-i!), the formulas for the Hyperbolic Functions. 

117. To establish these formulas of the Addition Theorem 
for Elliptic Functions, let us employ the geometry invented 
by Jacobi {Crelle, Band 3; Gesamtnelte Werke, I., p. 279), at 
the same time interpreting the geometry in connexion with 
Pendulum Motion. 
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To do this, let US suppose that P' would be the position of 
P in fig. 2 at the time t, if it had started t seconds later, and 
put t-~T = t'; then (§ 6) 

AN'^AD sn^nt', N'I) = ADcn^nt', N' E = AE A^hii' , etc. ; 
and we shall prove that PP' touches a fixed circle through B 
and B' during the motion (fig. 13), 



Z"^" 


^"^^ 




\f n 


>. 


/ 


i\^. 


-=%N£>Ap 






//^ 


5^^ 


~m 


Wll 


l\/ 


// 


\^ 


Jyf/ 


/i' 




b^ 






For suppose that, in the small element of time dt, P has 
moved to an adjacent point p and P' to p' ; and let PP', "pp' 
intersect in P, so that R is ultimately the point of contact on 
the envelope of PP'. 

Then since, by a property of the circle, PP' cuts the circle 
AP'P at ei^ual angles at P and P', 

PP _. Pj) _ Yelocity of P _ \WD 

PP^Py^ velocity of F'^^ND'' 

Now describe a circle with centre o on AE, passing through 

B and B', and touching PP' at a point which we shall denote 

by E' ; then 

PR"' = Po'' - oR'^ = P0^+ Oo^ - 20o . ON- oR'-^ 
^0B^ + 0o^-20o.0N~Bo^ 
= 0D^-I)o^ + 0o^-20o.0N 
= Oo{OD + Do + oO-20N) 
= Oo(20B-20N') = Wo . NR 
R'P'^ = Wo.N'D, 
PR _ IND_PR_ 
'Kp-yN'B^RP" 



Similarly, 
so that 
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and therefore R and R' coincide ; and we have thus verified 
that Pf touches at iJ the circle oR {using the notation oR to 
mean a circle of centre o, and radiua oR). 

Putting Oo=a, and denoting the angles AOP, AOF' hy d, 
6', and ADQ, ADQ' by <p, yp-, then 

PR^ = 2ffl . iTO = 4aR cos V = ialK^e% RP"^ = 4a;K^cos V ; 
GO that P'R-i-RP=2^(al)K(coa i^ + co:i 5I), 

while P'P = 2J sin K^-0'). 

and therefore sin^(0 — ^) = ^(a/^)K{cosi^+cos9i), 

Putting nt = u, nt'=V, nT = u—v—iv; then since (§8) 

= am It, sin |9 = k sin ^ =Ksnu, cos J9 = dn ti ; 

■<p' = a.mv, 8in|0' = Ksim^ = Ksnv, cos^6' = dnv; 

la sini(6 — 0') snw-dn w — dnusn^ 

A / 7 = —. ^, ^ = — ; , a constant. 

\ [ it(COS y}r + COS 0) cn u + cn u 

Putting t' — 0,v = 0, and therefore u = iit = u^, we iind 
ja_ &nw _1— cnw_ jl — cn'W_ 
'yl 1 + cnw sniy "Vl + cnw' 
BO that 

l\ — cn('W — v) _ sn w. dn « — dn u sn i; _ en w — en it 
V 1 + en{tt —v) en v + en u sn u dn u -i- dn u sn if" 

one form of the Addition Theorem, which by algebraical trans- 
formation can be reduced to one of the preceding forms of i 116. 
118. Representing, as in | 31, sn u by s^, en u by c^, dn u by 
d-,, and the corresponding functions of v by 82, c^, d^ ; then 

V I — en(u — u) _ Sj<?2 — 8^ _ c^—c^ 
l+cn('U— ii) Cg+Ci 8jd^+s^di 
1 — cn(-». — v) ^ (Ca — Ci)(Sj(?3 — 8^"^) 
T+cn(w-v) (cg + CiXs A + e^d^' 

or cn(u — v) = ■ '■ t , , ; 

and changing the sign of v, 

. s-yC^d^—s^c^d^ 

another form of the Addition Equation. 

Again i- (= .. 1"^ . a .i or =!—/-■- --j-], 

and, adding numerators and denominators {componendo), 



so that 
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, 2(c,c„+s,d,nA) 

cn(u — v) = —5- — v^ — i. 1 1 - . - -ajV 

cn(u + 'D)=^l|^j]^|^,-^, (2) 

the usual form {"2) of the Addition Theorem for the en function. 
But, subtracting numerators and denominators (Mvidendo), 



cn(u— w) = 



cn(u+'y) = — 



and another fiirm can be easily established in the same way, 
cn(u+v)=^^^^-i^^-^. 

(Glaishor, Messenger of Mathematics, vol. x., p. 106 ; 
M. M. U. Wilkinson, Proc. London Math. Soc, vol. xiii., p. 109; 
Woolsey Johnson, Mess&nger of Matkematies, vol. xi., p. 138.) 
119. Expressed again in Legendre's trigonometrical form, 
with = am 'w,-\p-— am v,y = am('ii — v), 

j(t_ l— cos Y __ ain ^ A'^— sin y} rA<p 
'\ I siny cosi^+cos0 

jl _ 1 +C03 y _ sin ^ Ai^ +sin ■\p-Aij> 
\a siny cosi/'— coa^ 

Therefore, eliminating Ai^, 
2sim/'sinyA0 = (cos</'-cos0)(l+Cosy)-(eosi/r+cos^Xl-coS'y) 

= ~ 2 cos ^ + 2 COS i/' cos y, 
or cos = COS i/' cosy— sin i/' sin yA0. 

Expressed in Jacobi's notation, since ik — v+w, 

cn{v 4- w) = en t) en w — sn V sn It! dn(i! + wj). 
Changing v+w into u — v, this becomes 

cn{u — 1') = en u en i; + sn tt an V dn(i[. — v), 
or cosy=eos^eo8i/r+sin0sin'>/fAy, 

Conversely, these relations, treating y as constant, lead to 
the differential relations dv, — dv==0, 
or diplAtp-dylrjAxl^^O, 

or (d<l>f{l - /.^sin V) - {(^V')'(l - -c'sinV)) = 0. 
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Writing x for sin sin i/f, y for cos ij> cos i^, and m for Ay, 

then cos7 = ^(m^— k'^)/k (g 17); and the integral relation 

y-i(-mx= J{m^ - k'^)Ik. 

^ to the differential equation, of Glairaut'a form, 

y-x'p = s/ij?'-K^)lK, 

denoting dyldx by p ; this is the form of the differential 

equation when we change to these new variables x and y. 

120. We have begun in g 117 by supposing the points P and 
F" to oscillate on a circle with velocity due to the level of the 
horizontal line BDB', cutting the circle in B and B' (figs. 2, 13) ; 
but if they are performing complete revolutions with velocity 
due to the level of a horizontal line BW through D not cutting 
the circle, hut lying above it (figs. 3, 14), a similar proof will 
show that PP' touches a fixed circle having with the circle 
PP" the common radical axis BB', the two circles not inter- 
secting ; and the Landen point L (§ 28) will he a limiting 
point of these two circles. 

But this motion of P and P' in fig. 14i is imitated by the 
circulating motion of Q and Q' on the circle AQ in fig. 1 3 ; so 
that QQ' touches at 2" a fixed circle, centre c ; and the hori- 
zontal line through E is the common radical axis of this circle 
and the circle CQ, the Landen point L being a limiting point ; 
and thus the Addition Theorem for Elliptic Functions can be 
deduced from the motion of P and P' in fig. 14, or of Q 
and Q' in fig. 13, as given by Durfege, Elliptiscke Functionen, X. 
For if in fig. 14 a circle is drawn with centre o and radius 
oR, such that BDB' (fig. 3) is the common radical axis of this 
circle and of the circle AP, then, since the tangents to these 
circles from I) arc equal in length, 

DO^-OP^^Do^-oR^; 
and now, if the tangent to the inner circle at R cuts the outer 
circle in P and P'. 

PB^ = Po^-oR^ = PO'' + Oo^~20o.ON-PO^+OI)^-Do^ 
^OD^-Do^+Oo^-20o.ON=20o.NB, 
as in g 117; and similarly RP'^ = Wo.ND; so that ■ 



PR_^ /ff'D _ velocity of P 
RP yN-D velocity of P' ' 



velocity o 

and therefore PP' will continue to touch the circle R, during 
the subsequent motion of P and P. 
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Similarly, in fig. 13, QQ' during the motion touclies a fixed 
circle, centre c and radius cT ; and putting Oc = c, 

QT' - 2c . FE= id dn^i, TQ'^ = icl dn^t'. 

We notice, on reference to g 28, that 
LQ'^2LG . EN=2LC . EA dn^nt^iPil-Kydnhit^LA'dn^tit, 
so that LQ — LA dn tit ; 

and thorefoce n^~7i^ 

or LT hisects tlie angle QLQf in fig. 13 ; while LR bisects the 

angle PLP' in fig. 14 ; we may atate this theorem geometrically, 

" the segments of a tangent to one circle, cut off by another 

circle, subtend equal angles at a limiting point of the two 

circles," 

Then, with fclie notation of 1 117, 

QT+2'Q = V(''O(AV'+A0), 
and Q'Q = 2iisin{0-^) = 2A:^isin(^-i/'); 

so that, in Legendre's trigonometrical form. 

Putting ^=^0, then <j> = y] so that 

^ KS.m{<p-ir) ^ KSiny ^^ 1-Ay 

'^ E A>^+A0 l + Ay KSiny' 

;il^ Ksin(^+i/-) ^/csiny ^j. l+_Ay 

■y G Ailf—Ai/> 1 — Ay' Ksiny' 

the product of the two equations being unity. 

Conversely, the relation 

sin(qb ±-^) = (7(AV' + A^), 
where Cis an arbitrary constant.leads to the diff'erentiai relation 
d0/A5i±(^i/'/Ai/' = O. 
121. Taking the equations 

l + Ay_<c%in(,^+i/f) l_~Ay_K^^n{<p--\p-) 
siny At/' — A0 ' siny Ai/f+A^ 
we find, on eliminating sin <p, 
2Aoa0sini^siny=(I+Ay)(AV'-A0)-{l-Ay)(Ai/' + A^) 
= -2A0 + AyAV', 
A^ = AyAi/'— K^cos sin i/r sin y, 
or dn u = dn V dn 1(1 — k^cq w sn w an w, 

with u = v+w. 



Vl'" 
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By eliminating cos <j>, 

2K%in tp cos i/y sin y = 2Ai/r— 2 AyA0, 

Ai^ = A^ Ay +/c^3in cos i/' sin y, 
or dn(i4 — w;) = dn w. dn M + K^sn u sn y; cn(u — w). 

Changing w into v, 

dii(it — v) = dn u dn ti + K^sn u sn i; cn{w. — v), 
or Ay = A^Ai/r+K^sin0sim//- cosy. 

Writing x for K^in^sini/^, y for A^Ai^, and m for cny, 
then y + mx = s/{i^'^ + f^m^), 

the integral relation of Olairaut's differential equation 

which is therefore the transformation of 

(^^/A0-cii//'/AV' = O, 

when we change to 'these new variables x and y. 

Taking the two trigonometrical expressions from g 119, 120, 

for the Addition Theorem, 

1 — cos y _ sin ^A'^ — sin t^A0 1 — Ay_K%in(^— i/^) 

siny cosi//-+cos^ ' siny A^ + A^ 

we ottain, by subtraction and reduction. 

Ay — cos _ cos \p-A. if, — coa ip ^ -yjr 

Biny sin0+aim^ 

dn((A— ti) — cn(it — v) dn ii en V— en u dn V 

or - ■ ^- ■ ■ / ^ i=- ^ . 

sn(tt— t;) snn + snt) 

the form of the Addition Theorem given by J. J. Thomson 

{Messenger of Mathermatics, vol. IX., p. 53). 

122. With the notation of the elliptic functions, 
1 + dn(u — 1") _^ yc(sii u en ?; + sn J) en ii) 
Ksn(w— u) dn'W — dnu 

1 — dn('i4 —•!?)_ K{fSD. It en V — sn ?; en tt) 
ftsn{u— i;) ~~ dnii+dntt "" 
Therefore, as before, with Glaisher's abbreviations, 

l+dn(w-i;) (dj+djXSiCa-i-s^i)' 
dn(u ~v)= - O . aT . g 2 1 . 
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Similar algebraical reductions to those given above for 

cn(u~i)) will establish the formulas for dn{u—t)) aiidda('W.+u), 

given by Glaisher {Messenger, X., p. 106), 

1 / , \ s,d,G,~ SndaG, c,Ct,d.do,+ k'^s,3o 
d.n(it 4-1^) T=5^^ i-^ ^ =-^^ *■ p — J - ? - - - ■ . 4- . i f 

_ 1 — K^S^ — k^M-k^Sl^ — '^A'Z^bMjSl 
djd^ + n^SjS^CjG^ 1 — K^s^s^ 

the last of form (3), § 116. 

123. The Duplication, Triplication, etc., Formvlas. 
Putting I! = -w in formulas (1), (2), (3) of § 116, and writing 
s, c, d for snu, en it, dnit, we iind 



o.2u = 



dn2u: 



l-*cV 

_ -k'^+ 2k '^c^+^<^ 

1 - IkV + K^s* k'^ - 2ic'^d^ + d* 



- -^'i^ + M^-d*' 
Writing S, C, D for sn2tt, cn2n, dn2it, we Und 
^--C_fd} l-J> _>cVc^ i>-g_K'^s^ 
l+0~ c^' 1 + D~ <:i^ ' J; + 0~c^d2' 

J + 0_.'^1-.D_ 
•^ "TITB K^ ^^^ ^■' 

Putting u^lK, then S = l, C=0, i)=/; and 

Again, in g 67, 

, -, (l +K')8n(tt.K)cn(i<.,K) _l+/ / l-dn(2u,>c) 
^ ' -^ dn('it. k) k \l+dn(2u, (c) 

and 2m, = (1+XK X = (l-K')/(l + t'), 

l-\snH^. X) 



1+Xsn>, X)' 
„ , - . cn{v, X)dn(w, X) 

cn(l +X . v, k) = i , , ■ - 2, - -\ . ' 

which ia called Landen's second transformation. 
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Again, putting w = 2tt, and making use of the above formulas, 
we shall find 

l-6,%>+4(l+icVs'-3<'«'' 
l-sn3u_l+fi/l-28+2fcV-K%Y 



:-:(} 



H-sn3M. 1-Ai+28-2kV-kW' 

l-KBn3u ^ 1+<cs / 1-2a:8+2<cs^.-kV Y. 

1+Ksn3w- 1-k>:V1 + 2«3-2k83-(c^s^/ ' 
with similar expressions for en 3u and dn 3u, leading to 
l-cn3tt _l-c /• g'''^+2ic'^c+2'cV+KV Y 
l + cn3w~H-« \k'^-2(c'^c-2kV+kV/ ' 
l-dn3it _ 1-^ / /H2K's<i-2fP -(?Y 

dnSu-g' _ .i-/ / ^' + 2A:'#-2/d -/si y ^ 

the algebraical work is left as an exercise for the student. 
124. Foristic Polygons of Ponxdet, with respect to two GirdeB. 
Starting from the point A in fig. 13, and drawing the 
sueceaaive tangents AQj^, QiQ^, Q^Qa,--- 'to the inner circle, 
centre c, from the points Q„ Q^, Q,, ... on the circle CQ; 
or starting from A in fig, 14, and drawing the tangents AP^, 
PJ'^' -^2^3- ■■■ to the inner circle, centre o, from Pj, P^, P^. ... 
on the circle OP ; then, if we denote the first angle ADQ^ or 
AEP^ by amn), it follows from this construction that 

ADQ^=AEP^ = 3.m1rv,AI)Q^ = AEP^ = s.m?M),...; 
and we have thus a geometrical constniction for the elliptic 
functions of the duplicated, triplicated, ... argument. 

When wi is an aliquot part, one fi^\ of the half period "S-K, or 
T of the half period 'iT seconds, then after n such operations 
the polygon AQ^Q^Q^, ... , or AP-^P^^, ... , will close on itself 
at the starting point A ; and the preceding investigations show 
that during the subsequent motion of these points, the polygon 
formed by them will continue to be a closed polygon, inscribed 
in the circle OQ and circumscribed to the circle cT, or inscribed 
in the circle OP and circumscribed to the circle oS, ; and thus 
we have a mechanical proof of Poncelet's Poristic Theorem for 
two circles, a problem discussed hy Fuss, Steiner, Jacobi, 
Richelot, and Minding. 

(Cayley, Philosophical Magazine, 1853, 1854, 1861.) 
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Let ua consider the paitieiilar cases of w equal to i, I, I, -^, 
...of the half period 2X 

(i.) "When w = ^K, PP' is horizontal in %. 13; and P and 
P' coincide in fig. 14. 

(ii.) Whenw — K, the circle oR in fig. 14 and the circle cT in 
fig. 13 shrink up into the limiting point L, Landen's point 
(§ 28) ; and now any straight line through L will divide these 
circles OP or CQ into two parts described in equal times, ^T ; 
while in fig. 13 the line PP' will touch the circle described 
with centre E through B, L, and B", subtending an angle 4a 
at 0; and any arc PP' will be described in time \T, half the 
time of describing FAS' ; hence the following theorem — 

" Two segments of circles are described on the under side of 
the same horizontal straight line, one subtending twice as 
many degrees at the centre as the other; if a particle oscillates 
on the lower segmental arc under gravity, any tangent to the 
upper arc will cut off from the lower an arc described in half 
the time of oscillation." (Maxwell, Math. Tripos, 1866.) 

As P' is passing through .il in fig. 15, P is instantaneously 
at rest at £ or B'; and AB, AB' are obviously tangents at B 
and iC to the circle BLB', drawn with centre E ; while PP' is 
one side o£ a crossed quadrilateral, escribed to this circle BLB', 
and inscribed in the circle BAB'. 

When the circle cT shrinks up into the limiting point L, 
then, as in g 120, 

QL'^WL.EN, LQ'^^'lCL.EN'; 
and since QL . LQ' is constant in the circle GQ, therefore 
EN .EN' is constant, and equal to LE^, the value it assumes 
when JV" and N' pass each other at the point L. 

-Since EN . EN' = EI^ = EB\ 

a circle can be drawn passing through N, N', and touching EB 
at B; and the triangles ENB, EBN' are therefore similar^ so 
that ENB = EBN', EN'B=EBN. 

(Landen, PUl. Tram., I77l, p. 308.) 
Translated into a theorem of elliptic functions, 

EN.EN'=EA^dnhLdii% and EB^ = k'-KEA\ 
so that, as in (59), § 57, 

dn udnv = k, when u — v = K, 
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Otherwise, since (g 28) 

QL = ALdn'U., LQ' = ALdnv. 
and QL.LQ' = AL.LD, 

therefore dii v.dnv = LD/AL = k. 




Fig. 15. 

The similarity of the triangles AQL, LDQ' shows that 

AQ/AL = DQ'ILQ'i 

and since {g 10) AQ = ADmu., DQ'^ADeav, 

therefore, as in (57), § 5T, 

sntt=cni!/dm) or cdv, when u=v+K. 

Agam, since DQ'/DL=^AQjLQ, 

1, . DL snu (c'sntt 

thererore en v = -r-p t— == -3 > 

jli, dn-it an -it 

aa in (58), 57, when v^u — K, 
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Conversely, if the straight line QiQ', passing through L, 
moves into the adjacent position qL(^, then 

u<lQ _Q^_ /-giY_ veIocity of Q 
5'Q'"iQ'~V-Eff'~velocity of Q'' 
if Q and Q' move under gravity, or diluted gravity, on the 
circle GQ with velocity due to the level of E ; so that QLQ' 
will continue to pass through L, and will divide the circle GQ 
into two parts described in the same time \T (§ 28). 

If in fig. 13 we denote the radius of the circle c'L' by r, then 
cosy = r/(-H + fi), 
y or amw denoting the angle ADQ^; while, from § 120, 
1— Ay c . R—c 

i + Ay=ff "' ^■> = Ti + i' 



andttenc "' = ( J; + ,y ^ ,., « =(R + cf-r' 

Again, if Dq is drawn from D to touch the circle cT, and 
the angle ADq is denoted by y' or am^^l', then 
, r cos Y , en ic 

' K — G Ay dn^y 

sothafc(g57)«)+ii^ = -Br. 

125. Poristic Triangles. 

(iii.) When w^^K or ^K, triangles Q^Q^Qa can be inscribed 
in the circle CQ and circumscribed to the circle cT, while at the 
same time triangles PjP^Pg (or hexagons) can he inscribed in 
the circle OP and escribed to the circle oR (fig. 16). 

The well known relations of Trigonometry 
c2 = ijs _ 2Rr, or a' = -fi^ 2Rt', 
where Oc = g, Oo = a, oT=r, oR^t', are now easily deduced. 

We may write these relations, more symmetrically. 

In fig. 16, ADQ^ = y=a.m,lK, ADQ^ = y=s.m\K ; 
and since cQg bisects the angle J^sQ^A, which is equal to y, 
therefore DcQ^ = l{Tv — y); and DcQ^ = I)Qf, or BQ^ = Dc. 

Similarly AQ,=Ac; so that 

AQ^+DQ^^AD. 

Therefore siny'+cosy = l, 

or sn^i^+enl.K'^l, 

"^•^ R^G^R+c^ ^^ 
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125 



We shall employ this suffix notation for the points N, P, Q 
to signify points corresponding to aliquot parts of K. 

Corresponding to w — ^K, the circle oR becomes the circle 
through B, JVs, B' ; and now P^AP, is a triangle escribed to 
this circle, and inscribed in the circle OP. 

For w—^K, the circle oR becomes the circle through 
B, ]f^, B' ; and now we shall find that hexagons can be 
escribed to this circle, and inscribed in the circle OP. 




Fig. 16. 

The tangents at Pj, P^ touch the circle BNJB', and the 

tangents at Pi, P. touch the circle BNiR; while AP^, AP^ 



are the common tangents of the circles BNiB", BNsB'. 

Denoting the sides of the triangle Q1Q2Q3 by q^, q^, q^, then 

But 1*1, Ug, Ug denoting the value of u corresponding to the 
points Q^, Q^, Qj, and d^, d^, d^ denoting the corresponding 
values of dii it, then (g 120) 

so that iJ,±^fh+m,±dA^^, 

a constant, a relation connecting d^, d^, d^, when 
U^ — % = Ug — Kg = %K. 
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126. Poristic Quadrilaterals, 

(iv.) Wlien ■w=^K, quadrilaterals Q1Q2Q3Q4 can be inscribed 
in the circle CQ which are circumscribed to the circle cT, and 
now the corresponding relation is found to be 

while T.^^, T^^ intersect at right angles in L, being the 
bisectors of the angles between Q^LQ^ Q^LQ^ (fig. 17). 

This relation is proved immediately by taking the quadri- 
lateral in the position AQ^DJi^ ; and now y = y'=am ^^K, 

80 that squaring and adding leads to the desired relation. 

As in (ii.), quadrilaterals can be escribed to the circle BLR, 
which are inscribed in the circle OP, since Ni coincides with L. 

But the circles BN.B' and BN^' are related to the circle 
OP with regard to poristic octagons ; and the common 
tangents of these circles are easily recognised at the points 

Conversely, starting with the circle cT and the internal 
point L, and drawing T-JjT^, T^LT^ through X at right angles 
to each other, the tangents to the circle cT at T-^, T^, T^, T^ 
will form a quadrilateral Q1Q2Q3Q4 which is inscribed in a 
circle CQ, the diagonals QjQg, Q^Q^ pacing through L, and 
being equally inclined to T^T^ and y^f^. 

I£ Q-iC, Q2O, QgC, Q^c are produced to meet the circle CQ again 
in q^ q^, 3g, g^, then q^q^ and q^q^ are diameters of the circle 
CQ; for Q^q^ bisects the angle Q^QiQ^, so that the arc 
Qg5j=^arc qiQ^, and similarly the arc Q^q^ — a.rc q^Q^, so that the 
are SiQ^^s^^^*^ 9iQ&' ^^^ each is therefore a semi-circle. 

It follows, from elementary geometrical considerations, that 

or T^T^-^T^I'^ = T^r^+l\'i\^ = ^'r^; 

, 11111 

"■""^ w^^'^-cQ^-^cQr'''''' 

so that cq^^ + cq^ = eg/ -Vcq^^ip- c^yr\ 
leading to 2 (R^ + c*) = (S? - e^jr^ 

or, as before, (^£-J +(£-f = l. 
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Denoting by u-y, Ug, Uj, it^ the values of v, at Q■^, Q^, Q^, Q^, 
80 that v^ — u^ = u^—v,g = v,s~u.^ = lK; 

and denoting by d^, d^, d^ d^ the corresponding values of dn u, 
then(g57) d^d^ = d^d^=^K' ; 

and (g 1 20) LQ = 2Z(1 - /c^in li, 

so that Qia3 = 2^(l-K')('^+^). QaQ4=2;(l-/)(cZ,c;j; 

while Qi(22 = 2^/(cf)K+c;3), etc. 




Fig. 17. 
Now byja property of the circle (Euclid VI. D) 

so that P(l-Ky{d,+d,X'i,+d,) 

= (!i{((J,+<J,X<i,+<i,)+V), 
or {d^ + d^Xds+dJ is constant, and = 2^k'(1 + ')>« 
the value obtained by putting u^ — 0, when 

u,-}*:, u,-ir, %-|^; 
andd, =^3=^/, d^ = K, d^='\-. 
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'^'"'" (<'"'+34)(*"'.+j4)-'-^''''+''>' 
when u^ — u^~^K. 






nu+cnwdnw 
<in%+K 



dn%+K' 

127. Poristic Pentagons, etc. 

(v.) When v=-|^, or -Iff", the poristic polygons are pentagons 
(Ijg. IS), and the relation to be satisfied is of the form 

l + p + g-ip + qf-(p + q)(p~qf = 0, 
or (p_g)2=p + 5_i_i/(p + ^), 

where p and g arc used to denote rjiR — c) and rj(R + c). 

We notice that the relation for pentagons leads to a cubic 
equation, when two of the three quantities R, r, c are given ; 
but the equation reduces to a quadratic when c = or the circles 
are concentric, the case considered by Euclid. 

The reader is referred to the articles of Cayley {PhU. Mag., 
Series IV., Vol. 7, and Collected Works) and to Halphen's 
FoTictions ElliptiqiuiS, t, II., chap. S., for the proof of this 
relation and the similar relations for other polygons. 

We shall find that Halphen's a and y (t. II., p. 37-5) are con- 
nected with our R, r, e, k, and w by the relations 

a = fc^ = 775 TT 5, 7 = dn^ = Ur — ; 

{R + cf—r^ ' \R + cJ 

and thence Halphen's x and y can be formed. 

By the use of Legendre's Table IX. for F{<p, k) (F. K, t. II.) 
we are able to construct geometrically, to any required degree 
of accuracy, figures of circles related to each other for poristic 
polygons of any given number n of sides. 

Having selected an arbitrary modulus k or modular angle 
^o, WG lookout the value of K, and then determine, hy pro- 
portional parts, the value of tp in degrees corresponding to an 
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amplitude of Kjii, IKjn, ...; and these values of will mark 
Dhe position of the points Q^, Qg, .... 

Thus, in drawing figs. 13, 14, 16, IT, we have selected 

K=sin 60°, when K— 2'lo65; and in drawing fig. 16 foT porisiic 

triangles, we find, from Legendre's Tahle IX., 

am^ir=c.m. of 38''49', am|^=c.in. o 




Fig. 18. 

These angles enahlo us also to set out figs. 13 and 14, where 

the circles are drawn so related as to admit of poristic hexagons. 

In drawing figs, 15 and 17, Landen'a point L is sufficient to 

complete the diagram ; also to double the number of sides of 

a polygon of an odd number of sides. 

In fig. 18, K has been taken as sin 75°, as in figs. 1, 2, 3 ; and 
now £"=2'76806 ; and from Legendre's Table IX., 

am^^=c.m. of 30°18', am4ir=c.m. of 70°20', 
by means of which the figures can be drawn. 

Fig, 19 shows poristic heptagons, to the same modular angle 
of 75°, laid out by means of the relations 

0i=am4-^=c.m. of 22''8', ^g=am^.^=c.m. of 56°49', 
^5 = amf/f=c.ra. of 77'6'. 
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Fig. 19. 
128. The poristic relation between the quantities H, r, c 
lias been obtained by placing the polygon in a symmetrical 
position ; bnt another method is employed by Wolstenholme 
{Proceedings London Math. Society, vol. VIII., p. 136; also 
by Halphen, F.^., II., chap, X.), where the polygon on the circle 
OP is considered in its limiting form, when passing through 
one or both o£ the common points B and B'. 

Thus with triangles, the tangent to the circle oR at B must 
meet the circle OP again at a point Pi, the point of contact of 
a common tangent of the two circles P and R, the degenerate 
triangle being BPP. 

For quadrilaterals, the tangents to Ji at £, B' must meet at 
A on the circle P, BAGAB being the degenerate quadrilateral. 

For pentagons we obtain the degenerate form BP,P,P',P,B, 
where BPj. is the tangent at B to oR, the circle through 
B, N-i, B', and Px is the point of contact of a common tangent 
of the circles OP and oR (fig. 18). 

For hexagons (fig. 16) the limiting form is BP^P^B'P^P^B, 
where BP,, P^B' are tangents at B, B' to the circle through 



B, ffi, B' : and so o 
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129. , Geometrical Applications of Elliptic Functions to 



Taking the fundamental formulas of Spherical Trigonometry 

cosc = co3ct cosS + sinasinbcos C, 

ain A sin B sin C 

=-; — ^— -, — =Kr, suppose L 

sm a am b tunc 

then cos G^J(l~ K^in^c) = Ac, 

90 that cosc^cosacosfo+siiiftsin&Ae, 

a formula like that of g 119, with a, h, c for ^, V'- y > so that if, 

keeping 0, c, and therefore k constant, we vary a and h, then 

cosS. da+co8A .dfe = 0, 

or da/Aa — dh/Ah = ; 

and, conversely, the integral of this differential relation is the 

formula above. 

(Lagrange, Th^orie des fonctions, p. 85, ^ 81, 82 ; 

Legendre, Fonctiow elUptiques, 1. 1., p. 20,) 

If, in Jacobi's notation, we put 

a — a,m(ii, k), b=&m(v, k), o = am(w, k), 

then the differential relation becomes 

du~dv=0, 

so that w — w = a constant — w, 

since « — c, or it == iv, when b — and v = 0. 

Supposing K is less than unity, and the angle G is acute, then 

oC, and of the other angles, one. A, must be obtuse, and the 

other, B, acute. 

But by changing to the colunar triangle on the side BG, we 

may convert the triangle ABO into one in which all three 

angles areobtuse ; and in such a triangle we may put 

a = am«, t^Tr — amv=am(2^— w), c = 2itii(2K—w); 

so that if the triangle ABC has three obtuse angles, we may put 

« = am'Wj, 6 = amWg, c=amtt3, 

where u-^ + u^+iL^ — ii+iK—v+^K—w^^iK; 

and now 

COS .4 = — dn lip cosiJ= — dn-Wg, cos(7= — dnitj, 

80 that, by § 29, we may write 

.d=7r~am(K«i, 1/k), B=7r— am(/cU2, 1/k), (7=7r — am(K:it3, 1/k), 

where k is less than unity. 
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For instance, if ABC is the spherical triangle formed by three 
summits of a regular tetrahedron, 

A= B = C = %v, 
and cos a, = coa h = cos c= — \, 

sin a = sin 6 = sin c = 3 x/2, 

'^ sin a 4^2 8 ' "^ - g , ^i^K ^^ , 
while i(^ = 1*2 = Uj = 4-K', 

so that cn|.ff=-i, 9n4^=§^2, dn|Z=^. 

When K = 0, ^= Jtt, and the triangle ^BC is coincident with 
a great circle ; and now 

a — u-^, h = U2, e = u^, and a+6 + e = 27r; 
while cosJ. = cos£ = cos(7=— 1, J. = if = 0=7r. 

When K = l, K—<xi; and therefore of u-^, u^, %, two of them, 
say % and w^. ^"^^ infinite ; so that 

co5a = sechu^ = 0, or a= Jx ; and similarly h — ^iv; 
the triangle ABG now has two q^uadrantai sides and therefore 
two right angles, the third side e and angle G being equal, and 
taken greater than a right angle. 

130. For values of k which would be greater than unity, we 
change the notation by considering the polar triangle; and now 
if ABO is such a polar triangle, having three acute sides, instead 
of three obtuse angles, we put 

Bin« _sinfc _sinc _ 
'^^KA'^^B'"^^""'' 
and A=&Tav-^, B~a.mv^, 0=8.mv^, 

where v-^ = '2,K—u^, v^='2K—u-^, v^'='2,K--Us, 

so th at Vj^+V2+v^= 2K. 

Now sin a = K sn v^, sin fc = k sn ^ji sin c = k sn w^j ; 
cos « = dn Vj^, cos 6 = dn v^, cos c— dn ^i^ ; 
so that a = am(An'i, I/k), 6 = am(K% lA). c = a.m{K?j^ 1/k), 
The fundamental formula 

cos c = cos (t cos 6 + sin a sin 6 cos c 
now leads to the formula of § 121, 

dn Wg=dn v^dn v^+k^ti VjSq v^ en v^, 
or dn('Uj 4- v^) = dn Vjdn v^ — K^sn v^sn V2cn(Vi + v^). 

In the degenerate case of jir = 0, £"= Jtt, and 
Vi+v^+Vs^TT, or^+B+(7=7r:. 
and now tt = 0, J> = 0, c = 0, so that the spherical triangle is 
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indefinitely small, and may be considered a plane triangle ; 
and we can thus deduce the formulas of Plane Trigonometry. 

131. A spherical triangle thus falls into one of two Classes, 
I. or II. ; in Class I. the triangle, or a colunar triangle, has 
three ohtuse angles ; in Class II. the triangle, or a colunar 
triangle, has three acute sides ; the quadrantal triangle falling 
into Class I., and the right-angled triangle into Class II. 
In Class I. we put 

sin J. _ sin S_ sin G _ 
sintt sin 6 ainu ' 
and then k is less than unity ; and we put 

0=am%, S^amitg, c = aw.u^, 
where u-^+u^+u^^iK, 

and then 

J. = -n- — am(Ki(.i, 1/k), B — tt — s.m{KU2, 1/k), C^tt — am{jirHy, l/Vj, 
In Class II. we put 

aina _ sinb _ sin c _ 
sin J,~ainS~"siL t? 
and then k is less than unity ; and we put 

J. = amVp if^amvgi C=tLraVg, 
■where v^^+v^+v^ = 2K, 

and then a = am(«Vi, IJk), h — a,m(KV^ 1/k), c = am(KVg, 1/*?). 

When this triangle of Class II. is the polar of the triangle 
in Class I, u^+v-f^ — 'w^-{-'V^ = u^+v^ = 2K. 

The change from one Class to the other affords an illustration 
of the change from one modulus to the reciprocal modulus (g 29). 
The spherical triangles employed originally by Lagrange 
and Logendre fall into Class I.; and a full discussion of the 
connexion between Elliptic Functions and Spherical Trigono- 
metry will be found in the Quarterly Journal of Matkeinatics, 
vols. 17, 18, 19, in articles by Glaisher and Woolsey Johnson. 

But it is preferable in some respects to work with the 
spherical triangles of Class II., as growing out on the sphere 
more naturally from the infinitesimal plane . triangle ; so it is 
proposed to develop here the relations with Elliptic Functions 
by means of a typical triangle of Class II., having three acute 
sides, and to refer to the articles of Glaisher and Woolsey 
Johnson for the corresponding relations of Class I. 
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132. Wiitiiig Cj, Sj, d^ for cnv^, snv-^, dnv^, etc. ; then with 

we may put, in Class II., 

jl = amw-^, S^amvj, C—amVf^; 
so that cosA = Cj, 8in.A=s^, etc.; 

and now siua = Kainji = A:Sj, coBa — d-^, etc. 

From the fundamental formulas 

cos c = cos a cos h + sin a sin & cos C, 
-cos(7=eos.iicoa£ — sinJ.sin5cos(!, 
we obtain dg = djd2+K'Sj8^Cg, 

— Og = CjCg — s^Sgdg, 
where d^=Anv^=da(Vi+v^, c^ — ctiv^=—cj\(v^ + v^. 

Again, from these two formulas of spherical trigonometry, 
—cos C=cosJ. cosS— sin ji3in5(cosfflcosb+sinasin&eosC)j 



— cosG=- 



mA cosB— sin J. sin Sees (I Cos & 

1 — sin A sin B sin a sin b ' 

ii, I / , \ o.c„—s,sAd^ 

so that — c, — cn(i', +i;o) = \'" - ( 1 ^ . 

r,. „ , cosacosii — sinasinbeosjl cos£ 

bunilariY, coso= = : — t—. — t,- ■ - — -■ — f- — -> 

•' 1 — sin j1 8ini(sinasino 

1 1- i. 1 3 I , \ d^d^ — k\s„C.C« 

leading to d.,^ an{v-,+v^) =-^-^ — „ ■■ % -„ ■■ ■■ ■ 

& 3 \ 1 ■ 2/ 1— kSiS^" 

Aa a specimen of Class II., take the spherical triangle formed 
hy three adjacent summits of a regular icoaahedron ; then 
A = B = G^i7r; 
_cosG+cosAcosB_ cosO _ 1 
~ sin J, sin £ 1 — cos C ^5' 

80 that Ar = aine/sinC=4^(10 — 2^5); 

and then Vj^ = V2 = i\ = §-ff^, 

so that cn§ff=coa(7=Kv'5-l)> 

dn IK= cos = T-J^- 
1S3. To prove that in a triangle of Class II. we ohtain the 
differential relation 

cos;>.(^^+cosb.(i5 = 0, or cU/A^ + c;B/AJ5=0, 
when we change A and B, keeping e and C constant, dis- 
place the triangle ABC into the consecutive position ABG\ 
keeping the points A, B fixed and the angle AG'B unchanged 
in magnitude (fig. 20). 
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Then, if OA and OB produced on the sphere meet the great 

circle of which G is the polo in P and Q, the arc PQ = G ; and 

if C'A and G'B produced meet this great circle in P' and Q', 

the arc P'Q' is ultimately equal to the arc PQ, or 

lt(PPIQQ') = J. 




since 
With A 



Fig. 20. Fig. 21. 

But PAP^-dA, QBQ'^dB; while ultimately 

PP'= —smAP.dA = —cos 6 .dA, QQ'^coBa.dB; 
10 that Gosb . dA + COB a . dB ^ 0, 

)r dAi^A + dB|AB = 0, 

sma — KSiinA, cosa=A-4. 
S = am «g, this becomes 
dv^ + dv^ = 0, 
so that i!j+ii2= constant = 2/^—11^, where C—Bxav^; 
since £+C='7r, ot v^+v^'^2K, when A = 0,v^ = 0. 

Conversely, this differential relation, interpreted with respect 
to the triangle ABG, of which the side AB is fixed, expresses 
the constancy of the opposite angle G. 

134. If, as is customary, we deduce the differential relation 
coaB .da+cosA .db = (i, or daj^a+dbl ^h = Q, 
from a spherical triangle ABC of Class I., in which 

sinjl = Ksina, nosA^Aa, 
we keep the angle fixed, and displace the side AB into its 
consecutive position A'R, without change of length, through 
an infinitesimal angle 6 about the centre of instantaneous 
rotation /, the point of intersection of the arcs AI, BI, drawn 
perpendicular to CA, CB respectively (fig. 21). 

db ^ , AA' _ sin/j4_ sm IBH _ cosS 
da~ ~ 'BB" ~^IB~ "sinlAH' "'^i^^' 



Then 
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135. To obtain immediately the addition formulas (1), (2), 
(3) of g 116 for the elliptic functions, Mr. Kummell draws the 
arc GD perpendicular to AB (fig. 20), and denotes the perpendi- 
cular CD by p, the segments BCD, ACD of the angle by 
F, G, and the segments BD, DA of the base C by /, ^ ; so that 
F^G = CJ^g=c. 

(Kummell, Analyst, vol. V., 1878.) 
Now, from the right-angled spherical triangles AGD, BCD, 
cos (? = sin ^ cos ft/cos p, 9in(? = cos jl/cosp; 
cos 1"= sin B cos a/cos p, sin F— cos £/cos p ; 
or with sin .4=8^, cos.4=Cp sina^KS, cosa = (i^, etc., 
and writing M for cos p, 

cosG = s^dJM, sinG^cJM; 
cosF=s^M. smF=cJM. 
Also sin p = sin jl sin 6 = sin a sin JS = k8-^s^, 

so that M^=COa^p = 1 — k\^s^, 

a quantity which we have found it convenient to denote by D. 

Now, cosC=eosi''co,s(? — sinf sin G, 

or Cg = (sj^SjcJjdg — CjC^jD, 

or cn('y^ + « J = - en w^ = (c^c^ - SjS^d^d^)/D, 

formula (2). 

Again, sin G=am(F-i- G) 

^sinJ'cosG'-l-cos/sinG, 
or s.^={siC^d^+8^Cjd^)jD, 

where Sg=sni!3=8n(t.'^-|-'i'2), as in formula (1). 

Changing the sign of v^, 

sn(v^-v^)=sm{F-G), 
or F— G = &m{Vj^—v^), 

while F+G = BmVs^s.m{2K-'t\ — v^) 

— TT— am(tJ;^+i!g), 
so that F=)sv--iMa(Vi+v^ + ^a,m(Vj^—v^), 

Thus, for instance, 
tan j I am(ii^ + iig) + 1 am(i;i — Vg) } = cot (? = tan J, cos 6 = ^idjcj^, 
tan { J am(^lJ + Vg) — ^ am('!!^ — ■y^) } = cot J^= tan £ cos a = s^j/Cy 

Again, from the right-angled spherical triangles BCD, AGD, 

cos /= cos a/cos p — dJM, sin /= sin « cos B/coBp — kSj^cJM ; 

cos g ~ cos &/cos p = d,JM, sin jf = sin 6 cos ^/coa p = ks^cJM; 
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and therefore 

i3n(i;^ + 1"^) = dn Vg = cos c = co9(/+ g) 
= cos/cos g — smfam g 

as before, in (3), g 116. 

Also sin{/+,9) = KSii(Vj + !Ja), sin(/— p)=A:an(y^— ^'g); 
whence/ and g'. can be found as functions oivj^+v^ and Wj — Vg. 
136. The formula employed by Morgan Jenkins in the 
Messengers of Mathematics, vol. SVII., p. 30, as fundamental 
in Spherical Trigonometry, is 

sin(^ + -B) , sinC 

COB b + cos a 1 + cos c' 

and this now leads to 

~ d^+d^ 1+^3 
or, in the Legendrian form 

sm(A+B) ^ sinC 
AB+AA l+AC 
a formula already obtained from pendulum motion in § 120. 
Then the formula 

d^ — d^ 1 — f^a' 

8in(^-.g) _ sinP 

AB-AA 1-Atr 

sinM— £1 sin<7 ,o. 

»ives — i '- = — («) 

cos 6 — cos a 1 — cose 

The formulas of § 120, in the form 

Sid^+8^_ Sj Sjdg^ — s^d-^_ Sg 

lead to the relations 

8in{a+?)) _ sine - , 

cosB+coaA^l-cosC ^"^ 

sin(a— 6) _ sine -,. 

cosB— eosA l + eosC 

and fcom these four formulas of Spherical Trigonometry Mr. 
Morgan Jenkins deduces the analogies of Kapier, Delambre, 
and Gauss. 
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137. Write, as before, in g 135, 
ji=am«., B=a,mv, 
J'= Jt — I am(tt4- v)-f I s.m(u — v), 

Then, since 

smiF + (?) + sin(^- tf) = 2 sin ^cos G, 
therefore, writing Cj^, s^, dj_ for cnu, sn'«,.dnit, and c^, s^, cJ^ for 
en V, sn i;, dn v, and D for cos^ or 1 — k^^^s^^, 

sn('U + *')+ sn(w-ti) = 28iCa(i2/^; (1) 

eoa(F-G)-eos{F+G) = 2smFsmG, 

cd(u-v)+ cn(u + ■!?) = 2 c^Cg/J); (2) 

cos(/-^)+ cos(/+5f) = 2cos/co3ff, 

dn(tt-v)+ dn(« + •(') = 2 di^s/i); (3) 

aiQ(F + G}~am{F-~G) = '2eoaF8m G, 

sn('MH-i;)-- sm(u.— t>) = 283Cj(yi); ■ (4) 

cos{F- 6)+cmiF+ (?) = 2 cos J?" cos G, 

Gn(v-—v) — cn(i!. + v) = 2 s^d^s^djl) ; (5) 

00B(/-5)- cos{/+s)-2sm/sms, 

dn(«-»)- dn(»+») = 2«%,(!,»,C!/-D; (6) 

sm(J'+ SJBiKf- S) = sirfi?- sirfO, 

Again, since 

l + sin(/+.<,)8in(/-j) = cosV + »in'/. 
and sin(/+(7)=(cEn(ji + v), sin(/— 3) = KBn(u — ?;), 

l + K^nlw + v) sn(M— ij) = (d2^ + K%^^c/)/i); (8) 

1 + sin{ !■ + (J) sin( J?- (3) = sin'J + coB»e, 

1+ gn(u + v) tin(y,—v)'={c^-vs^d^)ID; (9) 

l-cos(P+ e)cos(^-e) = Bin2e + sin=ii', 

1-f en(u + v) cn(w— y) = (Ci^ + c/)/Zt; (10) 

1+ COs(/4-j7) C0b(/— 3) = C0B^/C0B^^, 

1+ dii(» + ») iii{ti,-v) = (d^' + df)ID; (11) 

1- 8in(/+<,) Bin(/-lr)-C08y+Bin's), 

l-An(i4 + ») Bn(« -») = ((*,= + «%,%,■)/!); (12) 

1 - 810(1"+ (?)Bin(F- (?) = Bin2(? + cos^f , 

1- sn(ti + «) sn(u-i.) = ((!,' + i,W,')/D; (IS) 

1 + 008(1"+ e)8in(F- (?) = oos"(? + cob'I", 

1- on(u + ii) cn(tt-«)=.(8,"(i,' + Ss"(ifl/-B; (14,) 

1- coB(/+g) cos(/-sf) = siny+sin''^, 

1- dc(u + v) dn(u-v) = K^(s^V + 82V)/^; -(iS) 
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{1 ± sm(P+ G)}{1 ±sin(f - fi)} = (sia F+coe Sf, 

{1± sn(» + «)Hl± sii(u-»)) = (c,±»#/.B; (1«) 

{l±8m(P+e)}{l+sm(f-e)} = (sinG±cosJ')», 

{1± sn(» + i.)}llT Bn(»-»)} = (c,±s,i,)=/D; (17) 

{1± sii,(/+j,)){l± 8m(/-j,))=(oosj,±sm/)', 

(l±,c8ii{» + „)){l±«Bn(«-«)} = ((4±««,(!,)'/D; (18) 

{1± sm(/+£i)){lT s{n(f-g)} = (ca,f±amg)', 

(l±«Bn(ii + tJ)){l+/can(t»-t>)}=(<J,±«8,c,)7i); (19) 

{l+oi>t{F+B)}il±aa(F-a}} = lsmF±smOf, 

{1± cn(u + ,.)Hl± oii(»-»)}-(c,±c,)VZ): (20) 

{l±oos(F+e)l(l + cos(y-e)) = (cos(J+cosJ')», 

{1+ m(u + v)}{l± cii(»-t))) = (sA+«A>'/.0; (21) 

|1± cos(/+<,)){l± eos(/-a)} = (cos/±cm9)>, 

{l± dn(i. + a,)}{l± dn(ti-i,)} = (ci,±S,)VJ); (22) 

{1± cos(/+gf)l{l+ cm{f-g)] = {BiafTsiag)\ 

{1± dii(» + o)){l+ dn(«-t.))=.«'(»,c,q:SjO,)'/D; (28) 

iim(F+ e)cos(]i'- e) = sm ffoos (? + siii Foos J?, 

sn(ii + t)) cn(w— i;)=(Siq«^2 + ^a<^A)/-^; (2*) 

- sin(F- G)cos(F + (?) = sin G cos (? - sin F cos i^, 

sii(ii-t)) on(a + «) = («,c,ii!j-sft(ij)/B; (26) 

siii(/+^) coa(/— ^) = sin/cos /+ sin ^ cos ^, 

8n(« + ii) dn(«-u) = («Ac, + »AcJ/D ; (26) 

sin(/-i;) cos(/+5) = sin/cos/-sinpcos3, 

sn(ti-«) dii(« + ») = (»jti,<!!-«!^>»i/.D; (27) 

-cos(l'+(r)cos(/-j?)={cosjlcosB-sin^sinSeos(/+jr)}cos(/-j?), 

en(n + v) dn(w- d) = {G^c^^d^-K\3^)!D ; (2S) 

cos(Ji'-{?)cos(/+(/)=cos(.F-(?){cosac03& + sinasin(>eos(F+G)}, 

cn(»-«) dn(ii+«) = (<!,«A<i! + «''Vi)/i'; (29) 

sin2(? = 2sinffcosff, 

sin{am(tt + v) + am(it— i))}=2s^c^(i2/i); (30) 

sin2r=2sinFc08J', 

sin{am(T4 + v)-ani(li-?!)}=2s,iCad|/i); (31) 

-co82e-siil«S-cos'e, 

cos{ani(it ^v) + am(u — v)] = {c^—s^d^)lD ; (32) 

- cos 2^*= sin^i^— cos^y, 

iias{&m{%-i-v)-sm{u-v))^{c^~s^d^jL; (33) 

the iihirty-three formulas of JaeoU, given in bis Fwfidmp.enta 
Nova, 18, and reproduced in Cayley's J'Uliptic FwnJitions. 
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Similarly any otlier formula in Spherical Trigonomntry is 
converted into a form of the Addition Theorem of the Elliptic 
Functions, and conversely; by writing Cp s^ for coajl, sin A, 
and (^, kSj for cos a, sin a, etc., with 

Vj+v^+Vs = 2.K. 

Thus the six four-part formulas, of which 

cot o sin c = cot A sin S + eos c cos B 
is the type, obtained by eliminating cos b between (a) and (/3), 
lead to Sg(^ = S2<'i +3102(^3, 

with five other similar relations. 

By means of these and the preceding relations we can prove 
the following examples on the formulas of Elliptic Functions. 

Examples. 

1. Prove that, i( u+v + vj+x^O, 

,.-. CDitdn'D — dnucn^cnuidna:— dnwcn3; _^, 

sn It — sn V sn m; — sn ic 

(ii.) k'^ — kV^su u sn V sn W sn !K + /r^cn •», cn v cn W en ^ 
— dn w dn iJ dn w diL a; = 0. 

2. Prove that 

... , , , , , . 2K%n u en w dn -u 
(i.) ns(it-i') + sn(u+'i;) = — j— s -r—. 

(ii.) l-K%nXu.+v)sn\v,-v)^(l-Khn*u){l~^iiR^v)ID^i 
(iii.) K^sn{u+v)sii('u. — v)sn{u+'w)3D{u—w') 

^ (1 - Khnhi)a -K«sn^t> eri\v) ^ ^ , 
(1 — K^sn^u sn^)(l — K^an% sn^ic) ' 
. , l-i^cd^{u + v)cd%u~v) _ ^/ l-K'sn%.sn\> Y 
'■^^'■' l-K^sn\u+v)3Ji%u~v)~'' V'^-l-K^cn^cnW" 
l-anu _ cnmv,+K)dnH(u+K) _ 
**■ ^■-' 1+snw Khamv,+K) 

,.., 1 — fc'dnu+Anu - ,,/ , t^, 
^ l+Kam!.+«rsntt 
4. Prove that 

- j_ {l±K&-n?l{vj+v)}{\+Ksa^Uv^--v)} 

1 — K^sn'' l(u+ vpn'' l{u — v) 
and hence prove that the expression 

l—Ksnxsny l+nrsussnif; 
l-|-/csna;sni/ 1— Ksnasuw; 
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FOR ELLIPTIC FUNCTIONS. I41 

s unaltered when for x, y, s, w we substitute respectively 
Kai+iz + s+w), \{x+y~z-w), lix-y+z-w), 
lix-y-z+w). 

5. Prove that, if tanli j1 = k sn^a, i&ah.B=Ksr^^, 

tanh{^-i?) = /csn(a + ^)sn(a~/3). 
Deduce Jacobi's relations, 
8ii(^+v)sn(/3-y)+sn(y+«)sn(y-a) + sii(a+^)sn(a-^) 

+K^sn(^+y)sn(y+a)sii(a+/3)sn(/3-y)sri(y-a)sii(tt-^)=0; 
or 

l-K5n(/3+y)sn(/3-y) _ 1-^sn(y+a>n(y -a) ^ I-« 5p(a-.^)sn(a-^) 
l+KSnO+y)snO"y) l + KSJi(y+«}3n(y-a) l+-ffSn(a+/3)sn(a-/3) 
or =1 i 

l-K9n((-a;)sn(i/-!:) l-Ksn(i-y)8n(s:-a!) l-Ksn((-s:)sn(ic-i/) 
l+Ksn(i-iE)sn(y-s) l+K9,n{t-'y)sn{z-x) l+Ksn{t-z)%a{x-y) 
or =1 i 

l-Kanw-sniJ l+ycsn(«.+'Ui)3n('U+'U!) l-icsn(tt+t!+«?)sn«!_ 
1+Ksn«.anv l-Ksn(it+w;)sn(D+w) l+KSD(it.+i;+w}sii w 

(Glaiaher, Q. J. J^., vol. XIX., p. 22.) 

6. Prove that the tangents at tho points on an ellipse of 
exeentrieity e whose excentric angles are 

= Jtt — am('M,, e), i/r=^7r — am(w, e), 
will meet on a confocal ellipse when ni—v is constant, and on 
a confocal hyperbola when u+v is constant. 
Hence show that the general integral of 

d<!>ls/(X — e^ain^0) — d\!/-/^{l - c^smh[f) = 
may be written 

^^sin2J(0+^)+-^a— cos2K^+V') = cos2^(^-i/,); 

and convert this into the form 

cosy = cos0cos-i^+siu08ini^^(l — e^in^y), 

proving that tan2|y=^^±^ 

a {0 +A) 

7. Prove that the straight line joining the points 

ccn{ti+v), c&n(u+v) and ccn('M;— ij), chii(w—v), 
on a given circle of radius c, will touch an ellipse whose aemi- 
axea are csnf^— •;;), ceni;, when 10 is constant and v is 
variable ; and determine the envelope when it is variable and 
V is constant. 
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CHAPTER V. 

THE ALGEBKAICAL FORM OF THE ADDITION 
THEOREM. 

138. The firat demonstration of the existence of an Addition 
Theorem for Elliptic Functions is due to Euler 
{Acta Petropolitana, 17 Ql; InstituUones Calculi Integralis), 
■who showed that the differential relation 

connecting X — a,y^ + 4?)ai^+ Sar^ + 4(Jb+ e, 

or (ct, &, c, d, e)(3;, 1)*, 

the most general quartic function of a variable x, and F the 
same function of another variable y, leads to an algebraical 
relation between % and y, X and Y. 
This algebraical relation is 

\ X — y J 

where C is the arbitrary constant of integration ; and this 
relation when rationalized leads to a symmetrical quadri- 
quadric function of iK and y, of the form (| 148) 

o0t + ^^xyix + y) + y{^ + ^xy + y^) + 2^(c + ;/) + e = 0, 
or (aicH2^c+y)2/H2O3;H273!+% + yic^+2&+e=0, 
or (a;/H2^;/+yK+2(,32/H277/ + ^)x+y;/H2^;/ + e = 0. 

(Cayleyj MU^tic Fund/ions, chap. SIV.) 
With ft = and h~'^,X and F reduce to quadratic functions 
of X and y : and then 

-J_?-~ -J-T^ a constant 
x-y 
is the genera] integral of dxj^X-]-dyl^/Y=Q. 
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ALGEBRAICAL FORM OP ADDITION THEOREM. 143 

139. By writing {lx'+in)/{l'x'-{-'m') for x, which is called a 
linea/r substitution, this symmetrical quadri-quadric function 
becomes unsymmetrical, the five constants a, /3, 7, S, e being 
thereby raised in number to nine ; and then 

dxjjJX becomes changed to {lm' — l'm)dx'j^X', 
where X' = {a, b, c, d, e){tx+m, Vx+m')*. 

The vnvofiants g^ and g^ of the quartic X have been defined 
in § 75, and in g 53 the discriminant A=g^~-^1g3, and the 
absolute invariant J=g^/A; and now, if g^', g^. A', J' denote 
the same invariants of X', we find 

g^={lm.' — I'nCfg^, g^ = (l''ni — ltn'fg^, A.'={lm,' — l'my-^A; 
while the absolute invariants J and J' are equal. 

Conversely, any unsymmetrical quadri-quadric function 
whatever of x and y may be written 
Gix,y) = {ax-'+20x+y)y^ + 2{^'x^ + 2y'x+S')y + y"x^+25"x+e" 

=Ly^ + 2My+N'=0; 
G{x,y)^{ay''-i-2^'y+y"}x'+2{^y^ + 2y'y+S")x + yy^ + Uy + e" 

^Px^-\-'iQx+B = 0; 
L, M, N being quadratic functions of x, and P, Q, R being 
quadratic functions of y. 
Then by differentiation 

{Px+Q)dx+ih+^)<^'y = ; 
and by solution of quadratic equations 

Ly + M=J{M^-LN) = ^X, suppose; 
Px+Q^J(Q^-PR) = ^Y, suppose; 
and thus we are led to the differential relation 

where X and F are quartic functions of X, not necessarily of 
the same form, but having the same g^ and g^. 
A linear transformation, such as thai given by 
y^{hy + Tn)j{l'y'+m,'}, 
can however always be found, which will transform 

dyj^Y into dy'l^r, 
where T' is a quartic having the same coefficients as the quartic 
X; in other words, the quartics X and Fhave the same in- 
variants ; so that we may, without loss of generality, consider 
X and F as of the same form, and therefore drop the accents 
in the expression for G(x, y). 
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144i THE ALGEBRAICAL FOEM 

Now ^X = Ly+M={ax^ + 2^x+y)y+^x^+2yX+S, 
^Y^Px+Q={ay^+2^y + y)x+0y^+2yy+S; 

so that ?!l^^->lZ=axy+^{x+y)+y, 

a form of the integral relation, in which the coefficients a, b, c, 
d, e in X and i^are functions of a, 0, y, S, e, determined by 
oic* + 4&a;* + 6cx^ + 4(^3: + 6 

= (^x^+2yx+Sf-(ax^+2^x+y)(yx^+2Sx+6), 
the Hessian, with changed sign, of {a, /3, y, S, e)(iK, I)* ; and 
a(x+yf+ih{x+y)-^G 

^{axy+l3{x+y)+yY 

^{0^-ay)ix+yf-i^2i^y-aS)(x+y) + y^~ae. 

140. Lagrange proves Euler's Addition Equation as follows: — 
- Put <^/d( = ^X, and therefore %/di= —^F; then 

~ = 2(aa^+Zbx^+Scx+d)^2X^, 

^=2{ayHSby^+^cy+d)^2Y„ 

suppose; so that putting x+y=p, x—y^^q, then 
d/p 



-J^-jy, i = ^^+VF; 



dt ctt 

Both aides of this equation are now integrable, so that 



(i*y.„^+.^+a, 



\ x — y ! 
We notice here that, \iG— il^ja, 

JX-^T _< 4x+yH2b 
x-y Ja 
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OF THE ADDITION THEOREM. 145 

141. In the canonical form considered by Legendre, with 

a: = sn w, dxldii = ^{X—X^ . 1 —i^a?), 

then Z-1-icM-ycV, Y=\-y'' .l-K^f. 

Therefore d^jjX + dyjj F= 0, 

leads to dii+ dv =0, 

or u+ v =constant; 

which, in Clifford's notation, may be written 
sn'^ai+sn""^^ = constant. 

Euler'a Addition Theorem of § 138 now gives 

_ (en u dn u — en y dn f)^ — K^(8n^u — sn^^)^ 

(sn ^ — sn 'vf 
_ / dn ■wcnv — g-g.'wAn v \^ ^ f An(u+v) — (in(u.+v) Y 
V stilt — sni; / I sn('it+i'j f 

by J. J. Thomson's formula of § 121. 

142. But the Addition Theorem (1) for fin{u+v) of | 116, 

, , , snitcnvdnii+sn-iJcnttdnw 

when translated into the inverse function notation, gives 

sn->.+...-y=,.->g^/<l^:.j'^»')+^/ya-°■''■l-_'!g!) 

1 — K^h/^ 
This reduces, for a: = 0, to the trigonometrical formula 
sin-ia;+sin-^3/=sin-i{3;,^(l-/)+3/^(l-a;^)}, 
the integral of dxj ^(^~a?)+dyj^{\—y^)~0 ; 
and for Kr = l, to 

tanli "^!B + tanh " % = famh~^ . 

l-\-xy 

the integral of dxj(\-~x'^)-\-dyl{\ — y'^) = <i. 

Similarly, eq^uations (2) and (3) of§ 116 may be written 

en - la; + en - iw = en - l^— ^3 — . ■ 7 . 'r^ — -- . 

" 1 — K^x^y^ 

dn-.x+d„->,y-dn-- '"'-'"^<'-''';°''-'y-^'-'''-'' '3. 
' •' 1 — Kh?y^ 

We can now see why so little progress was made with the 

Theory of Elliptic Functions, so long as the Elliptic Integrals 

alone were studied, and also why Abel's idea of the inversion. 

of the integral has revolutionised the subject. 
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146 THE ALGEBRAICAL FORM 

143. A alight change of notation in the canonical integral 
(H) of g 38, suggested by Kronecker (Berlin Sitz., July, 188G), 
introduces a further simplification, on writing 

then dxldu=^KSTi(^u/jK)iin{lul^K)dn{^uj^K:), 

with p=K''^-\-K', 

and now u—Jdxl^X, 

with X^x{\-px^-x'^). 

Now 
Kw + u)/^(f = sn - V Wk) + en - ^^{j///c) 

^ gj^-i .ya;^(l-/)^+y') + ^/j/VO-/>a;+a!^) 
\-xy 

144. In Weierstrass'a notation, we take 

X — 4a;* — g^ ~ g^, 
so that, in the general expi-esaion of the quortic X, 
a,=0, 6 = 1, c = 0, d— — i3a, 6= —g^; 
and now Euler's form of the Addition Theorem becomes, with 
z for the arbitrary constant, 

V x — y / 
Now if x = fv,, y — ^v, so that iJX=~f''i},, s/Y~~p''''^ 
then we shall find {§ 147) that z = ^{u+v); so that 

j,(u+^) = i(e^^'^:i^y-^u-p;; (F) 

\J3U — pi/ 

or, in the inverse notation, 

f-^x+f~^y^f-^i^i{^- ^'^ ) -ai-y|. 
Put » + -()= — w, 80 that 

f{li. + V) = f'W, i^'{u + v)=~f'w, 
since (g 51) fvi is an even function, and ^'w an odd function 
of IV ; then, with 

and therefore also, by symmetry, 

^ (-p>-j>w^ (-i,>-j>y 

V tail — 431.0 / * V (PW — rau / 
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OF THE ADDITIOK THEOREM. 147 

Thus jJ V - &'w _ f'w - f'v . _ f'u - f'v ^ 

or {^v — f-w )p'u + ( {Mf — S>tt j&j'i' 4- ( jra. ~ s?u )f''w = 0, 
or (pV — gi'w)s3it +{f'ii> — f'u)fv ■{•{f'u — fp'v)^'w =0, 

, 1, fu, f'll [ 
or I 1, g3V, f'v ; = (G) 

I 1, f'<^, ^'10 I 
Weierstrass thus replaces the three elliptic functions snu, 
cnu, dnu by a single function pu, and its derivative f'u. 

145. Take for example the integral of ex, 8, p. 65, 

JX-^dx, where X^{x-~a){ax^+2bx+c), 

a cubic function of x, having a factor x — a. 

This example shows that we may put 

Xi .,, _ , ac~¥ 

^u = — , with ^"2 = 0, 03 = 



aa^ + '2,ba+c' 



and then 



.ax^+2bx-'rc , ac—b^ 



{x — af aa^ 4- 2fca + c 

(aa^ + 26a+c){ic-a)*' 
Now, if y and z are the values of x corresponding to the 
values V and w of it, and if 

w+v+io=0, QY fX-^dx-k-fy-^dy+fZ-^ds^O, 



then the integral relation (G) of § 144 connecting x, '^ 

{y-s)X^+{s-x)Y^ + {x-y)Zi = .'. (1) 

We notice that the integral relation does not require the 
knowledge of the factor a; — a of X ; so that, writing 

X^Aa^ + SBx^+SGx+II, 
we have, on rationalizing the relation (1), 
3&-2)(«-«)(a!-y)(XFZ)» = (s-2)»Z+(2-x)>F+(«-!/)'Z 

or XYZ=[Axyz+B{yz+sx+xy) + C{x+y+z)+DY- •■■(2) 
(MacMahon, Gomptes Rendus, 1882 ; Q. J. M., XIX, p. 158.) 
Then Xl'r*{(y-z)X*+(z-x)Yi} 

+(x-y){Ax!iz+B(yz+zx+x!/) + a(x+y+z)+D} = 0, 
80 that - XiYHyXi-xTi} + (,x-y){Bxy + C(x+y)+D) 
jiyi( xi- rt)-{x-y)lAxy+B{x+y) + C]' 
equivalent to Allegret's result {Cmjyptes Mend,us, 66). 
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146. We shall find it convenient to replace the constant C 
in Euler's integral relation by 4c+4h, and to consider s as the 
arbitrary constant, the meaning of which is to be interpreted ; 
and then 

Hx-yf • 
where 

F(x, y)'^ax^^+2bxy{x + y) + c{x^+'ixy+y^) + fd{x+'y) + e 
= {ax^ -i-2bx+c)y^+2(h^+2cx-i-d)y i-cx'^+Mx+e 
= (ay^+2hy+cy)^+2{by^-h2cy+d)x+cy^+2dy + e, 
a symmetrical quadri-quadric function of x and y. 

Treating a as a function of the independent variables x and 
y, we shall find 



■/^'£- 



laF ,. IdX ,„ 



_ {af+Sby^+Sey+<l)x+by' + Sey' + Sdy+e ,„ 

, (ax^+Shx^+Scx+d)y + hx^+^cx ^ +^diK-lr0 .„ 
(x-yf ^^ 

and similarly 

But if 3 is taken as constant, then 

i^-ax+-^dy = \i, 
BiB Zy ^ ' 

or dxlJX+dyjJY=^<i, 

so that the differential relation which leads to Eulor's integral 

relation is thus verified. 

147. But now denote 

'^s'-g.s-g^ by 8, 

where g^^ae — 4fid+ 3c^, g^ = ac6-\- 2hcd — ad^ — eb^ — c®, 

so that (§ 75) g2 and gr^ are the quadrivaricmt and cubicvariant 

of the quartic X (Burnside and Panton, Theory of Equations ; 

Salmon, Higher Algebra). 
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OF THE ADDITION THEOREM. 149 

We ahall find, after considerable algebraical reduction, that 

., , 1 dx. 1 dy _ 1 ds 

so mat _^-_ + _^^_„ __, 

and tbe elliptic elements dxfJX and dyj^Ysxei now reduced by 

this substitution to Weieratrass's canonical form dsj^S of § 50. 

Mr. R, Russell points out a concise way of performing tbis 

algebraical reduction, by means of the linear substitution 

t=(TX+'>j)j{r+l') in the quartic {a, h, c, d, e){t, 1)*; 
which then becomes of the form 

XT^ + i{X^y+X^)T^ + QFix, y)r-' + HY^x+ F,)t+ Y, 
or AT^ + iB-T^+GCr^ + iDT+E, suppose. 

If the invariants of this new quartic are denoted by G^, G . 
then G^=i^—yYgi, G^={^—yfGs'! 

and iS=4s^— 3^— 3j 

2{x-yf 
JDJA-BJEf 
{x-y}' 

{x-yf 
148. Rationalizing the integral relation of § 146, 
{^^x-yf-F{x,y)Y=XY, 
or s\x-yf-sF{x, y)~E(x, y)--0, 

■where E(x, y) = {(aG—l>^yy^+{ad—bo)y + l{a& — (?)}a? 

+ {{ad—bc)y^+{^ae+2bd-'^c^)y+be~cd}x 
+ l{ae -c^)yH(be-cd)y+ce-d^; 
or (s2_-^^(a,-3/)^-sjr(a,, y)~M(x, y) = 0, 

where ^(ib, y) = {ac — h^)x^y^ + {ad — bd)xy{x + y) 

^-\iae^1bd~Zc^){x^-\-^xy-Vy^)-\-{be~cd){x-\-y) + {ce-d), 
a symmetrical quadri-quadric function of x and y. 

:49. When x=y, F{x, x)=X, and 
S{x,x) = H{x,x)^(ac~¥)^+2(ad-bc)x^+(ae+2hd-Sa^)x^ 
+ 2{be~cd)x + ce-d\ 
the Eeaaian H of the quartic X. 
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One value of s is now intinite, and the other 

as in g 75 ; for, when x = y, 

'— 2(x-yf -0 

1, {T{x.y)Y-XY -iE(x,y) H 

r 'Kx-yf[nx,v) + JXJY) ' F{x,y) + JXJY X' 
a substitution due originally to Hermite {CrelU, LII., 1856). 
Now, since t — x, when X—0,oi:x — a, 

Jda,IJX= \fiMj-t= \r\ -BjX), 

a denoting a root of the quartie X = ; and here 

_„ {Y^x+Y,)JX-{X^y+X,)JY _ 
{x-vf 

{Y^x+Y,fX-{X,y + X,fY & 

where G is a certain rational integral function of x of the 
siMh degree, called the sextic Govariaiit of the quartie X ; the 
preceding algebra showing that 

T^X'=G^ or iH^-g.HX^+g^X^ + O^^a (H) 

this is called a syzygy between X, H, and G. 

(Burnside and Panton, Theory of Equations, p. 346.) 
For instance, if X is ah-eady in Wcieratrasa'a canonical form, 
80 tliat, if x — pu, 

X=^p'hi=^W-g^x-g^, 
then H— —{x''+\g^^~2g^x; 

and now t = f^'u,, 

so that ^^y, = i9'^+\hf+^g^^_ 

This may also be written 

1 d? 

S,2u=j.tt--^logs»«. 
150. Withi/=x, 

or ^-{ax^-^'!Lbx+c)s--'{ac-h^)x^-{ad~-hc)x~l{ae-c'^) = i:i. 
With 3/ = 0, 

2s = (cai^ + 2(^ic + e - Je^X)(x\ 
or 3?^ — {ex? + 2t?x+ c)s— \{ae — c^)x'^ — {be — cc?)iC — cc+ (?^ = 0. 
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Writing F{x, y) in the first equation of § 146 in the form 

we can find a; as a function of a and y by the solution of a 
quadratic, in the form 

y ^{s-^Yy-^aY 

This method of the reduction of the general elliptic element 
d^l^X to Weierstrass's canonical form dsj^S is taken from a 
tract " ProUemata qucBdam Tneckamca fiinctionum dli/pti- 
earum ope ml-uta. — Dissertatio mauguralis," 1865, by G. G. A. 
Eiermann, where the formulas are quoted as derived from 
Weierstrass's lectures. 

151. Changing the sign of ^Y, we find that 

leads to tho difi'erential relation 

\ rlx 1 dy __ 1 d8_ 
'JX'dt ~~JYdt~ ~~JS dt' 



,, putting /dxl^X=u, ldylJY=v, 



implying that tt — -^ = when x^y, since s = cc when x = y\ 
and now, in Weierstrass's notation, 

Changing the sign aivy and therefore again of F, 

SO that ^2u = - ir„/X, p2^ = - ifj,/ F, 

implying that tt = when X=0, D = when F=0; so that 



where a denotes a root of tho equation Z = 0. 
{x-yf 



Then p(„_„) + j,(„+„) = g(5|), 
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Mr. R. Russell tinds, as is easily verified algebraically, that 
F(,x,y) H, . (X,j/+X,)^ F{x,y) H^_ {Y,x + Y^^ 
ix^yf X {x~yfX'{x~yf Y (x-yfY' 

But, from the Addition Theorem (F) of g 144, 

K.-,)+K^H-.)+p..a{g: <:::H^-(::^:) j; 

and therefore 

X,y+X, ^ _i ^'(y'-v ) -^'{^+-o) ^ 
{x-y),JX 2 f{u—v) — f{u-\-v)' 

_J£±J3_ ^ _ 1 f'{v-~v)- \- f\'>i^v) . 

'{x--y)^Y 2 f{u-v)~f{u-\-vy 

the sign being determined by taking v small, when y — a, nearly. 

Now. i,-(,.-„)-j,'(»+«)_-2^^Vy. 
so that, as in § 147, 

152. When y — K:, 

p2v^-hHylY ^(h^-ac)!a, 
and fj'Si-^ -It Gy/r^ = {a^((-3«6c+2fe^)/aS ; 

1 ^'(u~v)+f'{u+v) _ , F^iK+Fa _ «fl;+& 
Yf(u—v)-piu+v) (x-y)^Y~ Ja' 

Again, from equations (F)* and (G) of g 144, 

1 f'{y,-v)-^'tv ^\ f'{u-v)-\-'s>'{ii+v) _ Y^x+ Fa 
2f{:a-v)-f2v 2^{u-v)-fiv,+v) {z-y)jT 
and putting u = 0, and therefore ic^a, we find 
aa-\-h _ ^'v + js'Si; 

ao that the quartic can be solved, when fv and ^'v are known. 
{Solution of the Cubic and Quartic Equation, Proc. London 
Math. Soc, vol. XVIII., 1886.) 
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Otherwise, witli t^-HjX, 

dt___ H'X-'HX' __2G 
dx X^ X^' 

while T^ = U^-g4-g^= G^jX^ 

so that dtjJT= - 2dxUX, 

and 



i^=JdxUX=ydtlJT=\^-\-IijX\ 



a denoting a root of the quartic Z=0. 

Then ^2w = f = - HjX, p'2ii =~T^- QjX^ ; 
while V = when ^ = a, and Y— ; 

so that f)u = a— ' ' — ' , 

Z{X-a) 

, _ _ ,„_ _ ia<^ + Zba^ + 3ca + d)x+la^ -i 3cix^ + 'id.a ■\- <i , -^ 
If V, h, K denote the values of u, s, yS, when x = oo , 

x — a 



{s-k)Ja {fu-fv)Ja' 
and now p2v — {b^—ac)ja, ^'2v={a^d—Sabc+'Z¥)la^. 

Conversely, given these values of ^2v and f'^v, and supposing 
the bisection of the argument of the elliptic functions to be 
carried out, we can determine pv and p'v, and thence solve the 
quartic equation X = 0. 

153, Since F(x, a) vanishes when x = a,a. root of X = 0, it is 
divisible by x—a ; so that 

^ {aa^-\-2ba + c)x^+-2ib<x^ + 2ca+d)x + ca^ + 2da+e 
' 2ix-af 

=-J(aaH2i>a+c)^_-~, suppose, 

a typical linear transformation, which converts dxj/JX into 
dsj-JS, the canonical form of Weieratrass. 

Denoting the four roots of X= by a, /?, y, S, then since 
fc/a.= -K«+/S+y + <S), c/c( = i(a^+av+«^+y^ + ^^+y3y), 
we may write 

x—a \a — p a — y a — o/ 
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and now 

, _ /3(a-YX°-<) + Y('— ')(°-ffl + i(°-ffl (»-Y) 

(■.-Y)(a-«+(a-«(o-/3)+(a-fl(o-y) ' 

with three other values /3', y, ^ corresponding to /?, y, S. 

Now VS-i jj^^^j, V^ 

Denoting by e^^, e^, e^, the roots of the discriminating mbic 
4:e^-g^e-gg = 0, 
so that 8=i{s-ej)(s-e^)is-e^), 

then we may write 

s-<i,=5<.C<.-/3)(a-yf^f; 

SO that, to a; = a, ^, y, i5, corresponds s=oo, e^, e^, %; and then 
e, = ^\a{{a-Y)(S-l3)-{„-S)(fi-y)). 
%=Ji"'{(«-«)0-y)-(«-ffl(y-«). 

e. = A«{(a - /3)(y -«)-(«- yX «- ffl )• 

If we interchange a and jS, and put 

^i-Ts"--^ ^3^ V/3-y^^-r ;8-o/' 

then to s = ;8, y, S, a, corresponds gj = x , e^, Cg, e^ ; 
80 that s=Sj^ gives a linear substitution converting 

dxl^X into di;/^2^, 
in which x = a, j3, y, S, corresponds to « = /3, y, S, a. 

If 8 is replaced by pu, and the same function of s by ^v, then 
we find from § 54 that 

gives the four linear transformations which leave dxj^X 
unaltered ; and corresponding to the values {a, jS, y, S) of x 
we find («, A 7' |5). (;8. 7. ^. «). (% ^- «- ;8), (^, «, /3, y) of 2 ; 
the first transformation being merely z = x, not a distinct trans- 
formation. 
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154. When, as at first, 

and when e is a root of the discriminating cubic, then g — e is a 
perfect square ; and we find 

^<' "'- 2(0,-!,) 

where, as in § 70, the qnartic X is resolved into the quadratic 
factors N^ and D^, and 7 into the corresponding factors Ny 
and Dy-, this can be done in three ways, corresponding to the 
three roots of the discriminating cubic. 
Thus the integral relation 

x—u 
leads to the differential relation 

as is easily verified algebraically, N and D being quadratics. 

155. A more elegant expression can bo given to these rela- 
tions if we follow Klein (Math. Ann., XIV., p. 112; Klein and 
Fricke, MUptische Modulfunctionen, 1890) in employing 
hoinogeneous variables ic^ and x^ by writing XjfXa, for x, and 



J JX J^{ 



, by writing x for ic^, and 1 for x^, we return to 
our original non-homogeneous variable x. 
Klein employs the abbreviations 

{xdx) for x^-^—x^dx^, and {xij) for x-{>j^—x^-^^\ 
also fa; for (a, h, c, d, e)(a;^, a;^)*; and now with 



,.fiLijx, 



^° a(xy)' 

„, , 1 Id'lx , , „ 3"f , a'f 
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and ^S = 



(i*ii!^^%H£^ii> 



4^{xy)>' 



reducing to the above in g 163, when % = 0. 

The Heaaian H or H{xi, x^) of X or f(a;„ x.^ is now given by 



it-ra- 


"dX,^ SXaSCa 


m -dH 


Zx^Zx^' dx^ 


and the sextie covariant G or G{x^. %) by 


8ff = 


3f 3f_ 
'dx^ cteg 




3/f afl" 




■9ai; ■dx^_ 



We may also use x and y as the homogeneous vaiiables i 
the quantities, instead of x^ and %. 

Thus, for example, the integral y^f"*(x(^J/), where 

f=3;"i/ + lliC^y*— iCT/ii (the icosafudron form) 
is shown to be elliptic by means of the substitution 
z__Hf-S, 
OT J 

3'f M 

= - ic2o+ 228a!iV - *94^^Y" - 22Sa;V^ - ?/^«. 
1 veiify the syzygy 

-a' + lV28f»=2", 

. 1 3f 8f 1 



where 



aff 



aH 

dy 



-a?'+!/'" + 522(ct^i/»-!ty)-10005(x*S» + x»t/"). 
(iz _ 3fg'-5f'if _ -5i' 
2(!C(it/)~ 3ffl ~ Sfif' 
i^ -STzfS SMS). 

V(4#-9.)~Tnr 2T^'°''»-6 f» ' 

42'-i;,-4r'f-», provided j,. -8912; 
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Similar reductions will show that the integrals 
/H-'Xxdy) and /T-^ixdy) 
are also elliptic ; also the integrals 

J{x^y — xy^)~\xdy) ^.nA J{x^-\-\Ax^y*+y^')~{^^y)< 
depending on the octahedron form, a:?-\-lio^y*+yK 
(Sehwara, Werke, II., p.252 ; Klein, Lectv/res on the loosakedron,) 

156. The further development introduces the theorems of 
Higher Algebra on the quartic and cubic, for the treatment of 
which the reader is referred to Salmon's Higher Algebra and 
Burnside and Panton's Theory of Equations. 

Thus, H denoting the Hessian of a quartic X, and e^, e^, e^ 
the roots of the discriminating cubic 

then i{H+e^X)[H^e^X){H-te^X} = i>m-g^HX^+g^X^=~G^, 
where G denotes the sextic covariant (| 149) ; so that H+eX 
is the square of a quadratic factor of G. 

Following Burnside and Panton (p. 845J we shall iind it 
convenient to put lS(H + eX)— —P^; and then 

P^PjPg^ 32(?, 
P^, Pg, P3 denoting the quadratic factors of the sextie covariant G. 

Then Pj^ + P^HP^^^ -48F, 

since e^+e^ + e^^Q; 

while (eg - e^)P^^ + (e^- ei)P/ + (Ci - e^)Ps'' = ; 

and 6jPiHe2p2^+eaP3^= -16(ej^+eg2+e/)Z= -832X 
Since {e^ - e^P-^ = (e^ - e^P^ ~{e^~ e^P^ 
= {x/(«i-e3)P,+V(^-e,)PJ{VK-e3)P,-VK-e,)P,5, 
therefore each of these factors mast be the square of a linear 
factor, and we may therefore put 

V(8,-«,)A+Vfe-e!)-''.=2«i'. 
^(«, - »,)P, - ^fe - «,) J". - 2< 
90 that u, and %^ are linear ; and now 

V{«,-«,)Pi = 2»,%, 
V(«,-<!.)P,-%'+«,', 
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157. Mr. R Russell points out (Q. J. M., XX,, p. 183) that 
Hermite's substitution oii— —EfX ruduees the integral 

/G-^dx to h/(U^-g^t~g^YUt (1) 

dt 2G , .^ . G^ 

no that (?-4(fe= -^{it^-g^t-g^)-^dt. 

Again the integra} /{it^—g^t—g^y^dt, as well as the general 

integral f\J-Mx, (2) 

where XI or tf(a;, 1) denotes the cuhic («, h, c, d){x, 1)^, 
is again proved to be elliptic by the substitution 

i'~-K'IV', (3) 

whei-e K or E(x, y) denotes the Hessian of the cuhie JJ{x, y). 



TfU IfU 






3J(a!,!/)- 



given by QK{x, y) = 

'dxdy' "dy^ 
The Gubicov(vnant J of the cubic U is given by 
1 3Cr ZU \ 

jM '^E f 

and the discviminant A by 

and now we have the syzygy 

J^^~iIP+AUl (7) 

(Salmon, Higher Algebra, §192; Burnside and Panton, 
Theory of Equations, § 159.) 

Differentiating (3) logarithmically 

5ds_SK' W_ 3J 
sdx K U KU' 



..{5) 



-.(6) 



while 

so that 
and 



dx _ sdx ^ Uds _ ds 

jr«~~ir J 7(4?+A)' 
/n-^dx-f-\s; 0, -Ai-iJ-H-iftr^) (8) 
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When we know a factor, x—a, of U, then we may employ, 
aa in ex, 8, p. 65, the substitution 

3=[7%-a) (9) 

Putting [/"= {x ~ a)(ax'^+ 2b'x + c') 

= (ic-a){(KcH(a«+36)a;+aaH36a + 3c}, 
then 42^—^3 iis a perfect square, when 

ac'~h'^ _ {aa-\-hf-\-HaG-h^) , 

, ,(/„ ax'^-\-1lh'x-\-c'—gJx — df 
and now s— -a = „ ■^ — 



/, , 2gA , 3(is 

( 1 + 4" Ms = — TT-S(— ;- 5 

while 

3(a!-a)'{(i»'a'+2a6a-2t'+3ac)!e+...}' 
" ((la=+2l)a+c)'[r» 

9J' _ 9(43°+A) 

"(aa2 + 26a+c)3C"2~(aa2+26a + c}^' 

so that —,77-5 i = -/(ftct^+26a + c)- ,,^ , , (10) 

a transformation equivalent to that of | 47. 

158. Mr. R. KuBBoll also shows (Proc. i. ilf. S., XVIIl, p. 67). 

where X denotes a q^uartic and H its Hessian, can be reduced 
to the sum of three elliptic integrals by Hermite's substitution 
t^-HjX. 
For we may replace (5 156) 

Ix^+imx+n by pP^ + qP^+rP^ 
or by ipJ(~H~6^X) + iq^(-S-e^X) + 4^J(-H~e^X}, 
where p, q, r are determined by equating coefficients ; while 

so that the integral becomes 

J JiaX^flH.JX^Ii'U) J{t-e^.t-e,.t-e,) 
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=fS ^„+ 1 .+ r \ <^i 

J U{t~e,.t-e^yj{t-e^. t-e^ ^{t-e^.t-e^)jj(a-0t.a-^'ty 
the sum of three elliptic integrals. 

Particular cases may be constructed by making /3 and 0' 
zero, or h and a zero ; when we obtain 

y{lx^ + 2mic + ti)dxlX, or fija? + Imx + 'n)dxjH. 

159. Mr. Russell remarks that the reduction of the well- 
known hyperelliptic integral 

~?+2mx+n)dx 



h. 



to the sum of elliptic integrals is a particular e^e of this 
theorem, since the quartics 

1— a;^.l — /cXa;^ and \-\-ks?' .'\.-\-\y} 
can lae expressed in the forms aX+l3H and a'X+jS'H, 
by taking X = 1-\-kXx\ and therefore R—k\x^'; 
and now a = l, a'=l, ^= -(l + <c\)/ycX, ^={k+\)IA 

These integrals are considered in Cay ley's Ellvptic Fvmctions, 
chap. XVI., where x^ is replaced by x; they arise in the expres- 
sion of Xegeiidre's elliptic integral 

fd<!>IU.<!>, h) in the form E+iF, 
when the modulus b is complex, so that b^ — e+if. 
(Jacobi, WerJce, I., p. 380 ; Pringsheim, Math. Ann., IX., p. 4.75.) 
Writing P for a;(l — a^Xl+icicXH-XieXl — KrXa:;), Jacobi finds 
fdx!JP = \{b'^o'){F(^, c)+F{4,, &)}, 

J ^K + J \ _ ,,^ 1-V-cX 

V(l+'^'i + ^)' v'(l + .:.l + X) 

V(i+<c.i+x)' va+'^'i+^) 

"(l+«e)(l-l-Xa;)' ^ (l+(ficXi+Xa;) 



sin^0 : 



'^'(*' '>=(fe#+x^' '^<*'='=(i+i5xi+xsry 
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Then employing the inverse function notation, 

/dx _ 

/xdx _ 

1 I ,1 H^K.\*\.X ^\ J i \*K.\*\.X \\ 

V(«X.l+«.l + \)r° Wi + .a!.UXa!' A "" VVl+Bt.l+Xl'VJ- 
When \ is negative, then 6 and c are conjugate imaginai'ies ; 
so that we can now express F{rp^ b) in the form E+iF, when 
6^ is of the form e+if. 

For, writing - \ for X, and now writing 

Pforai(l-a!)(l + r!tXl-X<c)(l+rX3;), 
, /"ifa _ 2g rncb _ 2F 

J jp va+'-i-xyy jp v(«x.i+ic.i-x)" 

In the particular ease considered by Legendre, X = 1, and now 
P»it(l-a!«){l-«W), 
on replacing k by k^ ; so that 

can be expressed by elliptic integrals. 
Mr. R. Eussell employs the substitution 
y = Axl(l + Bxf, 
and now 

r dy f AX\-]Myb 

J J(l^y-->l.\-T-a) J'J{Ax{(l^Bxf-Ax\\(\JrBxr~,Axf; 
30 that, putting 

therefore £• = A", 5=±V(«X). 

Taking 5 = ^(kX), and 

(l + iia;)"-trAa;-(l+c5)(l + Xa!), 
then 2VtX-4--l-icX, 

VX-<r^-.t + X, 
or ^-(l + V'X)', .rA=-(^,+VX)'; 

and taking i!=-V("X), 

then Jl.(l-,y,x), ,A=-{jK-JXf. 
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160. Mr. Roberts's integrals (Tract on ike Addition of the 
Elliptic and JlypereUiptio Integrals, p. 53) 

/{A+Bx^)dxlJQ, 
where Q is a leeiprocal quartic in x^, say 

Q = ax^+ 4-bx^ + 6ca!* + ibx^ + a 
or aQ=-{ax^+2hx^+af'~{2a^+ib'^-Gc)x^, 

furnish another particular ease of Mr. Russell's theorem, since 
Q caji be expressed in the form 

where X and II are in their canonical forms, 

X = a^+Qmx^-i-l, II='m^+(l-S7}v'}x^+m. 
Or we may put x+x~'^ = v>, x-~x-'' = v, when the integral 



-/. 



Vz 



dv 



f ^[av*'+^{a+h)v^^ta+9,h^-Qc}' 
Thus l-\-3?-={l-^ J'^x^-\-x%\ - J2x^-\-<^) 

={x^jm){x-jni\ 

where Z = l + a;^ H=x'^. 

Therefore the integral / , , , — ^,dx 
'' J J{\+x^) 

is reduced to elliptic integrals by a substitution, such as 

y = a+x'')jx^\ 
and then becomes 

Another particular case of the general theorem occurs in the 
reduction of the integral 

f(lx-\-m)dxl^R, 
where Ji is a smtic function, the roots of which form an involu- 
tion, and whose invariant E therefore vanishes (Salmon, Higher 
Algebra, IS6G, -p- 210). 
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This invaiiaiit E is the one ta.bulated in tlie Appendix, 
p. 253, Higher Algebra, where it occupies thirteen pag^. 

The sestic covariant (? of a quartic X is a specimen of a 
sextic of which the roots form an involution ; and ■writing 
32(?or 

= a^{x — $^.x — ^i)a^{x — B^.x — ij/^a^ix — 6^.x — <j>^, 
then since the squares of P^, P^, P^ are linearly connected by 
the relation of g 156, therefore P,, P^, P^ are mutually har- 
monic, and any one is therefore the Jacobian of the remaining 
two ; this leads to the three relations 

fflaCg + ajCg - 2bg&3 = flaCi + a^o^ ~ 2bs\ = a^c^ + a^c^ ~ 'ib-^^ = 0, 
„ ^_^~^i ^~''}>i ^~i§z ^~^i x — 6^ x — ^3 
p X — ^i x — 6-i' x — <(>^ ^~0a' *— 0a' '""^s' 
are the six linear transformations which reduce 

/^^ to Legend™', mnonical f»'"_/7(i-^'|aiT«)' 
as in g 74 ; so that if the quartic X is resolved into the 
quadratic factors N and B, we may write 

j=p(i»-e)>+e(«-*)', 
i»=p(«-e)'+Q(s-#. 

Now NjD is maximum or minimum when x^B, or ^j. 

Making Pj, P^, P,_ homogeneous by the introduction of y, 
which is afterwards replaced by unity, so that 

P-{a^,b„c,){x,y)\..., 
then the three distinct linear transformations of § 153, which 
leave dxj^X unaltered, are found to be 



aPj/3Pi _3p2/a^ '^^Pzi^Pj 

dyj '5x' Zyl Zx' dy' dx' 



(R. Russell, Proe. L. M. S., XVIII., p. 48.) 



Now /'^±'"-dx or /'(-^■^i+-S %)S^ -M%) 

where Uj, u^ are defined in g 155j is reduced by the substitutioi 
y^ — ujitj, or p{x—ip)j{x — 6). 



to the form 
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This integral liaa been considered by Ricbelot {Crelle, 
XXXII., p. 213) ; and by differentiation we find 









according as nf' is less or greater tlian ^2 — 1 ; and thence the 
integration can be inferred; the value of k to be taken is 
^2-1 or tan22|°, when it will be found that K'\K^J% 
161. As further applications, consider the integrals 
/(A^)-*d^, /(A0)-^(^0, /{tk<l,)-H^, /(^^)-^d4,, 
where A0 = ^(1 — 6^sin^0). 

(Legendre, Fonctions elliftiqius, I., p. 178.) 
Putting ^(f> — x^, and l — h^=c^, then 

the integration required in the rectification of the Caaainian 
oval, given by 

V2=^^ or r*-2aV^cos20 + a* = ^*, 
where 7\, r^ are the distances from the foci (±a, 0). 

The expression 1 — ic*.ic* — c^ can be expressed by H" — X^, 
where X=X*+c, JI^{l + c)x^; 

and now the substitution y^Xfll gives 

so that /(A<j,)-H-p 

_i /* '^?y , 1 /: # 

~Uj{{l + o)y-2Jc]J{l-y^)^-2jj{{l + €)y+2j<:U{l-t) 

-V(2+2c)L^'' \(l+^cKV(2 + 2c)J ^'^ l(l-Vc)a!V(2+2c)JJ 
by means of the results of ^ SQ-il. 
In the Oassinian 

= ^COS"' 



2aV 
A" V(ln'>''-('''+«'-OT"}' 
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rfs 2aV 

Now, if we put 
then s = a"/{a'+W<iosV + (<i'-OT%iii>}-*(J* 

_JL /" tij/ L /" >"'? 

aVcyvUi+^-WolVCi-!/') V«Vj{(i-K)»+Vc)N/<,i-i/")' 



Again, substituting A^0 =^ a^, then 

(Art "i*=2y7(i:r5r^s!z^). 

particular cases of the preceding general integrals. 

Mr. E. A. Roberts {Ptqo. L. M. S., XXII., p. 33) has shown 
that /{lx+m.)(a^+'2.ba?+c)~^ ™ 'hlx 

can he expressed as the sum of elliptic integrals, not always 
however in a real form. 

Mr. Eussell shows that if x~6-i,x — 0^ are the factors of 1\, 
a quadratic factoe of the sextic covaiiant, then 



y~lx+iri 
71W 



is reduced hy the substitution 

./=^>(x-0,)/(x-0,) 

to the form / /, J', ti. 4 , -. ^V' 

and this again by the substitution 

,0 the form /4^ (--/>-)+W(;+y<. ^ 

two elliptic integrals, not necessarily however in a real form. 
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Abel's Theorew, appUecl, to the Addition Equation. 

102. Euler's Addition Theorem is now found to be a very- 
special case of a Theorem of great generality, due to Abel, the 
method of which we shall employ here, in the very limited form 
required for the Addition of the First Elliptic Integrals. 

Consider the points of intersection of the fixed quartic curve 
whose equation is 

y'=^ (1) 

with any arbitrary algebraical curve whose equation in a 
rational form may be written 

i\<r.y)^o (2) 

By continually writing X for y^, we can reduce equation 

(2) to the form P + Qy^U; (3) 

and now the abscissas of the points of intersection of (I) and 
(2) are given by the equation 

F + Q^X = 0, {4> 

or, in a rational form, P^-Q^X = (5> 

Denoting the degree of this equation (5) by /(, and its i-oots 
by Xy x^, .-- x^, Abel puts 

^p^ = P^~Q'X^C(x~x,){x~x^) ... (x-x/:), (6) 

and now he supposes the roots of this equation to varj' in 
consequence of arbitrary variations in the coefEcienta of the 
terms in equation (2), corresponding to arbitrary changes in 
the shape and position of this curve ; the eoefhcients in 
equation (1) are however kept unchanged. 

If "dP, 3Q denote small changes in P and Q due to the 
changes in the coefficients, and if dXr denotes the correspond- 
ing change in any root x,- of equation (5), then 

yj^'x,. . dx,.+ 2PSP - 2QSQXr= 0, 
or, making use of equation- (4), 

^|f%.dx,— 2{Q^P-PSQ)J-X,^0, 
dxr _ „ QdP~PS Q_ 6x,. 

suppose. 

Now, if the degrees of P and Q are denoted by p and q, 
then the degree of dx is p+q; and we shall find this is 
always at least one less than n — 1, the degree of ^'x, or two 
less than /*, the degree of yjfx. 



m 
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For if in equation (3), P^ and Q^X are of equal degree, then 
g=j3 — 2, and fi-^tp; so that /i— p— 5=2; and ft—p — q ia 
greater than 2, if g ia less than ^—2. 

But if 5 is greater than j) — 2, then the order of i^a; is given 
by that of Q^X, and therefore ,11 = 25+4, while p = q-\-l at 
moat ; so that ^ — ft — 5 = 3 at least. 

Since x$x is thus of lower degree than yj/x, we can split the 
fraction xOxj-^ into a series of partial fractions, such that 

l^iC j^ \l/-'xr(x — a!,.) ' 
and now, if we make x — 0, we find that 

2||-" («) 

a theorem in Algebra due to Euler ; otherwise stated as 

f ^™ = (I . (Q) 

,.^i(3!,.— ic^Xx,.— iCg) ... » ... {x,-—Xu) ' 

provided m is less than /* — 1, the * marking the position of 
the missing factor x,-—Xr. 

Applying this theorem to equation (7), we find 

g&:./V^,-0, (10) 

so that, if, in consequence of any finite alteration nf the 
coefficients in equation (2) or (3), the roots of equation (5) 
become changed to x\, x'^, ,.., x'^, then 

y'dx^lJX^+f^'dx^lJX^+...+f'''d^.^ = i}, (11) 

^I Si's ^„ 

the Theorem of Abel, as required for present purposes. 

It ia the combination of the theory of Integrals and of the 
theory of Algebra which furnishes the key of Abel's Theorem ; 
the algebraical laws are expressed very concisely by a single 
equation (5), of which the variables are the roots, and whose 
coefRcieuts are not independent, but are connected by a number 
of relations. 

Thus, if we take P of the p* order, and Q of the order p — 2, 
we have a plexVsS of // or 2p equations of the form (4) 

and the elimination of a, (3, y, . . . , 7', . . . leads to a determinant 
of 2p rows, each row of the foim 
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163. Suppose for instance that (2) im the parabola 

y^ax^+2^x + y, (2) or (3) 

then equation (4) becomes 

aa!2+2,3iC+y-^X = 0, (4) 

and (5) becomes the q^uartic equation 

{nx^ + ^^x+yf~X^O, (5) 

Denoting the roots by x-^, x^, x^ x^, then the elimination of 
a, 13, y leads to the determinant 

c<\^, a^i, 1, s/^i 

X^, ICj, 1, kJ^2 

as the integral relation, corresponding to (/i = 4), 
'^1 tfaa "^3 ^i —f\ 

By making a = tja, so that the parabolas are of constant 
size, or by writing equation (5) in the form 
(aa;H2^^+y)2-aZ = 0, 
one root, x^ suppose, becomes infinite ; and now 

4«</3 - fc>c* + (4/3^ + 2av - ()ae>c^ + 4(;8y - ad)(c + y2 - ao = 0, 
so that 
4(^-6){a:^+3;2+%) = 6'^-2y-Wa 

= ^ax^ + i&x^ + 6c - tJaJX^ - 4/37a, 
or i(!3-b)(xi+x^)^2ax^^+ikcg+Qc-2^aJX^-i^^la. 
Now the two relations 

ax^^ + 2/3a!i + y - JaJX^ = 0, 
ax^^+2(3x^-{-y-s/a^X^=0, 
give by subtraction 

(x,-x,){a(x,+x,)+2^} = ^a(^X,-X,), 



^a{x,+x^f+ ib{x^+x^)+0, 
where G^-2ax^^+4i}x^+fic-2^aJX^; 

and we thus obtain Euler's original integral relation, the 
general integral of the differential relation 

dxJ^X^+dxJ^X^=(i, 
when G is constant ; and a particular integral of 
d^l^X^+<h:J^X^+dxJ^X^=0, 
when Xa is considered as variable. 
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16i. When A' is in Lcgendre's canonical fonn l — ay'. 1— «W' 
then Abel takes P = ax+x^, Q — b; 

and now equation (6) becomes 

i,x={acc+K^}^-¥(l-x^){l-A^) 

= s^- C6^K^ - 2a)** + (b^ + 6 V + a^)i^ - b^ 
= (a^ — x^){x^ — x^){x^ — x^), 
where x.^+x^+x^=i^K'''—2a, 

x.2%^ + x^%^ + Xi%^ = i^ + b\^ + a\ 
x^x^x^ = bK 
But a and b are determined by the equations 

ax^+x^^-i-bXi=-0, ax^+x^^+bX^^d; 

so that ^^^Vi:^!j, 

and therefore, as in formula (1), § 116, 

_ x-^ — x^ _x^X^-\-x^X^ 
'* x-^X^ — x^X^ 1 — K^x^x^ ' 
Also l~a;iM-!C2*.l-iCj2 = l-bV+2c(+?)^+6V4-a^-6* 
= {l + a)^ 
while x-^-\-x^-\-x^ — K^x^x^x^= —2a, 
so that 

2 - a!j2 ~ ar^^ — x^ + Ai^a^^^iCg^ = 2( 1 + w) 

^2J{l~~x;'.l-x^^.l-xi), 
or (2 - cc^^ — aTg^ - x^-{-K^x^Qs^^y — 4(1 — a;^^)(l — ib2^)(1 — x^), 
which may also be written 

J{'i-—x^) = s/0- ~Xi ■ 1 —X^^)±XiX^^{l —K^X^% 
as in g 119, with Xj^ = sau, x^^sav, tCj=sn(i4±i;). 

This, with Xj=stiu^, X2 = snu^ x^^sau^, may be written 
1 — cn^^ — cn^Wg — cn%3 + 2 en u^cn WjCn u^= K^sn^iijSn^jSn^ttj ; 
where Uj^+u^-\-u^ = iK, 

(§ 131) ; and, with a triangle of Class I., is equivalent to the 
formulas in Spherical Trigonometry 

1 — eos% — co8^& — cos^c + 2 cos a cos b cos c — K^sin^a sin^?» sin^c 
= ain^^ sin^6 sin^c = sin^a sin^JJ sin^c = ain^w ain^?) sin^C 
165. To obtain the Addition Theorem for Weierstrass's 
functions, we consider the intersections of the cubic curve 

y^=i3?-g2x~gs, or X, (1) 

with an arbitrary straight line 

y^(ix + ^; (2) 
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Now, if Xp Xp x.^ denote the roots of the equation 

ix^-g^-g^-(ax+^y = {5) 

then aXi+^ + ^X^ = 0, 

so that a^^Il^^^ ^^W^rtVX;, 

and (g 144) ^+^^2+<^^ = ^»'-l {'^'^jZ^^'' f- 

The elimination of a and between these two equations and 
ojCg+^ + yXs^O 
leads, as in § 144, to the determinant (G) 

I 1, Xp V'-^i I 1 ^' &'^' ^''"' I 

1, Xp y/X^ j =0, or 1, pv, f'v =0, 
I 1, aig, sJX^ \ I 1, JJW, fvi \ 

where i(.+t;+w = 0. 

In addition, from (5), 

ao that 

i3i-^-Vx^-\-^^{^-^^<Pt-g^ = {<r.^^^-^'x^^x-\-^^i-\-\g^^ (I> 

166. Consider the intersections of the fixed cubic curve 

y8=^^^+3Ba;H3(?a;+i>, (1) 

with a variable straight line 

y = "^+^ (2) 

Then y^x^{w^0f-(Av>^%Bx^-\-ZG%\-B) 

^{a^-A){x-x^{x-xi){x-x^, (6) 

and x^-\-x^-\-x^= —3 "° . , 









Denoting by j/^, y^, y^ the corresponding values of y, then 

= a^jOigiBg + {B - Ha* — -^ X^i + ^2 + ^s)} (i'^jKa + a^s^i + «iiCi) 
+ { (7+ Ka^ ~ A Xa;,3;g +fl;sa;j + iCiiCs) }{;Ei -!- a;, + iCj) 

— AxjX2X^+B{x^^+x^^+x^x^) + C(x^-\-X2+Xg)+]), 
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Now, if the conatanta a and /S receive small increments 
^a and S^, then 

and \lf\ = (a^ — A ){x^ — x^Xx^ — Xg), 

so that fl=3;r-|j -prf ^ r (7> 



ck^^(lx^^dx^_J Xj ^ x^ ^ x^ Wi 

\x^-Xy.Xi-x^ x^-x^.a 



A 



-iCg x^-x^.Xs~X-^/a''-Ji. 

: (10) 

and the sum of the three integrals is a constant, which can be 
made to vanish by taking for the lower limits a root of the 
equation y = 0. 

In the particular ease of the cubic curve 
a?+j/'' = l, 
the relation expressing the collinearity of the three points is 
x^x^x^+y{y^yg = l. 
Now, as in § 145, with g^ — (i,gg = \, and 

{\~x?f , ,.,1 + a; 

^^=Tt:^'^^^=-^'*i^' 

and, by symmetry, with 

we find from (F) § 144, after reduction, 

80 that u+v = a, a constant. 

With gsa-l, tlieii {g 149) sj2c(=1; so that (§ 62) 

Sj2« = gp{2«2 - a), or a = fw^. 
We may therefore put 

and express x and y by functions of t. 

For any other arbitrary value of a, the integral relation 
connecting x and y will be, by g 145, 

{\-x^){l~t){l-^)={\-xyzf; 

and treating z as constant, this leads to the differential relation 

{\~^y^dx-\-{\-y^)-ldy = 0. 
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We can put 

(l-x^)i (l-y^f (l-S^)'f 

where u+v+w^i) ; 

and jai{? = lj for the value s — x ; and then 

167. When the quartie X is resolved into two quadratic 
fiictors JV and D, we may replace (1) by the quartie curve 

y'^^ID; (1) 

and now equation (4) ia replaced by 

P^D+QJN^Q; (4) 

80 that equation (5) becomes 

r-D-QW^O (5) 

The elimination of the constants from the plexus of equations 
determined by the roots of this last equation (4) leads to 
■determinants, whose rows are of the form 

For instance, by taking P and Q linear, so that the variable 
■curve (2) or (3) in % 162 is a hyperbola, we can obtain the 
integral relation of § 154 in the form 

V^^^A-^/i^.x/-D^ .V^ ,V-P.-^^.v ^j^_3^eonstant. 

(W. Burnside, Mess&nger of Mathematics.) 
We have taken X as a quartie function of x, so as to apply 
to the elliptic functions, but Abel's theorem holds for any 
higher degree of X, the method of proof being exactly the 
same; and, according to Klein, we resolve X, supposed of 
even degree, into factors iV" and D, differing in degree by or 
a multiple of 4, when we wish to make use of the fixed curve 
y'-NID. 
168. The reader is referred to the treatises of Salmon or of 
Burnside and Panton for the proof of the Theorems in Higher 
Algebra quoted here ; they are easily verified, however, if we 
work with the quartie in its canonical form 

[/"= ce*— 6«i a^i/'^+ y^; 
when H^ ~mic*+(l — 3m^)a;^^ — my', 

G = \{l-^m')xy{^~y^). 
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The foUowiug examples, taken from recent examination 
papers, will Ulustrate the character of the silgehraical work. 



1. Denoting hy U the binary quartic, reduced to its canonical 
form, of — Qmay^y^ + y^, its quadrinvariant and cubin variant by g^ 
and jTj, and its Hessian and sextic covariant by H and G, 
prove that 
(i.) 4to^— 3gm— 33=0 ; 
(ii.) H-^-mJJ is a perfect square ; 
(iii.) im-g^Hm+g^W + G^^O; 



(iv.) ^(^J. -^^yWHigH-g,U)(g,H+Sg,U); 

(vii.) the Hessian ofXlT+filf is 
and the sextic covariant is 

2. Denoting the roots of ie^--g^e~g.^ = by e^, e^, e^, prove 
that the roots of {x^+lg2)^±^9s^ = *^ 

are of theform ^(^2^8)+ V'(^A) + */(^i%)- 

3. Denoting the discriminant, Hessian, and cubicovariant of 
a cubic V by A, K, and J, prove that 

(Work with the canonical form U^aoi'+by^.) 
Denoting the same functions oi\U+i/,0 by A', K', J', prove 
that A' = (X^-/t'A)2A, 

J- = (\2_^2A)(X/+^A[/'). 
4. Prove that X and F in g 139 have the same invariants g^ 
and g^ (Burnside and Panton, 1886, p. 418), 
6, Prove that, in g 156, 

is the square of a linear factor of X. 
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6. Discuss the properties of the quartic X' in § 153, whose 
roots are a, 0', y', S'. 

7. Prove that (g 160) fl^, 0^ ; 6^, ^3 ; O3, ^^ ; define an involu- 
tion of the roots of the sextic covariant G (R. Biissell). 

8. Prove that the cubic substitution 

, __ '^^ y _ __ ^^ 

where U^ = {fi,h, c, d, e)ix,lf. 

(Hermite ; Crelle, LX, p. 301 ; R. Kiiasell, Proc. L. M. S., 
XVIIL, p. 52.) 



„ . , . /"P,P, dx 
9. Integrate / — h^ —p^ 



10. Prove that, with s = ^, 
jj'2«-(-2s«-Js^'-I0.?,»"-ls,W-isrjj,«-S,'+A9,')/p''ii; 

V(t.2tt-e)= -(s'-2«i-2S'+ig,)/8>'»; 
V(p2u - e.) + J[s%i -««)=- 2(s - i!.)(s- ej)/p'« ; 

8 — e^ s— Cj 8 — 62 

11. Prove that, if 

(i.) js(i;; —20, —40) = 5, then sa2i' = 0, f)3w= — -?-, jj4w= |-, ... 

(ii.) f{v; -60, -10) = 5, 0, \ *.}-,,.. 

(iii.) Ki'; -15, 19) = .2-, i, Vf"-.--- 

12. Prove that 

(i.)/{A+Bx)dxly is elliptic, if / = (l-a;SXa + 3a:-4a^) ; 

(ii.) /(A + Bx+ Cy)dx/^ is elliptic, if 

f(!C, ?/) = (ft, (j, c,/, g, li)(x% f, 1). 
(W. Burn side). 
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CHAPTER VI. 

THE ELLIPTIC INTEGRALS OF THE SECOND AND 
THIRD KIND. 

169. The Elliptic Integrals, and thence the Elliptic Func- 
tions, derive their name Elliptic from the early attempts of 
mathematicians at the rectification of the Ellipse. 

It was some time heforo mathematicians perceived that the 
simple integral to begin considering is 

which has not originally such a special connexion with the 
ellipse ; but the name Elliptic Integral has nevertheless been 
retained generally for all integrals of this nature. 

To a certain extent this is a disadvantage ; not only because 
we employ the name hyperbolic function to denote coshu, 
sinh u, tanh u, ..., by analogy with which the elliptic functions 
would be merely the circular functions cos 0, sin ij,, tan ^, . . , ; 
but also because it is found that the elliptic functions are a 
particular case of a large class, called hyperdliptic functions, 
but included in a larger class, called Abelian functiona after 
Abel, which, beginning with the algebraical, circular, hyper- 
bolic, and elliptic functions of a single argument u (y> = l) 
are in the general case the functions of j) arguments which are 
met with when we consider the integrals 

/(I, X, x\..., a!*"-^) dxjJX, 

arising in the linear transfoi-mations ni Jdscj^X, in which 

JT is a rational integral function of ce of the degree 2p-j-2; 

for now the linear transformation {lx-\-w)l(l'x-^m') converts 

fdjxlJX into (;m'~i'm)/(r!c + m')!'-i(fa/^J:. 
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170. Legendre's elliptic integral of the second kind has already 
been deiiaed in § 77 ; and denoting it by Eip, then the length 
of the arc BP of an ellipse is given hy aE/p, where the arc BP 
and the excentric angle of the point P are both measured from 
the minor axes OB, and now the modulus is the exeentricity of 
the ellipse. 

The quadrant of the ellipse BA is given by aE, where, 

as in § 77, E denotes / \(j)d<j>, the complete elliptic integi-al of 

the second kind, in which ifi~^ir. 

The perimeter of the ellipse is therefore ^aE, the same as 
that of a circle of radius aEj^ir- 

The periodicity of sin ij> and A^ shows that, as in § 14, 

E{Tj-+i>)=^A4,d.p^/+J=2E+E<p, 

and generally E('m-!r+^) = 2mE+Eip, 

when w, is an integer. 

Expanded in ascending powers of the modulus k, 

so that, employing Wallis's theorems of integration, as in g 11, 

whence the numerical value of E can be calculated. 

Tables of the numerical values of E^ for every degree of ip 
and of the modular angle are given in Legendre's F. E., IL, 
Table IX, ; while the values of logJS' are given in his Table I. 
for every tenth of a degree in the modular angle. 

We reproduce this Table of log£, and of log£", correspond- 
ing to the complementary modulus k, to 7 decimals, and to 
every half degree in the modular angle ^«, corresponding to 
the values of log if in Table I., p. 10. 

171. By dift'erentiation and integration, we prove that 
d/E<ti\_ F^ d. jp.x^ f_§'i> _E<t K^ ain^cos0 , 

and therefore, with <1> — \tv, 

dfE\_ K d E 
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We can now prove Legendre's relation, that 

EK'+E'K-KK' is constant, and ^^tt ; 
for denoting it by A, we find that (JA/(^ = 0, so that A is 
independent of k ; and taking k = 0, then 

172. In Jaeobi's notation, with <p — a\au, 

and now, from the quasi-periodicity of am it (§ 14), 

E{'imr + 4>)—Eam{2mK+u) = 2mE+E&rau, 
where m is an integer. 

We may therefore, as in g 7S, separate E&mu into two 
parts, one the secular part, increasing uniformly with u, at a 
rate 2E per increase ^K of u, and the other a periodic part, 
denoted by Zu in Jacohi's notation, and called the Zeta 
fwnction ; so that 

E^m.u=^EujK-\-Zu, 
or Zu =/(dn% - EIK)du. 

The Addition Theorem for the Second ElUptic Integral. 
X73. A well-known theorem, due to Graves and Chasles, 
asserts that if an endless thread, placed round a fixed ellipse, is 
kept stretched by a pencil, the pencil will trace out a confocal 
ellipse (fig, 22). (Salmon, Conic Sectioiw, g 399.) 

If the excentric angles (measured from the minor axis of the 
ellipse) of the points of contact P, Q of the straight parts of 
the thread PR, RQ are denoted by <p, ^jf, so that the 

arc 5P = «.&>, B.KBQ^aE-^; 
and if we put ^^amy., i^^ami;, the modulus k being the 
cxcentricity of the ellipse, then, as asserted in ex. 6, at the end 
of Chap. IV., R moves on a eonfoeal ellipse, when u — v is 
constant, and conversely. 

For the coordinates of R being given by 

_ cos i/' — cos _,3in^ — sini^ 
siD(0 — »^) ' " sin(0 — i/r) 
we rind from Jaeobi's formulas (4), (5), and (31), § 137, replacing 
u and V by ^{u+v) and ^{u — v), 
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Therefore 



Fig. 22. 



-cd J(u — i)) = sn^(u+v), r en J(u— w) = cni i{it+i!); 

and (ic/«)^+(?//^)^ = l. 

where a = a dc ^(w — v), /3=6nc4(u. — w); 

so that a^-/S2 = a.^-i^ 

and therefore R describes a confocal ellipse, if w — ?i is constant. 

If u+v is constant, 

we find (xja'f~iyl^f = l, 

where a' = (Hc sn ^(u+t)), fi'=aKCi\^{u+V), 

so that a'^+^^ = a\^ = a?- h\ 

and R therefore describes a confocal hyperbola (MacCuUagh). 

To realise mechanically this motion of R on the hyperbola, 
the threads JiP, RQ must pass round the ellipse, and be led, 
in the same direction, round a reel moveable about a fixed 
axis at C; so that, as the reel revolves, equal lengths of thread 
are wound up or unwound. 

If the hyperbola starts from the ellipse at L, then 
PR - are PL^QR- arc QL. 
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If tlie threads are wound in opposite dii'cctions on the reel, 
then R will describe a confocal ellipse, as at first ; but in this 
case the reel may be suppressed, and the thread merely made 
to slide round the ellipse, as in the theorems of Graves and 
Chasles. 

Moreover, it is not necessary that the tangents RP, RQ 
should proceed to the same ellipse, but to any two fixed con- 
focals, and the same theorems hold. 

If tangents KP', R'Q', are drawn to the ellipse from any 
other point R' on the confocal hyperbola RR', forming with RP, 
RQ the quadrilateral RrRV, then r, r' lie on a confocal ellipse, 
by the preceding theorems ; and now a circle can be inscribed 
in this quadrilateral whose centre is at T, the point of concourse 
of the tangents to the confocals at R, r, R', v'; for fiJ, Tr, Tit, 
Tr' bisect the angles of the quadrilateral ; (Salmon, Conic 
Sections, g 189). 

If It is brought up to L, the circle touches the ellipse at L ; 
so that the point of contact of the circle inscribed in the area 
bounded by two tangents and the ellipse is at the point where 
the confocal hyperbola through the point of intersection of the 
tangents cuts the ellipse. 

174. Putting ii.-v='w, or F-p-F^J'^Py, 
then when v — Q and Q is at B, u=w and P is at G where 
^ = -y suppose; while R will come to I> on the ellipse RP, where 
it is cut by the tangent at B. 
Now, since 

PR+RQ-avc PQ = BJ)+BQ-3,Tc B6, 
or tu-c PQ-B.rc BG = PR+BQ-BI>~DG; 

therefore Etj> — E\lr—Ey — a. certain trigonometrical func- 

tion of ip, -ip-, y, which is found to be — K^sin ^ sim^ sin y ; 
this is the Addition Theorem for the Second Elliptic Integral, 

■V ■D-o'i zf ■ . cosii'-cos^V , [ofsiniA-sinii- "i^ 

lor PR^ = aVsmA ■ . ^ ^ r-f} +bH .^, — ,^—cosd>[ 

_^{a^cos^^l) + b^is,m^(jl){l — Cos((p—^lr)y■' 

^ sm(0~i/f) ^ sm(^— i/fj ' 

Rin ■\r ' sin '■I 
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Therefore, by g 121, 

= a^ — ^{co3 <!> coa i^+ sin ^ sin i,'yAy — cos(^ — i/')} 



= — ctK^in sin -ifr sin -y. 
In Jacobi's notation this is written 

Ea,mii—Esimv—Enm(u—v), or Zu—Zv — Z(u — v) 
= — yc^n « sn t) sn(w— w). 
175. Putting v = w, and therefore ti = 2'w, then 
.Eam2w— 2i'araw;= — ic^an 2i(;sn^, 
or changing w into ^ic. 

Then PR+ItQ~&K PQ = SZ)+i)ff-arc .Bff 



'l+cniy 

= 2ah=—— -family =2o — ^ — ;— s £am Jw ; 

Vl + cnw ^ / V cn^w ^ /' 

and now en ^w, or cn^{u—v)^bj^, where fi^OK. 

176. A ready way of proving the Addition Theorem is to 

take the spherical triangle of Clfuss II., in which 

.4=ami!p B=^amv^ C^amii^, 

where Vj+?;2+W3=2iC, 

and to vary all the sides and angles, keeping k constant. 

Then dv^ + dv^+dv^^O, 

or dA I cos a + dB I cos h + dGjcos c = 0, 

or cos Z> cose. d.A+cosccosa.(i£+cosffleos6.(^0=0, 

or (cos a — sin h sin c cos A)dA + (eoa 6 — sin c sin a cos S)dlB 

+ (cos c — sin £4 sin h cos G)dG—0, 

or cos a(?jl -{- cos bdB+cos cdG 

= K^9inBsin{7G09jliiA+sinGein.AeosBdB+ sin jlsiniJ CDS C(iG) 

= K^*?!(sin A sin B sin 0). 
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Integrating, 

E(A) + E{B)+E(C)~2E=K'^m A siaB Bin G, 
since y"cos adA =/j{\ -K%i'c<?A)dA = E{A), 

and 1)^ = makes B = 0, and A+C^-tt, ov E(A)+E(C)^2E. 
In Jacobi's notation 

E^mv^-'rE3.mv^+Ea.mv^—2E= K^n v^sn ?;2sn Wg, 
or Zvj^ + 2^2 + Zt;^ = k^so ^^sn v^sn iig, 

with Vi+V2+v^ = 2K. 

With w+t) + w = 0, 

Zw+Zi)+Zw= — K^sn u sn -0 sn w, 
or Zu+Z?;-Z(u + v)= Anitsni;sn{«,+-u). 



8 Theorems. 

177. The particular case of the Addition Theorem, obtained 
by putting y = ^7r, or u — V — K, was discovered lay Fagnano 
(1716), and loads to his theorems, namely, that if P, Q are two 
points on an ellipse of excentricity k, whose excentric angles 
0, 1^, measured from the minor axis, are such that 

Ai;6 Ai//' = k', or tan tan 1^ = 1/k' = «/&, 

then the arcSP+arcBQ — arc.d5 = rtK%in^sini/', 

or arc£P— arcJ,Q = aK^in</isini/r=K'te557«; 

, ,, , ^ , o / ^^ c-^ 

and then tan^'di tan^di = ,^-5 svT-r— 757 = ts' 

^ ^ {a^ — ic^)((i/'~x^) 0' 

or K^x^x"^ — a^{x^ + x"^) + a* = 0. 

On reference to %. 2S it will be found that, if OY, OZ are 
the perpendiculars on the tangents at P and Q, then 
(i.) AOZ=<l,, AOY^yj^, 
(ii.) arcPP-are^e = PF=Q2=7Q-Pr, 

ao that VZ=PT, and PFor QZ^K^xx'ja; 
the tangents at P, Q meeting OA, OB mT,V; 
(iii.) OP'-OQ^ = OY^~OZ^; (iv.) OY.OZ=ab. 
When P and Q coincide in F, then F is called Fagnano's 
point ; and then 

(i.) the are BF- arc AF= a-b; 
(ii.) the coordinates of P are w ' . , ■J^_j i 
(iii.) ii:P=a, FH = h, FG^a-h, OG=J{ah); 
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(iv.) the tangents at P, Q intersect in R on the confocal 
hyperbola FRD, through F, D, whose equation iH 

"'-t.a-i- 
a 

(v.) the tangents at P and Q' intersect in B' on the confocal 

ellipse KDH, through K, D, H, whose equation is 

?'+? = a + 6; 
a 

(vi.) PR-0.raPF=QE-3.vcQF; 

(vii.) the circle inscribed in the region bounded by AD, DB 

and the ellipse AB touches the ellipse at F; etu. 

The proof of these theorems is left as an exercise. 




17B, Denoting the arc APby s, the perpendicular OFon the 
tangent at P by f, the angle AOYhy \lr, then by Legendre's 
formula 



ds __d?p 



+p, while PY= 



dp 



so that s+PY=fpd-ylr) 
and in the ellipse 

■p = ^(a2cosY+ 6=sinV) = lAV', 
while 

PT= — dp/(^i^=aic%mi/'Cosi/'/Ai^ = aB:%in^sim/' ; 
80 that 8-i-at^m^smifr = a/'A\Jrd^!r — aE-\}r^a,rc BQ, 
or arc BQ — are jlP^aAin^sini/v, 

as at first, in Fagnano's Theorem. 
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C'onfocal Ellipses and Hyperbolas. 
179. If we put 

x+iy = c sin(^ + i6), 
then a;=cam0eosh0, i/ = ccos^sinhO; 

so that \^r, + - - ^L9>i = C^ 

^ ^^^, 

the equations of a system of confocal ellipses and hyperbolas, 
since cosli^0 — siiih^0=sin^0 + cos^^ — 1. 

'^''" d?+4^=3p+i-«-" <"'■''-»"• * • 

so that, in an ellipse BF, along which is constant, the 

arc BP^c/^(co&h^9-sm^<f)d<l>^aE^ 
as before, with a = ccosh0, and the modulus equal to the 
exeentricity sech $. 

For the confocal hyperbola, along which <p is constant, the 
arc is given by 

c/v'(cosh20 ~ cos^<i>)de, 
■which can be expressed by elliptic integrals of the first and 
second kind, of Legendre's form. 
Putting 

a = (! sin 0, b = c cos qi, 
the equation cif the hyperbola is 

te/o)'- (#)'-!; 

and now the coordinates of any point P on the hyperbola may 

be given by a cosec x, & cot ;( ; and the tangent at P by 

X V ■ . •, 

- cosec v — y- cot ■>■= 1, 
a -^ 6 '^ 

and then amh =z i,r — X' 

cosh = cosec X, sinh5 = cotx, tanh$ = cosx, etc. 

The tangents at P, and at another point Q defined by x'> 

will therefore meet at a point R, where 

x^ cot x'- c ot X ^ sin(x~x') ^^ sinx-sinx ' 

a cosec X cot x' — cosec x' cot X coax' — cos x' ^ cosx' — cosx' 

When we put 

X=arau, x' = ami; 

the modular angle being <j,, then as in g 173 for the ellipse, 
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X_ 8^2^i % _ cn ^(u - v) 

y__^Cldl _ Cj _ CD^(ll- + 1j) 

and therefore, eliminating CE ^{u — v) and dn ^{u—v), 



where a— — 



W.')+(s/ff= 

_i cn ^{u 






and a2_^ = e2 = a2+;js^ 

so that i^ describes a confocal ellipse, when u-\-v is constant. 




Fig. 24. 

180. By putting u+v~K, we obtain theorems for the hyper- 
bola (fig. 24) aiialogoua to Fagnano's theorems for the ellipse. 

Now (§ 123) a^cJil-i-K% ^ = cJk\ 
or a^ = c{c-\-h), i3^ = ch; 

and R describes the ellipse FD, whose equation is 

which will intersect the hyperbola in a point F, the analogue 

of Fagnano's point on the ellipse, the coordinates of which are 

c simp ^{\ + cos if), c(cos0)'. 
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Now, as in | 57, with 

;^=amu, -^ — smv, and u+v~K, 

and cob ^ cot x' = t' = cos <j>, 

or sinhQsinh S'^k, 

and Jfx,y and x', j/ denote the coordinates of P and Q, 

IB = « cosec X = aAxJcm x', o' = a cosec x — aAx/cos j; ; 

y = a cot X = GJc'tan X , ;/' = a cot x' = ct^'tan x > 
and thus i/y' = aV = c^cos^^. 

Drawing the perpendiculars OF, 02' from on the tangents 
at P, Q, and denoting the angles AOT, AOZ hy w, lo'; then 

dy xja^ 

sin&) = sin0sinx', cosw^^Ax', sinw' = sin0sinx, co3a>'=Ax- 

Now denoting OY, OZ by p, p', then 

P — x^(a^cos^(i) — bhm^<o) = c^{sin^^ — sin^w) = c sin cos x ', 

p^' = c^in^0co9xcosx' = c^sin^^cos0sinxsinx' = c^cos^sin(o3in(o'- 

Making use of the formulas 

ds dPp , ^, „ dp 

--,- = — ,-% — p, and Py = ~ -^, 
diD din'- d<D 

then 

P Y— arc A P ^fpdw = o/^{sia^<p - sin^w)(?(o 

= c/da^ cos^'dxVAx = </( A'X " «'')^x7Ax' 

=c(£x'-'c'^Fx'); 

also P Y= c siu lo cos a)/^(sin^0 — ain^«i) 

= c tan x'Ax' = c/tan xAx 
= ceosh 6 sinh ^/^(cosh^e - ain^^). 

181.. The arc AP of the hyperbola is now expressed in terms 
of an elliptic integral of the first and of the second kind ; we 
can however express the arc by moans of two elliptic integrals 
of the second kind, or by two elliptic arcs by means of Lan- 
den's transformation (§ 67). 
We shall find that if we put 

(o+x'^Si/f, or ain(2i//-~x') = **in(t) — sin^sinx'i 
J^±_ .. ,p, ' = (l+Bin ^) A(V.,Y) 



then tan x' = 

" (l+sin0)'^' ^ ^ 1 + sin gi ' 



siti^ + cos2-^' 

, „ 4sinci , 1— sin0 
where ->'' = ^-i^_. -./=■- -. . 
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(l+sm0)A(V'.y)' "^ (l + siu^jACV'/y)' 
. , H-sin.4cos2\//- 



^(sin^^— sin^w) Ax' (l + sin 0)A(»/r, 7)' 
cos (0+ ^(sin^^ — sin^w) — Ax+k cos x' = (1 + sin 0) A(i/r, y) ; 
J that 

(l+si„^)A(V.. yW-^'^'^tip^V 



.(ix'+2«<! 



Intcgi'ating, 

il+K)E(-^, y)=Ey;+Ksmx:-y^Fx'; 
and now the arc of the hyperbola 

AP = Pr+2c/c8inx' + C-&'x'-2c(l+K)-6'(V', y)- 

182. If we put X-x'^h-^-i- 

then we find (§ 180) 

„ (1 + cos 0)tan y' . scc^y'A y' 

tanf=\-- Yz — A> sec^=, '\ ,^ „ „ 

^ 1 — cos ^ tan'^X 1 - cos ^ tan^x 

=_ (1. + cos 0)sin x'cos x 



»»f= A^ 



'^<f''')~ Ax' (I + oos^lAx" 

Now, ain(2x'-^) = \8iii^, 

as in Landen's second transformation (g 123); and 
(l+cos*)A(f,X)df-(AV+co8#)WxVAV 

= (Ax'+2coB*i,+5^*),!x' 

= 2Ax',;x' + ^cos,|',-sinvC-^f-^'). 
Integrating, 

(1 + cos ^)-£'(^, A) = 2.Ex'+ 2 cos ^J^x' " "i^^9^ ^^^ x' ^°^ xl^X '' 
and the ai-c AP can be expressed by means of i'x' and E(^, A). 

Whenx=x' = ^'^i-^' t'^eti ^^if"-; 
also (g 175) 2.Ex' = ^W+l-cos^, while ^Fy/r^K; 
80 that (1 + k')-^(X) - -Et-f) + ^-'-ST. 
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1S3. The following theorems, analogous to those of g 177, 
can easily be proved by the student : — 

(i.) The difference between the infinite asymptote DT and 

the infinite arc FT is equal to AB-^mAF; so that 

the difference between the infinite asymptote OT and 

the infinite arc AT is equal to OZI+^i)- 2 arc ^F; 

(ii.) the coordinates of F are {c-\-h),J{{c~h)lc), Jih^jc); 

(iii.) the tangents at P, Q intersect in R on the confocal 
ellipse through F, whose equation is 
^' I ?/'_, 

and the tangenta at P', Q intersect in B' on the eon- 
focal hyperbola through D and K, whose equation is 

c—a a 
(iv.) PB-&kPF=QB-3.vcQF; 
(v.) P'Jf+iJ'Q-arcP'Q is constant; 

(vi) the circle inscribed in the region bounded by the 
straight line AD, the asymptote BT and the hyper- 
bola AQ touches the hyperbola at F ; 
(vii.) PT— c cot -ji(Ax, QV—ccotx'^X' Qv — c Ax/sia x'c'^sx\ 
PT.QV=FK\ PY.QZ^c\ 
Qv-PT=QZ, or vZ = PT, 

sm X cos X ~~ '^'^^ X ^^^ X "^"^ X ~ '^^ X 

184. The geometrical theoi'ems of § 173 for the ellipse hold 
with slight modification for the mechanical description of con- 
focal ellipses and hyperbolas from a fixed hyperbola. 

The threads from the reel must be led I'ound distant points 
on the hyperbola APQ (fig. 24) and be wrapped on the curve ; 
and now, starting from F, the confocal ellipse FBD will be 
described, if the threads are led off in the same direction. 

At D, one thread DT must be supposed of infinite length ; 
and, beyond D on the ellipse Pi), the thread DT must be trans- 
ferred to the other branch of the h3'perbola. 

By making the threads come off the reel in opposite direc- 
tions, the confocal hyperbola DK can be desci'ibed, starting 
from J) or any other point It. 
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185. The integration of the functions of § 77 can now be 
expressed by means of the elliptic functions, and of the function 
E am 14, defined by 

E am u =J'<{a^udu. 

Then J" K^sTihulv. = u — E am u 

J" K^Q,v?ud'u, = E am v, — kHl. 

To integrate a reciprocal function, for instance vd^u, we 
notice that 



dv? 



g dn i{ = /c'^nd^ii — dn^it, 



so that 

and ao on, 
Again, 



Jin'^nA^udv, — E am u — k%u u en ujdn ti ; 



fK^&midv.=u -/da\K- !i)du 
= u—E+E a,m{K—u) 
= u — J^amu+K^nucnu/dnu ; 
and since K%d% = dn\j?'-M), 

/x'^-nd^udu - E~ K tim{K-u) 

= A' am u — ff^sn ii en ujdn U, 
as before. 

In Problem III., 86, we iind 

dd cn^e 
and nt =/de^0de = ~ -fc' am 0+ sn 9 dn 0/en 0. 



1, Prove that the area of the CaB.sinian 



2 /(i*-a*sinV)^d0, if fe > ct ; 

'it {a^-lf&m^^)-^h*coa^d<l>, if a > &. 
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2, Rectify, by means of elliptic arcs (pointing out the 
geometrical connexion), 

(i.) yjb = sin xja, cos xja, cosh xja, dn xja, en xfa, sn xja, ...; 
(ii,) r = hcoa{b9la) or acos(a6/6), the pedals of an epi- or 

hypo-cycloid ; 
(iii,) rcos(b6/a) = b, or r eosh(&0/a) = 6, Cotes's spirals; 
(iv.) the lima^n T = a-\-hcosd, the trochoid, and the epi- 

and hypo-trochoids. 

3. Express ai as a function of s in the Elastica of g 97. 

Prove that if the ordinate is made equal to p, the perpendic- 
ular on the tangent from the centre of an ellipse or hyperbola, 
and if the abscissa is made ec[ual to the are ,dP±PF, the 
curve will be an Elastica (Maclaurin, Fhixions, 1742.) 



^~d^^ K "dK 
B the independent variable in these differential equa- 
tions from K to fc, 6, or it, where 

K = s/^ == sin 6 — tanh w ; 
and reduce the resulting equations to the canonical form 

y ax'' 
Solve the differential equations in which 

/=■ ....T-; , cosec^20, — cosech^^M, — aech^Sti, .... 

(Glaisher, Q. J. M., XX., p. 313 ; Kleiber, Messenger, XVIII., 
p. 167.) 

5. Provethat, if tii+Ug4-tt3+«^ = 0, 

__ K^c^CfjC^ f s^di s^d^ s^dg g.cJA 
^O^C^Cf^C^-K^\ Ci "*" c^ "^ Cg "^ c, / 

_ jc^dA^/£i^ , V2 , Va , iM 
'K'^+d^d^d^d^K d^'^ d^'^ d^^ dj 

= K^(Sj^ + Sg^ + 5^2 + 8^ - 28,82838^ -I- Sqc^CgC^ - 2). 
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The Ellvptio Integral of the Third Kind. 

186. We can now make a fresh start, and prove the Addition 
Theorem for the Zeta Function independently ; and then pro- 
ceed to Jacobi'e form of the Third Elliptic Integral. 
{FwndAimevda Sova, 49 ; Glaisher, Proc. L.M.S. SVII. p. 1.53.) 

Multiplying formulas (3) and (6), g 137, 

, „, , , , ,, , — 4K^n It en u dn -w sn ^1 en « dn w ,,, 
dn^(tt+D)— dn\w-ii) = — —j--, « — s w-r, "•■■(1) 

and, integrating with respect to v, 

■Eam(^».+^)+.gam(u-^>) = C- ^■'"'\^'^„^^^^"'" 

where G is the constant of integration, independent of v. 
To determine (7, first put 'D = tt ; then 

„ „ n , 2 m ?t dn w/sn u 
G=E8m 2u-\ T—s — i ' 

so that, replacing E am it by EujK-\- Zu, 



Z{v,+v)+Z{u-v)-Z2v 



_ 2 en -M. dn w/sn u 2 cu u dn «./sn w 



—Khahi^si 



u(- 1— K^sn% \ „ „ 

irl'- i-.---- • '-'''"^ 



~sn%\ l-(c^n%sn^7 1 — K^sn%sn^ 

=An(u+ii)sn(u— i:)sn2i(. (2) 

Replacing u-\-v, u—v, and 2i4 by it, v, and w,+v, this 
becomes the formula given above, § 176, 

Zii.+Zv-Ziu + v) = Khu u anv miu+v). (2)« 

Again, put u^O for the determination of G; then 
0= a^^w+a en u dn -it/sn w ; 
and now 

Z(»+»)+Z(»-»)-8Z»= -^''^°Tr''\"°°'° (3). 

another form of the Addition Equation of the Zeta Function, 
; immediately to Jacobi's form of the Third Elliptic 
I, as required in § lit 
187. Integrating this equation (S) again with respect to v, and 
employing Jacobi's notation of 

, rAn u CO tt dn u sn^v dv 
^ ' ' J 1 — K^n^sn^ ' 

where u is called the parameter, and v the argv/rnent, then 
n{v, u) = vZu - i/Z(u+v)dv - \fZ{ix ~ v)dv. 
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Jacobi now introduces a new function Ou, called the Theta 
F-wnction, defined by 

or 9w = G0 expyZwrfii; (4) 

so that Z'ii = ;=r — - 

Qv, 

Now Ji^u + v)dv=log^^^, 

JZ{u-v)dv = \ogQ^^^^; 
and n(f, u)^vZu+^log Q^^Jy 

-^"^"^ Ve(u+t.y *-^'' 

so that the Third Elliptic Integral ia expressed by Jacobi's 
Theta and Zeta Functions, the arguments being V, and v, two 
in number only, and not three, n, k, <j), as in Legendre's form. 

188, Integrating equation (3) again with respect to u, 
I /{dr^fu+v) — dn^(u~i!)}cl'i;ciu=log(l — s^sn^u sn^), 



or 

g< ''+'-'Q<''-'')Q'° =.l^A„%Bn%,. (6) 



a formula which takes the place of the Addition Theorem for 
the Theta Functions. 

For instance, putting u — v, 

e2u = (l-An%,)e%/G30 (7) 

Interchanging the argument and parameter, ti and v, then 

n(«,.)-„z.+iiog||^. 

BO that II{ti, o)-n(», u)-«Z»-t>Zu (S) 

and Jl(v, u) is thiis made to depend upon Ti{u, v). 
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U 



1S9. In Legendre's notation, II(«., /c, <f) or simply 110, is 
employed to denote his Elliptic Integral of the Third Kind 

/(l+'tt8in*0)A0' 
^, being called Legendre's paraTtieter {% 114) ; and with Jacobi's 

lotation, n(7i, K, amM) = /:|-- =-■ 

^ ^l+iisn% 

But Jacobi changes the notation, by putting n= —K^su^a, 
and by calling a the parameter;' also by denoting the integral 
in ft en a dn a sn^dw , „, > 

i-An-<.m% — I'y n(»,»), 

and not the integral 

dw ... . , una Jl(u, a) 

1^ — s-T. 5~i which equals w-H ^ ■ 

r 1 — K'^sn^'a sn-^it en a an a / 

In Legendre's notation, the Addition Equation of the elliptic 
integrals of the first kind 

leads to E<j}+E\p"--Efi=Khia^sin i/^sin^, 

the Addition Theorem for the second elliptic integrals ; 
and now for Legendre's elliptic integrals of the third kind, 
the Addition Theorem is (Legendre, F. E. I., Chap. XVI.) 
TT . , TT I TT 1 J. 1 nja sin A sin \!/- sin u. 

' '^ ^a 1 + 71 — ?). COS COS 1^ cos /I 

= 1 ,„„h_, » y(-a)si.^d.V'«nM (g) 

V( — a) H--)! — -WCOS 0GOSl/'COS/i ^' 

according as a is positive or negative, vi-here 

«.(l+m)(l + «7™); 
this can be verified by differentiatiim. 

This relation is very much simpliiied by the use of Jacobi's 
function n('W, a) ; and now with 

^=aniw, i/r = am^, j« = am{u+w), 
it becomes II(u, a)+n(v, a) — JL(v,-\-v, a) = ^ log Si, 

e(u+a.)©(i' + a)0{tt+v-a)' *■ ' 

and fl is capable of being expressed in a great variety of ways 
by means of the elliptic functions en, sn, dn of combinations 
o£ u, 1), a. 
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f O(u-a)0{v-a) \\ e(u-v)eiu+v-2a) 
fe{u + a) e(v + a) Y^ e(u-v)e{u + v+2a) 

1 eo ^J l-K^m^am\u+v~ay 

j eae(u+ v+a)y ^ _e(u +v)e{u+v+2a) 
V eo J 1 -~K^snH sr\u +v+a)' 

(§ 188), so that {Fundamenta Nova, % 54) 

„ g _ 1 — iir^n^tt + fi,)sii^(^ + ct.) 1 — K^n^m aD' ' ('it + ti — a) , 

~l~K%n^(u— a)sn^('i; — a) 1— Aii^asn^(u+'i' + ft)"' 
One of the simplest expressions, equivalent to that given 
ahove in (9) in Legendre'a notation, is 

„ _ 1 — ic^nwsu vsna sn(u+ v — a) ... „, 

i + Anu sn v^acb m(u -^v -\-<x)' 

and a systematic collection of difFerent forms of il is given by 
Glaiaher {Mest^enger of Mathematics, X.). 

190. According as Legendre's a ov(l-\-n){l+ic''ln) is positive 
or negative, so his Integral of the Third Kind Il{ii, k, ij>) falls 
into one of two classes, the first called circula/f; the second 
logaHth-mic, or hyperbolic, as we shall call it. 

In the corresponding classification of Jacobi's form, the para- 
meter a is imaginary or real ; and it is remarkable that in 
dynamical probiema, it is the circular form, with i/magimary 
Jacobian parameter a, which is of almost invariable occurrence. 
When Legendre's 

a or (l + n)(l+fiV7i) 
is positive, and the corresponding Elliptic Integi-al of the Third 
Kind is circular, then Jaeobi's parameter is imaginary ; and 
(i.) with n positive, we must put n= —i^snHa; 
(ii.) —K^>n>—1, we must, according to § 56, put 

as in § 114 ; and now the integral is expressed by 

n(w, ia) or !!(■«, K+ib), 
involving Theta and Zeta functions of the imaginary arguments 
ia or K+ib ; for which there is no theorem, short of expansion, 
to express the result in a real form. 

"We shall find however, in the applications, that this imagi- 
nary fonn constitutes no real practical drawback. 
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Taking for example the result of § 114, then, by (6) § 18S, 

-D.i>-c\ ,.^. , ,Q. " ., eo 

with ii = nt, and a = K+t'iK'; while 



"Vl- 






., ,^ /cnadna , , \ /O(u-rt) 

exaz{A — ut) = exp{——u+uLai^H=-z — ; — r ; 



"V(^ 



so that, by multiplication, 

(x + ^J/Xcos /ii — -i sin /^f ), or p exp i(0 — /if ) 

which, when resolved into its real and imaginary part, gives 
the vector of the herpolhode, or its coordinates with respect to 
axes resolving with constant angular velocity [x. 

191. Take Jacobi's n(w, a), and split up the quantity under 
the sign of integration into a quotient and partial fractions ; 
therefore 

1 cnadnaf /* dv, ■ , /~ '^ \ 

2 sna Wl — Ksnasnii Vl+KSnrtsnuJ 

= 'M,cnffidno/antt+n(w, a); 
while 
1 cnadn( 



.f r dv, r ■ dth \ 

Wl — Ksnttsnu Vl+Ksnasiiit/ 

/ ic en a dn g sn ix, -, 
1 — K^n^o sn^it 
=JWk. sn{a+u) — |Ksn(a— u)}dtt 



~% °dL(ft— 'ii)+iccn{a— u)'dna 
Therefore, by addition and subtraction, 
;n a dn « /" 3/il /„ , on a dn o\ 



<a+«) d»«±««»g76, 



0(a — w) dn(ct— -M.) — KCn(CT— u) dna+gcna 
©(ct+-u)'dn(o+w)+Kcn(a+!4)'dn«— Kcna' 



2 log 
du /„ en a dn o\ 



(, dn a. /^ dv, (rj , 

nayl + Ksnasnti \ 



1. Qifh — 'ix) dD(ffl-u) +KCn( a-^i,) dna- Kcncf. 
2 ''0(a+u)'dn(a+'ii) — KCD(a+tt)'diK(+iccna' 
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192. Again, taking the formula (7), | 137, 

and differentiating logarithmically with respect to ct, 
sn a en a dn a ic^an a en a dn a sn% 
sn^ct— su% 1 — K%n% sn% 

_1 cn((t + ^)dn(CT+M) 1 cn(a— i/-)dii(a — ») _ 
^2 sn(a.+u) 2 snfa — u) ' 

and then integrating with respect to u. 

a.cnadnaiiw_l, sn(a+tt)^^|., , 
sn^a — sn% ""2 ''sn(«— w.j ^ ' 

„ 1, an(c(+u) e(a+w) 
2 ^3n(a-u) e(a-it) 

.-»Za + ^logjL-^; (14) 

introducing Jacobi's function Hw, called the Eta, Fttiictwn, 
defined by the equation {Fundamenta Novd, g 61), 

""'Ties <"> 

This form (14) and Jacobi's II(w, a) are the two forms of the 
hyperbolic integral of the third kind to which Legendre's form 
can be reduced for negative values of a- 

When > 'ft > — K^, we put n— — jc^sn^a, 

and obtain Jacobi's form II(tt, a) of (5). 

When — 1>T3.> — co,we put n= — 1/sn^ct, 

and obtain tho above form (14). 

This form again can be split up into partial fi'aetions ; and 
a similar procedure shows that, since 



Pdn, 



'du , suit , dnti-— cnit 

'-- — log 



' snu °dn«+cnii* ° snu 

therefore, by equations (4) and (7), § 137, 
nudu 



f' 



-if 

f dti. . f dv. 



sn(a+u)~sn{a~ii) , 
i(a+ii)an(a— It) 
dv, 
(«+'^ 
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OF THE SECOND AND THIRD KIND. 197 

_,j sn(a+u) dii(ffl— u) + cn(a — tt) dna — c.na 
~^ °sn{a—'u,) dii(ct+w) — cii(«+M.) dua+cna' 
_^. sD(fl— It) diu(ai-u) + cn(a+u) dpft-cpg .-„, 
~^ "s^a+u) dn((x — u) — cn(a — u) dna + cna*^ ' 
Therefore, by addition and subtraction of (14) and (16), 
' cnad-iiadu 
ana— Hntt 

'cnadnadv, 
sna+snit 

a+K.) dn(a+it) — cn(<:(+ii) dna+cna 
0(a—uj dn(a— w)+cn(a— u) dna — cna' 
By means of equation (6), § 188, and the formulas of g VZ3, 
ese relations may be written 
"en a dn adu 



Q{a+u) dQ(a + u)+G\]{a+u) dna — cna 
Q(a — %i) dn(Q— «) — eu(a-ii) dna+ena 



-itZfl+Jlogp 



aiia-hu)dx,Ua+u) 



r 



O^K**"^) sn|(a— ttjcn^adn^a 
'cnctdnaiiw 



1 0^K''+ '"-) 9n|(a+ ^)cn^adn^a 

The student may prove, by a similar procedure, that 
Q a dn a ciit 



— ~ ~ \ log ^ ; , - 

cnii— cna "^ ° 1 — cn(a— u) 

3n a dn a (iw 






/ 
/ 
/ 
f- 

spfficna diia — stmcimdnH j __, 8n(a+u)9(a+tt) 9[) „, 
^ ^ otl-iog g^Q^^ «- , 

9(a+»)et) l-eii(<i+aj 



l + cn(in-ii) 

K^'snacnat^ ,, l + dn(a— «.) . „, , 
dp« + dn» =*'°g l + d„(« + 4 +°<''' »>■ 
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19S THK ELLIPTIC INTEGRAL 

Ev1&t'8 Pevdulum. 

193. Cousider for instance the rolling oscillations on a 
horizontal plane of a body with a cylindrical base, such as a 
rocking stone, or a cradle. 

Then the Principle of Energy, considering the line of contact, 
as the instantaneous axis of rotation, leads to the equation 

^{c^-2ckcoad+k^+]c^)(de/dtf = gh{ve,rsa-vexse), 
where denotes the inclination to the vertical of the plane 
through the axis and the centre of gravity at any time /, a the 
extreme value of 0, c the radius of the cylindrical surface, h the 
distance of the C G. from the axis of the cylinder, and k the 
radius of gyration about the parallel axis through the C. G. 

When c = 0, this equation reduces to ordinary pendulum 
oscillations, as in (3) g 3 ; but in the general case we have the 
oscillations of what is sometimes called Euler's Pendulum. 

Then dt^^ {{c-hy+?c'}cos^e + {{c-i-}if+h'']!im^e 
dO^ 4!gh(sm^a~aiv?^0) 

igh cos^^a(tan^|a— tan^Jfl) ' 
and now, if we put 

tan J0 = tan^a cos (j>, 
cU^ __ (i^-ichc(}na+h^+J(?-[(c+h)^+Is?}sm%a(im^(l> 
dfl? g/i(l — sin^^asin^^)^ 

di _ //c^-2 cfeco3a+feH/K Aqi_ ^ 

*"■ ^d0~V\ cli J 1-Hiii3]«sin*'0' 

on putting n^ = gja, and 

^ ~ c^~'2chco3a+k^+}c^ ^ ' .^-^c/ioosa+A.H^' ^ 

To reduce this to Jacobi's canonical form, put <p=^&mu, 
and sin^Ja = K^sn% ; then dn^a = cos^|a, 

, , c^ — 2c^coa a+A*+F „ iek coaHa 

,, , dt nSnftdna dn% 
so thatT).y- = a i — ^ — a s~ 

sn a dn a 2K^sn a en a dn a sn% 



en a 
while tanJO^tan^aenif.. 



y Google 



OF THE SECOIfD AND THIRD KIND. ],99 

In the ordinary pendulum, where = 0, this reduces, as 
in § 8, to 

tanJ0 = taii^a cn{K—'iit), 
equivalent to 

siii^6 = sin|asn7t(; 

where n now denotes ^{ghj{h^+k^)]. 

As another application of the Third Elliptic Integral the 
student may rectify the inverse (or pedal) of an ellipse or 
hyperbola, with respect to any point; examining the parti- 
cular case when the point is the centre ; alao the case of the 
Lemniscate, the inverse or pedal of a rectangular hyperbola, 
with respect to the centre (R. A, Roberts, Integral Calovlus, 
p. 310). 

Examples. 
1. Prove that, if Z^ + fc'-l, 

/ J V(^-fcsinV)V(l-*'smV)"^'^' 
and deduce Legendre's relation of § 171. 
k(y—sc)dxdA/ 



V y ^{x.l~x.l-kx)^i-y.l-y.\-ky)^ 
n /-'/"/-' y-x dxdy 



/a+il fa 



{y-xylwdy 



-',)J{-*-'S-ii-y-h-y-','> ' 

(§ 51). 
{y-x)dxdy 
^l(a-x).(x-mf+n'}^i(y-a).{y-m)'+n'}~*'' 
(§ 47). 
{li-a){y-MS-a)(y-xyhds _ 
(«-a)fe-a)V(-Xy) 



= 2» (§153). 



7. 'DmolingK-E, K'-K.B-c'^K, E'-K'K"hj J, J', G,G' 
respectively (Glaisher, Q. J. M., XX.), prove that 
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CHAPTER VII. 

ELLIPTIC INTEGRALS IN GENEKAL, AND THEIR 
APPLICATIONS. 

194i. The general algebraical function, the integral of which 
leads to elliptic integrals, is of the form 

where S, T, U, V are rational integral algebraical functions of 
X, and X is of the third or fourth degree in a;. 
We first rationalize the denominator, so that 

B-^TJX J_S+TJX){JJ -VJX) _M ^ N I 
U-¥VJX~ U^-V^X ~I}'^B^X' 

suppose ; and now the integration of the rational part MjD is 
effected by elementary methods, when it is resolved into its 
quotient and partial fractions. 

In the irrational part NjD^X, the rational fraction NjD 
is also resolved, into a quotient, having a typical term ai™, 
and into partial fractions, having typical terms 
l/(«-a) or \l(x^„r 
By differentiation, we find that 

^{af'-^JX) = [{ra-l)ai^■\-^m-^)hx■^^-^ + Qim~'i)cx'''-^ 
+ 4<TO-|)(^™-s+(m.-3)Kc™-'}/VJ ; 
so that, integrating, and denoting _^'"(fa/^X by ii^, 

af-^^Z = (m-l)a'MT„+4(m— l)^>«™-i + 6(m-2)ctim_2 
+ 4(m-f)(;u^.a+(m-3)eu™_i, 
a formula of reduction by means of which the integral w^ is 
made to depend ultimately on the integrals it^, u^, and Mq. 
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ELLIPTIC INTEGRALS IN GENERAL. 201 

Similarly, by differentiation and integration, denoting 
fdxKx-ar'JX by w„, 
we can determine another formula of reduction, of the form 

y;f ^ ^Avn + Bv„.i + 0\ i + Dv^^i^EVn^i, 

by means of which the integral v„ is made to depend ultimately 
on the integrals v■^, v^^, v.^, and w-^; or rather, on v^, u^, m,, u^; 
since v^ and w^ are the same, and 

By the various substitutions of Chapter II., u^ is reduced to 
Legendre's First Elliptic Integral, while at the same time the 
integrals u^, u^, and v-^ are reduced to elliptic integrals of the 
Second and Third Kind. 

When x—a is a factor of X, the substitution x—a — ljy 
shows that v^ \>%eamGa/ydyj^Y, where Fis a cubic function 
of y, and u^ now reduces to the Second Elliptic Integral. 

But without carrying out this work in detail, now only of 
antiquarian interest, we adopt instead the Weierstrassian 
notation : and by means of the substitutions of the previous 
chapter we express x and i^X rationally in terms of fu and 
f'u ; so that the integration is reduced ultimately to that of 
A +B^'u with respect to u, A and B being rational functions 

of ^11. 

195. We must at this stage introduce the functions 
^u and (TiJ', 
the functions employed by Weierstrass, in conjunction with 
his function jPtt. 

The function ^w, called the zeta function, is defined by 
f'it= —pit, or fifr= —ffudvi ; 
while the function o-it, called the sigma function, is defined by 

^f- log crti — Cu, 
du ° * 

or \ogrTi'^=f^udu, o-w = expyj^tcftt ; 

1 ,1 (Bogo-M. 

and thus — -fh^ — = — S^. 
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202 ELLIPTIC INTEGRALS IN GENERAL, 

Taking the definition of s or ^u. in § 50, 



../(I 



expand in descending powers of 8, and integrate; then 

/i«-\i-iw-'-to,»-')->* 









the * marking the place of a missing term in the expansion. 

Therefore, by Eeversion of Series, since tt^ is a rational 
function of s, we ohtain, in the neighbourhood oiu = 0, 

sorpi. = j5+.+-„+J^+.... 

To obtain further terms of the expansion, assume 

Ssu = -3+ * +c{W^+e^u* + c^u° + ... + c„v?"+...; 

and since &'hi.=i^^u — (f^u—gg, 

f"'u=-\2fu^'u, 
we can obtain from the last equation a recurring formula for 
the determination of the coefficient* c ; and as far as u^, 

*'«'-^2+*+ 20 ^ 2S ^2*. 3. 52^2*. 5.7. ll^""' 
The expansion of the zeta function is now 

^ w"^* fiO 140 2*. 3.5^7 2*. 3. 5. 7. 11 ■"' 
so that, defined more strictly, 
^u = --+j(^-fujdu. 

Similarly we shall find, for the sigma function, 

^,_„ . gaU^ ggW g^y? ffaffaW " 

<TV.~v,-\- ^ 2*. 3. 5 23,3.5.7 2^3^.5.7 2'. 3^5^7.11 "■' 
so that, strictly defined, 

log crw = log 'J 4- / ( C'"' — j'^''*'. '^'^ (TU^V'B-x-p/ (fit — jdu. 
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AND THEIR APPLICATIONS. 



196. From considerations of hoTnogeneity it follows, that if 
u is changed into w/m, and at the same time if g^ and g^ are 
changed into in^g^ and m^^j, then s or pu is changed into m,^s 
or m^pu ; so that 

9 (^i ; 92' 9z) = —2& (~ ; ^^%' ■mVs) ; 

and similarly 

At the same time the discriminant A becomes changed to 
m^^A, but the ahsolute invariant J is left unchanged (| 53) ; 
we may in this manner alter the argument u proportionally ; 
for instance by taking m = i/ie^ — Cg) we can make the argument 
the same as in the corresponding elliptic functions (§ 51). 

"When m is chosen so that m^^A = l, or m = A"^'',the elliptic 
integral is said to be normaZised (Klein). 

Suppose, for instance, that g'g=0, 
and m, m? are the imaginary cube roots of unity, — i±^?'^3 ; 
then m^ = l, and •ii/m = m.%; 

so that jj(m%; 0, g^) — 7n?p{u ; 0, g^, 
f{in u; 0, gg) = m ^{u ; 0, g^, 
while p'u = gj'mu = gt'm^ii. 

Agam ^(u ; O.S3) = -i- = ^£^-2- 

(t(u\ 0,cr,)=mtr-=mV— 5. 

This is the simplest illustration of the theory of Complex 
Multiplication of MHptic Fv/nctions, of which we shall mEtke 
use hereafter ; the general theory is required in the integration 
of the equation 

Mdy ^ 

'^C^y^-92y"9&)~J{*^^-9^-9z) 
for particular numerical values of g^ and g^, when IjM is a 
complex number of the form a-{-ib^n; in this instance gr^^O, 
and M is an imaginary cubic root of unity. 
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204 ELLIPTIC INTEGRALS IN GENERAL, 

197. With the aid oi: these three functions of Weietstrass, 
fu, fu, and tnt, it is possible to express any elliptic integral, 
and we can thus complete the problem left unfinished in § 194. 

The function ^w is analogous to Jacobi's Zeta function ; and 
with s = ^u, it may be defined by the relation 

Th\is, for instance, from § 163, with appropriate hmits, 
J X — a \a — p a — y a — d/^Ji 

To obtain the Addition Equation of the zcta function 
analogous to (2) and (3) of § 186, take the formula (F) of 1 144, 

s»+p«+K«+»)-l(!^)^ 

implying also the formula, obtained by changing the sign of v, 

f»+P»+K«-«)=i(^S±t?)'i 

so that, by subtraction, 

K»-«,-K...>^ (,^ (.) 

Integrating (u) with respect to v, 

where 0, the arbitrary constant of integration, may be obtained 
by putting u=0, when gsi'^oo; so that (7= — 2^tt, and 

«»-«)+f(»+,)-2f»= J^_ (^) 

An interchange of u and v gives 

-{(»-«) + gu+»)-2J«= ^; m 

BO that, by addition, 

a» + „)_ J» „ ^..lt!i=I^ (y) 

the Addition Equation, analogous to (2*) g 186. 
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With U + V + W = 0, 

this may he written, analogous to § 176, 

^u + ^v + ^w=- ^{fU + ^v + fW). 

198. We can now take the function A+Bf'u of § 194, and 
suppose that A and B are resolved into their quotient and 
partial fractions. 

Writing p, p', p", ... for ^u and its successive derivatives, 
then the relations 

P" = ^P^-i9s.< 
p"' = 'l2pp\ etc., 
enable us to express the quotient or integral part oi A+B p'w 
ill the form 

C = Co + CjjpU + C^f'u + C3J3"U + . . . . 
Considering next a partial fraction of A + Bf^u of the form 

we replace a by fv, and write the partial fraction in the forin 

^^H{t(v,+v)-^u-^v}^2K{t{u-v)-^v.^iv]. 
All such partial fractions can thus be expressed by a series 
of terms, 

L = U{^-v-,)+mu-v^)-\-li{v,~v^)+..., 
where the sum of the coefficients I is zero for each partial 
fraction, and therefore for the whole series ; so that 

^l + ^3 + ^g+---=0- 

Again, by repeated differentiation of equations {^) and (/3') 
(§ 197), with respect to u or v, we obtain equations, such as 



-^— = K» +^) +K«- ^) + 2jTO - 



by means of which partial fractions of the form 

f-±M^ or generally P^, 

can. he expressed by terms of the form fK^it+i"), g'(w— v), and 
by their derivatives ; as well as by terms of the form L and C. 
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206 ELLIPTIC raTEGKALS IN GENKRAL, 

Thu3, finally, A+B^'u, or any rational function of fu and 
f'u, can always be expressed as the sum L + P oi two series of 
terras,' L = l^^{u-Vj)-f^(^-v^)+ls^u~v^)-\- ... , 
whore li+l^ + ls + ...=0, 

and P = c + Sm ^'■''\u - v) ; 

and now the integral can immediately be written down, in- 
volving, in general, the sigma, zeta, and f function, as well a,s 
ita derivatives. 

When the sigma and zeta functions are absent, the integral 
is a function of pu and jj'u, and is not properly elliptic, but 
only algebraical. 

This method of integration is taken from Halphen's Fonc- 
tions Elliptiques, L, chap. vii. 

Halphen points out that to obtain the coefficients in the 
series of terms 

l^v,—v)+mf;p{^i,—v)+'m^^Xu—v)+m^f"{ti—v) + . . . , 
corresponding to the same v, it is only necessary to take the 
coefficients of {u—v)'^, {u~v)'% (u—v)'^, ... in the expansion 
of A + Bp'u in aaceiiding powers of u~v; the coefficient I 
being Cauchy's residue. 

199. Integrating (/5) with respect to v, then 

/ ■ =log-7 ' — 2vcu, (ft 

which may be considered a canonical form of the Third Elliptic 
Integral, in Weierstrass's notation. 
Thus, for instance, in § 113, 

p'vdv. 



J mh 




&^'^ 



By integration of (y), with respect to i4 and v, 

1 fu — fv ° (fu-rrv " ° irutrv "■ 

/I o'u — iff'v 1 , (riu+v) , , rri'U'+v) _„>, , , 
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either oli whicli may be taken aa a canonical form of the Third 
Elliptic Integral ; and also aa illustrating the interchange of 
am/plitude v, and para/md&r v, as in the Jacobian Elliptic 
Integral of the Third Kind, 11{u, v), in g 188. 

Or otherwise, interchanging it and v in ifii),or integrating (/3'), 

^'T{'K'-V_i_i)^,f.^, (-^^j 

so that, by addition of (^j) and (^^, 

p- »j»+p-»fc ^ 

fU — fV s ^ ' ^ / 

a form of the theorem of the interchange of amplitude and 
parameter, analogous to (8), § ISS. 

200. Integrating {^) with respect to u, 

2 log /tu = log(fu — ^v) , 
aiv+ v,) <7{v~u) _ 



f£ 



r- 



(j^Vrj^V 



= ^-fV, 



the fundamental formula is the use of Weierstrass's elliptic 
function, analogous to equation (6) o£ § 188. 

As an application consider the herpolhode of 113 ; then 

so that, in the curve described by H, 

x+%y = p6"'' = ^^- — ^e-"", 

^ '^ /J. TUa-v 

while in the herpolhode described by P we must multiply this 

function by e''" or coa fA.t+i sin /it. 

Putting u^v in (K), we obtain 

—r-= -lt-^^7 ^= -pU. 

This may be obtained by integration of the formula of g 149, 

1 # 

p2tt = pt-^^log^. 
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208 ELLIPTIC INTEGRALS IN GENERAL, 

. If n, V, w, X denote any four arguments, 

+(r{v—w)<7(v +vj)(t(u ~x)it(u+x) 

+ ^iw-uy(w+uMv~x)^(v+x)=^Q (L) 

since it is of the form 

(U-V)(W-X) + iV-W){lT-X) + iW-U){V~X), 

where U—V= —a-^u<T'^v(_pu—fv), etc. 

201. We notice that the Third Elliptic Integral can be 
expressed very simply aa the logarithm of a function, so that 
we may write (yi) in the form 

/I ^'U—^'V 7 1 _,/ , 

jj — du = log 0(-w, vj , 

where <*(«, 1!) = —^^— -6""^", 

TUa-v 

and ^(w, v) is called by Hermite a dotibly periodic function of 

the second him.d. 

Changing the sign of u, or v, 

SO that 4i{u, v)ip{u, —■v) = f'u,—fv. 

202. Suppose ^v = e-^^ e^, or e^; then, according to § 54, we 
can take v^w^, Wj +«3, or w^, to correspond ; and now 

j3'ij=0, and log^ii, v) = \\o^{fu — fv) ; 
so that 

0(u, wi) = ^(i^ - fl)i) = Jif'it - eO, etc. ; 

and ^{w, ii) is an elliptic function for these values of v. 
We may thus put 

-/(m^-c,)-^^^^±^e-'^f^ or °^, 

cr(w + [t),) i- 

wnore lT-^'Us denotes -& '""i. 

Similarly, 

■whore cr„w=-^^ — L_-^-«fn+ai,)_ ,jm=^ ^■^e-"i'°3. 

atftji+wg) 0-0)3 

Also ja'ii = - 2^(^ - Cj. J3« - e^. ^w - Bj) =- 2CT■l^t o-gW cr^Vijcr^u, 
and (I 200) a2ii = 2o-u o-^w o-^W o-^^t. 
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Denoting by a, ji, y the three numbers 1, 2, 3, taken in any 
order, then the relation 

gives, by a combination of tbe expansions of <tu and pit in § 195, 

(r„u=l-ie„lt^-t^(6e„^-£r2K----- 
so that ffflii ia an even function of %, and unaffected by Homo- 
geneity (g 196). 

Thus, for instance, from ex. 9, p. 174, 

The Bymhol t}a is employed to denote fcoa, so that t) is 
the analogue of Legendre's J5' of § Y7. 

"With positive discriminant A (§ 53), we find {exs. 4, 5, p. 199), 

and with negative A (§ 62), 

jjaois'— »;a'(t)2= iir; 
formulas analogous to Legendre's relation of g 171. 
203. Denoting fu, fv, fw hy x, y, z, then (§ 165) il' 

(ic-|-y+3){feiy2^-3s) = (i/3 + sa;-|-3:i/ + is'2)3 (I.) 

Denoting also (a;— ea)(;y — eo)(2 — ea) by Sa^ then since 

s^=w*jz~\g^-{:yz-\-zx-\-'xtj-\-\g,^e^-^-{x-\-y-\-z)e^ 

_ ys+zx+xy — 2{x+y+z)ea. 

^'~ 2J{x+y+z) 

by means of (I) ; and this ia of the form A -\- Bea, so that 

{e,~e^)s,+{e^-e,)8^+{e^-e^)s^=0; 

or (e^- e^)(riU(7jV cr^W + {e^-~ ei)a-^U a-^v<r^W + (e^- e^craU rr^v a^w = 0, 

croti iJaV <raV) 
since So = — — — . 

(7~U <TV (TW 

("W. Burnside, Messeng&r of Mathematics, Oct. 1891.) 
As an exercise the student may prove that, with 

(^2 ~ ^^^1^'' ""i^ o'l'"' ""i^ + (^3 — ^d^^ ""jW cTjW cTjCC 

the analogue, in Weierstrasa's notation, to Cayleys theorem, 
given in ex. 1, ii., p. 140. 
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210 ELLIPTIC INTEGRALS IN GENERAL, 

204. The solution of Lamp's differential equation, whicli may 
be written in Weierstrass's notation 



is given, when «. = !, lay the function ij>(u, v) of § 201. 
For, differentiating ip logarithmically with respect to u, 

^ du 2 pu-fv S'*' "^ -^ i ^ ' 
and differentiating again, 

0-J-^^^5=-*<'^ + ''' + S^^' 
so that 

1 <Pd) 1 /p'u — p'vY / , , , 
^ chh^ 4 \fu—^v/ "^ ' ^ 

Lame'a differential equation, with n^l, and h^^pv. 
The general solution of 

^S=^»~+''" <^' 

is therefore 

y^C<p{u, v) + C'<p{ii, -v), or C<ji{u, v) + 0'<p{-u, v). 
When h or pv^e^, e^, or e^, the solution is one of Lame's 
functions, as in g 202. 

One solution is now fj{fv^ — e.a), where a — \, % or 3; 
the other being 

(f(w-+<Ba)-eau;v'(S3ti-eo), 
as may he verified by differentiation, or determined indepen- 
dently from a knowledge of the particular solution ijif^—^a)- 

205. The revolving chain, resumed. 

We are now able to complete the solution (§ 80) of the 
tortuous revolving chain, by obtaining an analytical expression 
for its projection on a plane perpendicular to the axis of 
revolution. 

Putting y = rcoai^, 2 — r sin if/-, 

then we have found in g 80, p. 70, that, when the notation of 
.Legendre and Jacobi is employed, 

(?y:_ if EH 

dx T^ }fisn^{Koija) + (?cn\Kxja}' 
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which, oil putting u = Kxja, and 

K^n^v = - (6^ - (?)lc\ d.nH = & V(;^ 

so that, with k^ = (b^ - c^)l{d^ - c^), 

sn%= —{d^—(p')j^, cn%=c?.^/c^, 

, cZiiir en V dii */sn v 

becomes ,— = — :; 5 — „ ' ■ - , 

(m 1 — K^SD.ni sn v 

so that i4f= -tb — - ■ nitt, ?; (1) 

Since sn^w is negative, we may, by (67) § 73, ]mt v — t'iK', 
where t' is a real proper fraction. 
Now r = c^(l — ic%n^M. sn^) 

_ / e(»+»)e(»-») ,„ 

... ,.x /0(u+ii) / cnvdnv ^\ 

I. ,. , ■ .-...Qi^+i') ( cntidnv „\ ,.-,. 

so that v + *s = cO0 ,v ,-, exp I ■ mvi,; ...AA) 

which, when resolved into its real and imaginary part, will 
give y and z as functions of w or Kxja, and thus represent the 
equation of the chain. 

206. The procedure is more rapid with "Weierstraas's notation. 

Writing 1/^4- s^ = r^ we have found that (§ 80) 

so that we may put 

r^^hX^u-fv), (1) 

provided that -=-— tj — , 

and pg, g^ are suitably chosen. 

Since v is the value of u which makes r^ vanish, therefore 

the value of {dr^jdxf when ^^ = {% SO) ; so that 

S3'%= - 10fl"V'n.V/c«, (2) 

and ^'v is therefore a pure imaginary, which we take to be 
negative imaginary, so that v = t'w^ (§ 54). 



Now 



dyk_S tfa^ JH _^ _ 

dv, !/V dv, «%&* jsit— jau <pu — fv' 
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du fu 



^^-iS-'+'O+Kfr-'O-f" (3> 



from (fl-} a 197) ; so that 

,(v- 

t±V.f. (4) 



ii'-liog if^t^^- 



Mv+u 



whil» ,.= kM±^~-^ (.3) 

1 , ■ 7 ^(v+n) _> 

and v+ts= k — ^'— — e "S" 

" (TV (Tit 

y-iz= mu,-v), (6) 

giving tlie form of the chain. 

For a revolving chain fixed at two points, we must have r^ 
restricted to lie between positive values, b^ and c^, and therefore 
pit must be restricted to lie between e^ and Sg ; so that with 
dujrla^ constant, we must put 'U'=!co>Ja-[-a)z- 

Foi a chain riUracted to the axis with intensity proportional 
to the distance, and thus taking up a form of ■mvnim.v/ni 
moment of meitia, we have u^XfoJa ; and now jsti can become 
infinite, and the chain reach to infinite distance. 

In this and other mechanical problems, the parameter of the 
elliptic integral of the third kind is almost always imaginary ; 
the apparent awkwardness of this imaginary parameter is 
removed when we proceed to express the vector y+iz by a 
doubly periodic function of the second kind ij)(vj, v), whose 
logarithm is the elliptic integral of the third kind ; and thence 
determine y and z theoretically by resolving ^{ii, v) into its 
real and imaginary part. 

Familiar instances of the same procedure are met with in 
Elementary Mathematics ; thus 

x+iy = Gaos{nt+ia), or ccosh(?i(+i;S), 
will represent elliptic or hyperbolic motion about the centre. 
Generally, with ic+*i/ = 2, X+iT=Z=F'z: then 

will give the motion of a particle of unit mass under component 
forces (X, ¥). {Lecornu, Comptes Rendus, t. 101, p. 124'4.) 
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207. The Tortuous Elastica. 

A procedure, similar to that just employed for the revolving 
•cliain, will show that the equation of the curve assumed by 
a round wire of uniform flexibility in all directions can be 
expressed by the equation 

y+iz = Ic<l>{u, v) 
and z = k^u + yu, 

where ii — so>Jc + o>^, 

-3 denoting the length o£ an arc of the wire, and 2c the length 
of a complete wave. 

{Proe. London Math. Society, XVIII., p. 277.) 
The elastic wire diifers thus from the revolving chain in 
having ii, = 3oijc+o>^. instead of u = xa>Ja+a>^ (,g 5)7). 

To establish these equations, take the axis Ox as the axis of 
the applied wrench, consisting of a force X along Ox and 
a couple X in a plane perpendicular to Ox ; denote the tor- 
sional couple about the tangent at any point by G, and the 
flexural rigidity of the wire by B. 

Then the component couples of resilience about the axes 
Ox, Oy, Oz are taken to he 

B{!/z"-y"z'), B(s'x"-z"x'), Bix'f-afy') 
the accents denoting differentiation with respect to the arc s ; 
the equations of equilibrium are therefore 

B{yY~y"z')=Gx'+L (1) 

B{z'x"-z"x') =Oy'+Xz (2) 

B{x'f-^'y-) = 0'J-Xy (3) 

(Binet and Wantzel, Oomptes Rendiis, ISM). 
Differentiating each equation with respect to s, multiplying 
respectively by x', y\ s', and adding, gives 

(?' = (); so that G is constant. 
Multiply equations (1), (2), (3) by x', ;/, z', and add ; then 
G-X{y^-y'z) = 0, 
so that ys' — y'z = t^d^p-jcls = GjX, a constant ; 

and ysf — y"s = (). 

Again, multiplying (2) by y, (3) by s, and adding, gives 
Bx'Xyz' -y'z)- Bx\y^' - fz) = G{yy' + ss'), 
or Bai' = X{yy'+z^), 

so that, integrating, Bx'=\X{if-k-7?) + H. 
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Then BV^ = X%yi/ -\-z^f 

= -2X(Bx'-H){l-x'')-G^, 

a cubic function of x' ; so that, by inversion of the elliptic 

integral, x' or y^+z^ ia an elliptic function of the arc s, which 

may be written 

2/Hs*=A;%w-s3w,), (4) 

or Bx' = ^Xk\fw — ftC) + H, 

... du ,Xk 

provided gj=l-g- ! 

and now 3i=''*"-i"') + 2i' 

| = f„(,.H.|^)„; (5) 

, diyh iG ds 2iBG 1 ija'o) ,,,, 

also — =-'^-=^-„ .j--= ^==^5-- = "° ■■ — ■(!>) 

rfu Ar^ au XW jaio-pi. jPto-s*^ 

By Kirehhoffa Kinetic Analogue, it follows that the axis of 

a Spherical Pendulum, Gyrostat, or Top can be made to follow 

in direction the tangent of a certain Tortuous Elastica, when 

the point of contact of the tangent on the elastica moves with 

constant velocity , so that, ii x, y. 2 are the coordinates of a 

point fixed in the axis of the Gyrostat, and Ox is vertical, 

, d cAii+w) „ a , 

X = k{^v — ^u), 
where now u — nt + io^, 

and 2(Bjn is the period of the oscillations of the Top, or Spheri- 
cal Pendidum. 

The Sphericcd Pendulum and the To'p. 

20s. To prove these formulas independently for the spheri- 
cal pendidum, let the weight of the bob be TT lb., and let the 
tension of the thread be a force of NIW poundais ; then the 
eq\iations of motion are, with the axis of x drawn vertically 
d/iwnwavda, 

S+*=»,S+iT!, = O,J+* = 0; (1> 

subject to the condition, I denoting tile length of the thread. 
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The equation of energy ia 

U^'+f+-'}=9(x+c); (2) 

while yi—'yz = k, a constant (3) 

Now, xx+yy+ss+NV' = gx, 

so that Nl'^=gx+x^+'!i'^+z^=gCSx+2c); 
thus giving the tension of the thread. 

Hermite writes (Siir quelques applicationf! des fonotions 
dliptiques, ISSo) 

{y+is)(y-iz) = yy +zi-i(yz—yz) 
= —XX— Hi, 
80 that the norvi of each side is 

Then 

(l^-x^){2g{x+c)-x''}=x^^^+h?, 
or l^x^=2g{x+c){l^—x^) — h^ 

= - 2gx^ - 2,gcx^ + Igl^x + 'igcP' - !>?; 
so that a; is a simple elliptic function of t, which we may write 

x= k(pv — pVj), (4) 

where u = nt+w^, for ^to to lie between e^ and e^. 

Then l%hi^^'^u=2gh%^-fvf-2gck\^u-^vf 

- %gkl\pu - pv) + 2gcl^ - h^ 
= h9^K4!^^ - g^fu - g^, 
provided n^ = ^g'kjP; and fv= —^cjk; 

while g^ and g-g are suitably ehasen. 

The value of ^'v is found by noticing that a; ==0 when u^v; 
and thus l%HY^v=2gcP-h\ 

Now Hermite writes 

y+iz d'u?^^ ' d'u? gh k ' ' ' 

Lamp's differential equation for ii = 2, with ^. = 6^1^. 

The formal solution of this equation is reserved for the 
present; but it can be inferred for this case by taking the 
equation (3) and writing it 
d'4^_ '^ 
~du~ii{y'^-'tz^) 
di-\p-_ ihjn _^ilijnl .^ihjnl 

°^ 'dir~¥^^^~ j^^'^'i+x ^''' 
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"We now put 

l~x — l-{^u — ^a), l+x^ki^h — pu); (6) 

and since l'^x'^= — fe^whena:i=^ +^, oc when w = a, or 6, therefore 
^,,^^ ^^^ h?_ 

With h positive, and fh>^u>^a, we take ^'a negative 
imaginary, and ^'b= —f'O' positive imaginary, so that (§ 54), 
(i=p(03, fe = (0j+5w3, where p and g are real proper fractions. 

Then <§j;, -»'- +_itl_ (7) 

am fw—f<3. fo~fVj 

and integrating, by equation (^), g 199, 

''/'-S'°8;^-»f«+Jlog;;^-«?!'-(8) 

Now thi.««»=4H±2l;:g±iLxp(-2f«-2{6)», 

while 

_.f( «+»M«-a) Ki' + »')^(''"") , 

sothat y+i.-; /''' + '»<; + ''W (-;»-{!')», 

S-i.-;. ""'-y^^;''> exp( + {a + ffl)»; (9) 

thus giving the solution of Lamp's differential equation for ti= 2. 

209. It is interesting to verify that these values of y+is 
and y — iz are solutions of Lamp's equation for to = 2. 

Denoting y+is by ^, and differentiating logarithmically, 

^1 jj'it-jj'g 1 f'b-^'u . 

2 J3X4 — JSd 2 Sj6 — f)M 

and differentiating again, 

:=, ^ / ^'^-g^'a y _^ 1 p'u~f'a p'b-f 'u 1 f'^^^^V 
iK^u — paJ 2 pu — ^a ^b — pu V\pb — pu} 
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= 2(s3w+pa+sa6), 



AffD THEm APPUCATIONS. 

1 SJ'-»— p'g I 

2 fU—^a fb-fi. 
But with p'a= —f'b, 
1 ^'u — f'a f'h — fi'u _ 1 f'hi — p% 

so that - -T^ = Q^u+S^a + Sfb, 

Larae's differential equation for ii=2, with h^Spa+Spb, in 
place of the previous value of 7i=Qpv. 

From Kirchhoff's Kinetic Analogue in g 207 we may put 



du\fr{a-{-b)(rU ^* ^ ^ / 



where \ = f(a. + ?f) - fa - ^b. 

With i3'(*^ — '') — F''^— ~f'''- 

therefore ^a~b)^^a.-^b; 

and, changing the sign of a, 

(Halphen, F. E., I., p. 230.) 

210. In the shghtly more genera! case of the motion ojLtlie 
Top^we shall find it convenient to draw the axis Ox vertically 
upwards, and to call 6 the angle which the axis 00 of the 
top makes with the vertical Ox. 

Then, from the principles of the Conservation of Energy and 
Momentum, we obtain the equations (Routh, Rigid Dynamics) 

^,A{d$ldtf+^Asin^e{d-^/dt)^='Wg(G-kco3e) (1) 

A aiii'e{dyp-!dt)+ Or cos e = G, (2) 

where r denotes the constant angular velocity of the top ahout 
its axis of tigure OG, dylrjdt the angular velocity of the verti- 
cal plane through Ox and 00, h the distance of the centre of 
gravity Q from 0, W lb. the weight of the top, and 0, A 
its moments of inertia al)out the axis of figure 00, and about 
any axis through at right angles to 00. 
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Putting AjWh^l — OP, aa in the simple pendulum, then 
P is the centre of oscillation for plane vibrations. 

The elimination of dyfrldt between equations (1) and (2) gives- 

=.^(eose-cosaXeos0-coa(3)(cos9-d), (3) 

suppose ; the inclination of the axis of the top to the vertical 
being supposed to oscillate between a and ^, 

a> 6> fi, or cos a < cos 9 < cos ^ < d. 
Guided by equation (17), p. 37, we put 

cos = COS a coa^^ + cos /3 sin^0, 
cos — cos (t = (cos ^ — cos a)sin^^, 

cos/3~cos = (coS;8 — cosa)cos^^ ; (4) 

and therefore, 



Kit/ ' 



.l|((i-cose) 

1 " 

{d — cos a — (cos /3 — cos a)sin^0} 



21 



where 



_d — cos /3 



d~cc 
and In^ = ^g{d— COB a). 

Now we may put -p = am nt, and 

cos 9 = cos acn%f+cos/3snVf, (5) 

so that the projection on the vertical Ox of the motion of a 
point on OG resembles ordinary plane pendulum motion. 
When d = \ and cos « = — 1 , then 

n^^gjl, K^ = cos^|/3 = sin^i(-ir — ^) ; 
G and Or vanish, and the oscillations are in a vertical plane. 
But, in the general state of motion, 

dt sin^0 

_1 G_+_Ct I 0-C r 

2i+cose''"2 1-cos0 
^1 G+Gr 1 G-Cr 

2 l + cosa + (cos^-cosa)sn%t 2 L-coaa-(eos/3-cosa)sn^?j(' 
so that yjf is expressed by two Third Elliptic Integrals. 
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AND THEIR APPLICATIONS. 
Putting cos 9= ±1 in equation (3), show that 
(^^y = 2^(l+eo..a)(l + cos^)(^ + l); 

(^-" y = 2|{1 - cos a)(l - cos ^){d~l), 

while, ill accordance with Jacobi's notation, we put 

„ cos S — cos a 5 5 cos iS — c 
rsn^i;, = ^-^ , k^%=—, 

1 + cos a 1 — COP 

so that, finally, with v,=nt, we find 

diylr_c n ij^dn i;^/sn v^ , en v^dn ^g/sn v^ 

du 1 — K%n^VjSn% 1 — K^sn^jSn^ii 

and, as in the spherical pendulum (§ 208), we take 

v^ = ipK', v^ = K+ iqK\ 
where p and q are real proper fractions. 

In the Weierstrassian notation, we put, as in (6), § 208, 

1 + cosd=k{fu—^a), l—cos6=Mfb — pu); 
and thence (g 224) c-hGos6 = kk{f(a+b)—pu}. 

Wettosobtai. fk^SlifJSL+irl^; (7) 

du ^11, — pa fb—pti, 
but now the relation p'a=—^'b holds only when Gr — O, or 
when the motion of the top is comparable with that of the 
spherical pendulum; on the other baud, the relation ^'a = p'b 
implies that = 0. 

The Kinetic Analogue of the Top with the Tortuous Elastica 
(g 207) ia obtained by putting 

a+6 = ft), and \ = ^a+h)-^a-^b. 
In the Steady Motion of the Top, a = ^, k = 0, Z = ^tt ; 
and the elliptic functions degenerate into circular functions. 

"We thus obtain the condition for the steady motion, and the 
periodof the small osciilations,given in Routh'sE'^(/^rfi>y7^am^cs. 
211. A similar procedure will solve the general equations 
of motion of a solid figure of revolution, moving under no 
forces through an infinitely extended incompressible friction- 
leaa liquid; the work will be found in Appendix III. of 
Basset's Hydrodynamics, vol. I ; also in Halphen's Fonctions 
elliptiquea, II., chap. IV. The problem ia of practical interest 
from its bearing upon the determination of the amount of spin 
requisite to secure the stability of an elongated projectile. 

{Proceedings, Royal Artillery Institidion, 1879.) 
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212. We again resume the consideration of the motion of a 
body under no forces, first mentioned in § 32, as affording a 
good practical illastration of the necessity for tlie introduction 
of various analytical theorems of Elliptic Functions. 

Geometrical Representation of the Motion of a Body under 
No Forces, according to MacGullagh, Siacd, and Gcbbia. 

Quadrics concyclic with the momental ellipsoid, that is, 
having the same circular sections, are given by (Smith, Solid 
Geometry, § 170) 

and now, if we produce the instantaneous axis of rotation OP 
to meet the concyclic quadric in P', and denote OP' by R', 

(A-H)p^ + {B-H)q^+{G~H)r^ = DhVIR'^, 
while Ap^+ Bq^-\- Cr'^Dk^Jim; 

so that, hy .subtraction, 

Along the polhode, ii = fe sec 0, where denotes the angle 
between the instantaneous axis OP and the fixed axis of 
resultant angular momentum 00 \ and then 

^ = cos^e-^, (1) 

the polar equation of a quadric suiface of revolution. 

Since if^ is less than A^ec^O for all points adjacent to P on 

the momental ellipsoid, therefore in the concyclic quadric 

1 . , ,, cos^e H 

-pis greater than -^-;^,. 

except at the point P', and therefore the concyclic quadric 
touches this quadric surface of revolution at P" and rolls 
upon it during the motion. 

We may also take concyclic quadrics, given by 
(E-A)a?+{H-B)y''-\-{H~C)z^ = Bli\ 

and now _„ = _^_^ = _^_co.«e, (2) 

the polar equation of a quadric of revolution. 

In particular, if Zr = i>, then ii'sin0 = A, the polar equation 
of a cylinder of revolution, outside which this coneydic hyper- 
boloid rolls during the motion (Siacci, In ■ 
Chelini, Collectanea matheinatico,, 18S1.) 
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213, By reciprocation of these theorems, we prove Mac- 
Cullagh's theorem, " that the ellipsoid of gyration, 

always moves in contact with two fixed points on the axis of 
resultant angular momentum, equidistant from the centre " ; 
and we also deduce Gehbia's extension of MacCuUagh's theorem, 
that " eonfocals of the ellipsoid of gyration, the polar recipro- 
cals of the concyelic ellipsoids of the momental ellipsoid, slide 
without rolling on fixed quadric surfaces of revolution." 

In particular, the polar reciprocal of Siacci's cylinder of 
revokition is a circle, upon which a certain coiii'ocal to the 
ellipsoid of gyration slides without rolling. 

GecmetTkal Representation of tft^ Motion, according to 
Sylvester, Darboux, amd Mannheimi. 

214. In Sylvester's splendid generalization of Poinsot's re- 
presentation of the motion of the body, it is proved that a 
confocal to the momental ellipsoid rolls upon a plane per- 
pendicular to the axis of resultant angular momentum 00 at 
a constant distance from 0, which plane rotates about OC with 
constant angular velocity, and therefore gives a geometrical 
representation of the time. (Phil. Trams., 1866.) 

The proof of this theorem depends upon two geometrical 
propositions, in connexion with confocal quadric surfaces — 

(i.) "The locus of the pole of a fixed tangent plane to a 
quadric surface, with respect to any confocal, is the normal to 
the first surface ; " 

(ii.) " the difference of the squares of the perpendiculars from 
the centre on two parallel tangent planes of two confocals is 
constant and equal to the difference of the squares of the 
corresponding semi-axes." 

Thus, in fig. 25, if OP' is a surface confocal with the 
momental ellipsoid OP, then Q, the pole of the invariable 
plane OP with respect to the surface OP', will lie in the 
normal PQ to the momental ellipsoid at P ; while the surface 
OP' will touch a plane G'P', parallel to the invariable plane 
OP, and such that 00'^ = OG^-W \^ denoting the difference 
of the squares of corresponding semi-axes of the confocals. 
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Since C is a fixed point during the motion ot the body, 
therefore C is also fixed. 

Drawing the plane QL through Q, parallel to the invariable 
plane, and denoting OC by h, as before; then since Q is the 
pole of GP, 

Oq.OV=OP'\ or OL.OC^OC-^^h?-\\ 
so that O.L=h-\^/h, LG^X^Ih. 






/ 
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/ 
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Fig. 26. 

Again, denoting aa before (g 104) by /x the constant com- 
ponent of the angular velocity of the body about 0(7, so 
that the resultant angular velocity of the body about OP is 
jj. cosec 0¥G, then the velocity of the point P' in the body is 

^cosec OPO. OP. sin POP' = M.P'"r', 
where F' is the point in which the line OP cuts the plane O'P'. 

Therefore the angular velocity of P' aboiit the invariable 
,. ^^. P'V PV PQ X^ 

hne 00 is '*'(rp^~'^CP~^OC~'^¥' 

a constant ; ao that if the surface OP' rolls without slipping 
on the plane G'F', this plane must revolve about 00 with 
constant angular velocity /jX^lh^. 

The point P' lies in the plane OQPC ; and since 

C'P^_C'P'_OG'_OC 

CP~W~OL'OG" 

therefore OG' .G'F =00 .GP, 

and P' lies on the rectangular hyperbola PP" ; this is the 

geometrical property principally employed by Prof. Sylvester. 

{Solid Geometry, Salmon, §§167, ISO ; Smith, §§ 163, 167-) 
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The angular velocity of the vector C'P' with respect to the 

revolving plane CP" being -^— ;"p. it follows that, if p', 0' 

denote the polar coordinates of a point P" on the herpolhode 
described by P' on the revolving plane C'P', then 

and p-^-^^^il-^y^ 

equations similar to those required for the herpolhode of P. 

In particular, if we take X^ = A^ then 00' — 0, and the con- 
focal OP' is a eone ; and the plane through rotates with 
constant angular velocity /a, while the cone, called by Poinsot 
the rolling and slipping cone, rolls on thi.9 revolving plane, 
the angular velocity about the line of contact OH being v. 

If we consider the curve described on this revolving plane 
by the point H, the foot of the perpendicular from P on the 
plane, then p, ip' being the polar coordinates of H {§ 113), 
d<l>'_d^ _ A-I>.B-D.G-D h^ 
dt~dt ^" ABC /^' 

so that the point H describes on the revolving plane an orbit 
as if attracted to ; and, as in § 89, we shall find that the 
requisite central force is of the form Ap+Bi^. 

(Pinczon, Gomptes Rendns, April, 1887.) 
This is otherwise evident, by noticing that the vector x+iy 
of this curve satisfies Lame's eqiiation (§ 204) 

-lp{^+iy) = i^r"' + ?-"){x+iy), 
where p^ = h\fv — pu), 

A value of \ may be found which maites the herpolhode of 
P' a closed curve ; and this closed polhode is an algebraical 
curve, when v is an aliquot part of a period, the correspond- 
ing elliptic integrals of the third kind becoming fseudo-eiyi/ptic. 

Abel has devoted great attention to the subject of 'p&eudo- 
elUptic integrals {(Eutrres, SI.), and the algebraical herpolhode 
affords an interesting application of his theorems (§ 218). 
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TJie Addition Theorem for the Third Elliptic Integral. 
215. Theorems (9) and (10) of § 189 show that, employing 
the function ip{u, v) of § 201, 

log0{wj, ii) + Iog0(Ua, ii) = log0(%+«2' w)+logiJ, 






:Q, 



fT(v+Ui+u^iTV a^i<TV'2 ' 

where, expressed by elliptic functions of Uj, u^, and v, 

Also, as in equation (S), § 188, 

log ^(v, ti) = log ^(1!,, v)-\-utv-vt,u\ 
so that 
log 0(u, Ui) + log ^(v, U2) 

= log^{y,u,+U3)-{f».i + f-w,-f(tti+u^)i;+logn,...(3) 
the Addition Theorem for the 'parameters u^, u^. 

These theorems have been generalized by Abel for the addi- 
tion of any number of amplitudes or poA-ameters in the 
Third Elliptic Integral, and the proof ia a simple extension of 
hia method, employed in § 162 ((Euvres, XXI.). 

Denoting by « any arbitrary quantity, equation (7) of § 162 
may be written 

1 dx,. _ 6Xr 
a — Xr ^X~{a — Xr)-^%. 
Now, since Qa is of lower degree in a than i/rd, and 
yp'a = GJi{a-~Xr), 
it follows that, when resolved into partial fractions, 
i9ffl^ to,. . 

>/ra (a—X^'<l/Xr 
and therefore, writing ix and ipx for P and Q respectively, and 
A for the value of X when x = a, 

y 1 dx,. _ 6a _a^a§ta — taS^a 
a — Xr v'-^r V""-^ (^")^ — {ipa^^A 



■:<pa .^A _ _1_ Sia + S<pa . ^A 



^A fa — (pa . tJA n/a ia + ^a. JA 

--25tanh-i(^^V^)...(4) 
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Integrating, with the notation {§§ 197, 199), 

Ip'vdu ,, , ,1 , X 11 C^C^"^) a„f„ 

^-^ — =i- lotffoji,— (oiA — loffoSiu. 1)1= I ios —, ie™'". 



/, 



''^—^^^^i^og(fu-pv)-\og(i>{u, v)- 



where x = pu, ^X = — p'-w, a = fv, ^A =—f'v, 

ao that 

nt^;'-"Joriif-+^:» 

ia expressible by elliptic functions, p and ja', of v ; provided that, 
as in (11), §162, 

..{6) 



'^JdxriJX, = (i, or Si^ = 2<, . 



the coefficients iu fa and ipa being determined as functions of 
fUr and f'Ur by the plextts of equations (4) in § 162 ; fa and 
^'a being the same functions of at',-. 
Thus the function 

n^lSSr) (^' 

is an elliptic function of v provided that the sum of the values 
— «, of u which make the function vanish is equal to the sum 
of the values — «',. which make the function infinite ; in other 
words, briefly expressed, provided the sum of the zeroes ii is 
equal to the sum of the iiijmities ii'. 

In particular, with the u'^'s all zero, Sit,. = ; and in equation 
(6), g 162, we can put 

i,a = {{af - (.pafA = IL(fv - (su,) ; 

so that Slog0(i/r, i') = log(fa+0a. ^A)-!- constant. 

Thu. n*(»,,„), or ^^+lMv+^0^-Mv+J^ (8) 

when »,+ li,+u, + . .. + «„ = (), (9) 

is a rational integral function of i^J and p'v, whiuli may be 
written, as in g 1 98, 

(7=c,+c,(i» + (!,|>V+... + 0rf"-'l<i (to) 
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So also, since (g 201) 

thereforo, writing [/"for — w.^, 

2 log^(w„ 1') = log^(f/, «) + log S2 + a constant, (11) 

where ii = Cj{^U~^v). 

In particular, when U=ea, ^{U, v) = ^(fv-ea) (§ 202), and 

'jl'*(»„,.).0/V(t>»-«.) (12) 

when -itj + tt^ + Mg + . . , + ttu _ ^ = (o„. 

By an interchange of amplitude and parameter, 

2 log ^(u, 17^) — 2 log ^(w, ■t)'r) = log t"i-pi(, (13) 

provided that 'Zvr=1,v'y. 

(2 being a function of pii, f'vi, fv, f'v ; and 

216. A further application of Abel's Theorem of § 162 shows 
that p is expressible as a function of jro and ja'v ; this is the 
generalization of the Addition Theorem for the Second Elliptic 
Integral, given in § 186. 






and this case can be determined as a degenerate ease of t!ie 
preceding result ; since, making a — co, 

E/'^ = ltE/{^^-«)4|-=ltE/>l^ -^ 
J JXr J \a~-x,. / sJX,. J a — x,- ^Xj 

= the coefficient of 1/a^ in the expansion in ascending powers 

of I/O of -/>Iogr °"^°-^f (U) 

Thus, with X = 4x'— jjTjX — (/g, and x = j)«, 

then •Q>=fxiiilJX; 

«nd por5:K»,-M=-21t-^tanh-'-*»V^. (»-")• (M) 

Jacobi calls iJA the factor of the Third Elliptic Integral. 
M, IL, p. 494.) 
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217. Similar results hold when, as in ^ 167, X is supposed 
resoh'ed into two factors, Xj^ and X^. 

Denoting i^Xj - Q^X^ by i/^, 

aod varying the arbitrary coefficients in P and Q, and uimse- 
quently the roots of T//ic = 0, aa iu g 162, then 

V''iC,<fe,.+ 2P^P.Xi-2Q^Q.X^=0, 
while P^X^^qjX^^^; 

so that yp-'xrdx^ - 2(Q3P - PSQ)J{X^X;) = 0, 

(^ ^ JjdP-PSQ ^eXr 

^Xy ~ \J/Xt ~ yj/Xr 

a,nd 2(te,./^Xr=0, or 2ur = 2uV 

Again, as in § 215, 
y_\ dXf _ Oa _i, 4>aS fa — f« <?^ft 

1 „, ia.^ A^ — <j,a .^A^ 
"71 ^^°Sfa:7^i+^« VA, 
Thus, as an application to the formulas of ^ 174, 176, 186, 
and 189, ta.ke, as in g 38 (Durfege, Elliptische Functionen, § 36), 
X^X^Xj, where X^ = x. X^ = (l-~x){l~ka)). 
Then, with (C=.'3U%, 

/'dx „ rxdx 2, ,, , 



y a — 



''" .2n(«, . 



in Legendre's notation, with ^ = am u, and n^ — 1/ra. 
Now, if, as in g§ 164, 16.5, we take 

P or t'x=p+x, and Q or ijfX^q, 
and denote by iC^, x^, x^, the roots of the equation (7), 1 167, 
^^x, or P^Xi-Q^Xa, or {p^-xfx~q\l-x){\-hx) = 0; 
then a^a;2a:^g=3^, 

1— iBl-l— Kg. 1— % = (H-p)^ 
Xj->rX^-^X^—hx^X^^= — 2p; 
so that, as in §164, 

{^ — x^ — x^ — x.i-\-l!a:.jX,^x^f^H\—x^. \—x^. l—x^), 
where u^+ii^+u^ — i). 
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Again, 

since aij, ic^, x^ vanish when p and q are made zero ; and this iy 
equivalent to the result of equation (9), § 1 80, with a = — I/ti, 



and 



fu ,^A fi' + O'V" 1-up 



Similarly, for the Second Elliptic Integral, 

= -22=-V("'ii«2^s); (I'') 

as before, in g§ 174, 176, and 18(). 

218. Abel's pseudo-elliptic integrals are derived by making 
the u'a equal in equations (7), (12) ; or the ^'s equal in equation 
(13) ; also by making their sum equal to a period o>a, or the 
sum of multiples of periods, such as p<o^+qo>^. 

Now /t\c>g^(u,v) is of the form logfi — pu, 

or ip(u, v)" is of the form e~^^il, 

where fi is a rational integral function of pu and ^'u of the 
form of in (8), sometimes qualified by a divisor ^{fu—e^. 

We begin with the simplest ease of an algebraical herpolhode 
by taking v = to-^+\ia2,', and then, from equations (39) and (40), 
g 64, we can infer that the value of a, between e-^ and e^, which 



!. + ^('=,-«,. 
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Denoting fu by «, p'u by ^S, and 40?? by u, we infer that 
/~ ds 

is pa eudo- elliptic, that is, can be expressed in terms of 
fd^lJS and of tan-'CQ^-SZ-P). 
In fact, by differentiation of 



since ip'w= -2^{e^-eg.ej-~Cj){^(ei~eg)-^(e2-e3)}- 
In the herpolhode, therefore, of §113, h-icil 

.-.«=i/'*^:=<'-HV(.-...)-v<.-..,)).* 

or e = 0-;u( + Hv'(ei-«3)-VC«2-e3))7i,f, 

and therefore, relatively to axes revolving with constant 

angular velocity, 

tile hei-polhode will bo the algebt-aical curve, given by 

(a-s) cos 20- V(s-«i •«-«!>. 

(a-.)'c09'2e = (o-»)--(e,+ 2o)(«-«) + (c-e,)(a-«,). 

(a-s)'8in'2e + {V(<i,-«,) + V(«!-«B)l'(»-»> 

-V(i!.-'j-«!-«.)(V(«.-e.)-v/(«.-«i))'=0; 

where, as in g 113, a-s, or S'V-S'''t = ^g p- 
Keferred to Cartesian coordinates, in which 
p^ = x^-\-y"-, p'^imW — ^xy, 
this equation becomes 

[te' + { ^/(i!, - «,) - V(«! - «.) 1'-^'''] 
of the form (,r> + 6")(!/'+6')-oi' (18) 
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The relation K"'~ ^s = ^(^i — ^3 - ^a — ^3)' 

combined with the equations of ^ IIU, 113, leads to the relation 
A-D ,I)-0 A~B.B~0, 

and either B~D, which gives the separating i>olliode ; or 

D A B^C" 
the relation foi- this algebraical hei-polhode. 
Now, from ^ 108-110, 

'■■-'--(c'b) «<■ '•-"-[s-i) S»' 

while, with A>B> D>C, and eg = e-,, ea = e^, cj, = e^, 

To determine the confocal surface which will describe this 
algebraical herpolhode by roUing on a fixed tangent piano, we 
must equate the angular velocity of the axes to /jy^jh? ; and 

The squares of the aemi-axea of the confocal are therefore 
LV ^, [B 1 \B\,, IfB D\,, 

DP „ (D 1 mv, 1/, D\,, 



6" 



while the square of the distance from the centre of the tangent 
plane on which this confocal rolls is given hy 

The confocal is therefore a hyperboloid of two sheets, of the 

a? v^ z^ 
form — ..—'^+-^ = 1; 

a? h^ a? 

and in rolling on a fixed tangent plane at a distance h from 

the centre, it will trace out the algebraical herpolhode (18), 

being the preceding herpolhode, changed in scale in the ratio 

of fe to 6 (Halpheu, F. E., IL, p. 285). 
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219. A more complicated case can be constructed by taking 
v — oi^ + ^w^; but now we must choose particular numerical 
values for g^ and g^. 

If we select the modular anglo of 15°, then 2kk' = 5, and in 
(C),§ 53, J= o=-v-4, J"- 1 = 11^-^4 ; so that, by choosing A = lOS, 
then ?3==15, ,93=11; 

and e^=i + ^S, e^=-l, es=^-JB. 

It is easily verified that, with the above value of v, pv=l ; 
for flv^ — -| = p4ni; also this value of ^v or s makes, in equa- 
tiona (39) and (40), § 54, 

,/e, — e„. Co— 6, \ i, ,/e,—e„.e,—e, \ 

P V^^-^e ; 3a. -9^)-'^^ {--f-J- ' 9-L- ~'-h} 

The corresponding elliptic integral of the third kind in the 
herpolhode will now be pseudo-elliptic ; we find, in fact, that, 

(2.-l)» (2s-l)S 

(^i9___l_ 23 + 5 _1 J .q(Jn-__ ^if'v diL 

d^~~Jl^^ JS'^"^ ds ^u~-^v ds 
since if'v— —3^2 ; so that, in the herpolhode, 

and therefore, relatively to axes revolving with constant 
angular velocity /t — ^^2??,, the herpolhode will be the alge- 
braic curve 

. , . ,3,^(4s^-4s-ll) 

(2«-l)» 
or (1 - 2«)'8iii^8e + 9(1 - 2s)' - 108 = 0, 

in wliieli 1 — 2s = 2(j)i;-s»u) = 2^2 fa^^'^s- suppose; 

and now p'ein'Se + Sc'p^-ic'^O (19) 

a curve, consisting of six equal waves, arranged on a circle. 
With (i.) 4 > J) > D > C. and 

e, = l+JS, e,= -\. e,= \-Ji, tni-\; 

then (§113) ^-E^= J'^= ^-^ -j^ . 

A-D.D-a A-D.B-D 
so that jp 33 
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Then, either A—D = 0, which would give a stable rotation 
about the axis A ; or 

i'l+h w 

ao that D ia the harmonic meau between B and C. 

Again, ^^-'^" = ^ = —2 Be • 

so that iJS = ^---^j ^, 

1_1_V3('1_1\ i,'_2_VlVl_l\ 

D A~ i \n ar b^o a 2 Vc bJ' 
1 1 

C-A' 
■which is impossible, with A> B> G. 

But (ii.), with ^ > i) > £ > C, we find that D is the har- 
monic mean between A and B ; also 

lA-<'+Ml-l) p^) 

BO that 2 + ^3 is the ratio of the serai-axes of the focal ellipse 
of the momental ellipsoid, and ^3(^3— 1) is the excentricity. 

Another algebraic herpolhode can be constructed by taking 
^ = iy,j+3(03; and, with ^2 = 15, g^=ll, we find that 
9v^~^+Js, if'v= ~SJ2{2- ^^). 

Now, if 

" (2,-2^3 + 5)1* (2«-2^3 + 5)« 

de ^2(^3-1) 3^2(2-^3) . 
3»~ 2^8 (2s-2v'3+S)x/S' 

so that 

■jV'vdu /-- 3^2(2 -V3)<i« 



/ ji^vdu r 
9^ — 9^1/ < 



(2.-2^3 + 5)VS 

~W2(V3 I)/^^+.™ (,,_2^3 + 5)t • 

and now the algebraic herpolhode, with respect to revolving 
axes, is given by 

(2s-2V3 + 5)^sin 3^=6(^3- l)V(s-e,.s-e3), 
reducing to an equation of the form 

/sinS30 + PpHQ/3Hi^.= O (23) 
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With (i.) A>li>D>0, and 



^v~ei,= -3 + 2^3 = 



Therefore 



B-D.D-C 
3/(7" ' 
9, D-C 
AC 

__^' A-p.B^D 
" rf ' ' AB 

V.D-0 ^B-D.D-C 



"AC " BC 

and rejecting the factor B — C, 



A^l) if 



D-C A_V3->' l_l„-^/-'-iYl_l\ 
11 2/1 



Also 



80 that the excentricity of the focal ellipse of the momental 
ellipsoid is ^3 - 1. 

With (ii.) A> D> B> C,-w^ are led to an impossible result. 

Points of Inflexion on the Herpolhodes. 

220. The original herpolhodes dmwn by Poinsot (TMorie 

nouveUe de la rotation des corps) were represented with points 

of inflexion, as curves undulating between two concentric 

circles on the invariable plane. 

But ifc was pointed out by Hess, in 18S0, and de Sparre 
(Gomptes iie^dus, Nov., 1884), that such points of inflexion can- 
not exist on Poinsot's original herpolhodes, which are curves 
always concave to the centre, as drawn in Bouth's Rigid 
Dynaffiics, Chap. IX. ; like the horizontal projection of the path 
of the bob of a conical pendulum, or like the path of the Moon 
relative to the Sun, a good figure of which is given in the 
JUngUsh Mechanic, p. 337, June, 1891, by Mr. H. P. Slade. 

The herpolhodes described on planes parallel to the invari- 
able plane in Sylvester's representation are capable, however, 
of possessing points of inflexion, when the confocal of the 
momental ellipsoid attains a certain shape. (Hess, Dos Rollen 
«iner Flaoke zweiten Grades auf einer invariaheln Ebene> 
Munich, 1880 ; de Sparre, Comptes Rendiis, Aug., 188o.) 
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DoQotiiig by h the constant distance from the centre of the 
plane upon which a quadric surtaee rolls, de Sparre shows that 
the herpolhode on the plane has points of inflexion, when the 
qnadric is 

(i.) an ellipsoid 

3!^ ,,2 -2 111 

^+?,+^=l. <i.^<h''<c\ if/t'^XA and „>'+„; 
a^ b^ & a^ Ir c^ 

(ill a momental ellipsoid, A<B-\-G, or -3<j^+-v„ so that 
^ ' ' a^ b^ c^ 

points of inflexion cannot exist on the hei-polhode) ; 

(ii.) a hypevboloid of one sheet 

^_!+|!_?'-l u?<¥, if As<o2, and -\>tI+-J 
ft-' 6' c' a (i c 

(iii.) a hyperboloid of two sheets 

a? ¥ c^ 

These herpolhodes being similar to the original hei'polliode 
of the momental ellipsoid, when refen-ed to axes rotating with 
constant angular velocity /aX^^^' ^^^ ^^ considered as defined 
hy the polar coordinates p, d, given in terms of the time t, hy 
the equations of 1 113, 

p^=kHfv-f'u.), (1) 

j-=m+-^-'^ — n 2) 

at pv — ^u 

with u=nt+ws, v = M^ + ffw^. m//i = l-X^//t^ 

Denoting the velocity in the curve by V, and its radius of 

curvature by R, then, resolving normally, 

R'dt pdf\P dt) ''dAdt'^ f*dtV' 
which will be found to reduce to an equation of the form 

-^=Pp^+qic'; (3) 

where i* = m* + 3mTi.^j3i; + liHf'v, 

and the corresponding herpolhodes will have points of inflexion 
when X is chosen so that Pf?-\-Q can vanish. 

Thus Halphen points out that the algebraical herpolhode 
of § 218 will have points of inflexion, if 6^ < \(.C^. 
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221. The polhode being given by the intersection of the two 
quarlfic surfaces Ao? +Bj/^ -VOz^ =Dh?, 
AW+B^y' + C's'-mf, 
we may in consequence write 

where (B-C)a'+ (C-A)l>>+ (A-By = Wh', 
AlB-C)a'+B(C-AW+0(A-B)e'~imi'; 

I'+X'^'c'+x"^' 
the equation of a system of eonfocal quadrics, on choosing I 

, H, . , B-0 n-A A-B 

such that A '^ U — ' i' ' 

Then 

„ , D.A~D.B-C,, , , D.B-D.C-A,, 

6>-e'=- -^^g 4', c'-a— -j^g W 

, „ S.C-D.A-B,., 
° '= ABC *'■ 

By varying X along the polbode, we find 

2 dx_ 1 _ d\ dx_l X d\ 
X ~dt~c^\ di' °^' 'dt~2 iF+X dt' '"' 
so that the polhode is an orthogonal trajectory of the coiifocal 
surfaces, for any one of which X is constant ; and two ellipsoids 
can be drawn on which the curve is a polhode, of which the 
generating lines of the eonfocal hyperboloid through the points 
are normals. 

When these confocals are hyperboloids of one sheet, the 
generating lines may be made of material rods or wires, 
jointed at the points of crossing ; and now any such a system 
of rods forming a hyperboloid is capable of deformation, and 
assumes in succession the shape of the eonfocal hyperboloids; 
the trajectory of any fixed point on a rod being orthogonal to 
the hyperboloids, and therefore capable of being a polhode, if 
the hyperboloids are coaxial with the momental ellipsoid of 
the body. (Messenger of Math&inaiics, ISTS; Senate Souse 
SohitioTis for 1878 ; Larmor, Proceedings Gain,. Phil. Sodeiy, 
1884, Jointed WicJcerwork ; Darboux and Mannheim, Compter 
Rendus, 1885 and 1886.) 
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Darboux has shown (Despeyroxis, Covers dc m^canique, i. II., 
Notes XVII,, XVIII.) that if we hold a given generator fixed, 
then any point fixed in any other generator will describe a 
sphere ; thus, if a rod moves with three points P, Q, R on it 
connected by means of bars to three fixed centres A, B, G in 
a straight line, any other point S of the rod will describe a 
sphere about a centre D in the line ABC, such that the A, U. 
(ABCD) is equal to the A. E,. (PQES). 

The point where the line PQR meets the generator parallel 
to .AB(7 will describe a plane, the corresponding centre being 
at an infinite distance; and generally, if one generator is held 
fixed, any point on the parallel generator will describe a plane. 
The herpolhode can now be described by taking a jointed 
hyperholoid, similar and similarly situated, and of half the size 
of the former one used for describing the polhode, with one 
generator fixed along the invariable line OG, and with the par- 
allel generator along the normal PQ at P ; and now, if P is 
moved in a direction perpendicular to the hyperholoid at P, 
it will describe a plane curve, which is the herpolhode. 

222. Any point fixed in a body moving under no forces, 
whose co-ordinates with inspect to the principal axes are 
represented by a, h, a, will have component velocities 

cq — hr, ar—cp, bp — aq, parallel to the principal axes; 
and will describe a curve whose projection on the invaiiable 
plane will be given, in polarco-ordinatespand^, by (§§104-113) 



^ (tCV- cBqf+{c Ap-aa-f+(aBq - liAqf 









uv 


■■ Hl>'+c 


>- 


-ahq 


-'<l 


+ ((c' + c. 


l')?- 


-ha- 


-'*!f! 



the moment of the velocity about the invariable line 06'; and 
;), q, r are given as functions of i in g§ 32, 106, and lOS. 
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The equations are much simplified when the point is tixed on 
one of the principal axes, wheu two of the three quantities 
a, b, e vanish ; and it will be a useful exercise for the student 
to prove that, in these cases, the curve of projection on the 
invariable plane with respect to axes rotating with angular 
velocity GjA, GjB, GjG respectively, is given by an equation 
of the form 

x+iy = li<p{'a,<:Oa—i>), or k'p{u, (bi, — v), or k^{u,wc—v). 

Another useful exercise is to deduce Poinsot's relations when 
the co-ordinate axes 6xed in the body are not principal axes. 

Now, if the equation of the raomental ellipsoid is 

Ax^ + By^+Gz^-^A'yz-'iB'zx-'iO'xy'^Dh?; 
and if p, q, v denote as before the component angular velocities, 
and /tj, h^, h^ the components of angulai' momentum about the 
axes, the three equations of motion under no forces are 

where 

h,^Ap~C'q-£'r. h^^Bq-A'r-C'p, \= Or -£!%>- A' q; 
and these equations are solvable by elliptic functions. 

(Dissertation Ueber die Integration evnes BiffeTentialgleich- 
vmgssysteTTia ; Paul Hoyer, Berlin, 1879.) 

223, The numerical results obtained in the preceding alge- 
braical herpolhodes can be utilized in the corresponding 
problems of the revolving chain {§§ 205-206} and of the 
Tortuous Elastica (§ 207). 

Putting f'=|, or v=^3 in § 20(i, 
then ^" = ^3™ v'(^i"~^s-^2~*3)' 

ip'v = 2^(e,-e,.e,-e,){J{e,-e,)+J(e,^e,)}; 

J I r\if'vdu 

and ■>lr^ I 

J fV'-V'^ 

-io»-.N'-(»^-J-i,V(..-«JW(..-..)K»-..), 

or (s-j3D)eos[2i/'+(^(ei-eg)+^((;a-e3)}a;Mi/ffl] = ^(3-61.8-63), 
where s-fv = r^jk^. 

In the corresponding problem of the Tortuous Elastica of 
S 207, it is merely requisite to replace x by the arc s. 
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The working out of tho analogies for the other algebraical 
herpolhodes ia left as an exercise; merely mentioning that 

KK; 15, n) = -i 

and that, if 

6=1 sm-i^ ^- .; i-=i cos ^ — ~-„, 

(2s+3)* (2s+3)* 

de_ 1 2s+i 1 _j_j; _^;*^ 1 

" '~^-2 2«+3 V^'a/^ n/'^ 2s+3 7S' 

224. The analytical expressions in i§ 208, 210 for the motion 
of the Spherical Pendulum and of the Top or Gyrostat show, 
by comparison with the equations of the herpolhode in § 200, 
that this motion may he considered as compounded of two 
Poinsot representations of the motion of a body under no forces, 
as given in gg 104, 214 (Jaeobi, Werke, II., p. 477). 

The relations connecting these two component Poinsot 
motions have engaged the attention of Darboux (Despeyrons, 
Cours de m^canique, II., Note SIS.), of Halphen (F. E., II., 
Chap. Ill), and of Routh (Q. J. M.. XSIII.). 

We may put the conclusions arrived at by these mathema- 
ticians in the following condensed form, depending on funda- 
mental dynamical and geometrical considerations. 

(i.) If the vector OH represents the axis of resultant angular 
momentum, then H lies in a horizontal plane through the point 
6^, where the vertical vector OG represents (?, the constant 
component of angular momentum about the vertical. 

(ii.) If the plane drawn through S, perpendicular to the axis 
of the Top, cuts this axis in G, then 0(7= Or, the constant com- 
ponent of angular momentum about OG, the axis of the Top. 

(iii,) These two planes, one horizontal and through (?, which 
we shall call the invariable plane of 6, and the other through 
and perpendicular to OG, which we shall call th^ invariable 
plane of C, intersect in a line UK perpendicular to the vertical 
plane GOG ; and if HK meets the plane GOG in K, then 
CH^-6ff^=GK^~GJP=0G''-0C-^=G^~G'r^ 

(iv.) The instantaneous axis of rotation 01 lies in the plane 
HOG ; and if 01 meets GH in /, the resultant angular velocity 
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about 01 is OI/G; also CIICH^ GjA, 
and the velocity of (7 is r . GI, 

(v.) By equation (i.) of § 210, the square of the velocity of G 
is {^G-h^WglA){c-h cos Q) ; 

so that Cn={^G^WgjA){c-hcme), 

CH^ = 'iAWg{c-h cos 6) 

= 2AWghlc(^w—pu), suppose. 
Then, by equation (3) of g 210, with v, = nt+a>s> 
ii%%V'^ = 9^KP'^ - S^XS'w - pbXfu. -^w)~{a+ ^fuf ; 
and therefore, when u, = a, b, iv, we have three equations of the 
form i^'a = « + /Spct, — ifpT) = a+ ^fb, if'w = a 4- ^fw ; 
so that, aeeoriiing to § 165, we may put w^b — a. 
(vi.) Now GH^ = 2AWghJc{f(b-a)-^u}~6^ + GV' 
— 2AWghk(fw'—fu), suppose, 
where i^w' -^(a + b)^- (G^ - V)/2A Wghic ; 

and since 

. G + Cr ,, , . G-Gr ,, „ 

':j {2AWghh) =-^''^''' 'ji^AWgkkr^'^^' 
and 2 = lc{^b — pa), 

therefore p</ _ ^(6 _ „) = _ ^^|l?lj,, 

and therefore (§ 151) we may put «/ = 6+a. 

(vii.) The point H moves in the invariable plane of G with 
velocity equal to the impressed couple i>f gravity, and parallel 
to the axis of the couple ; so that the velocity of H is in the 
direction IlK, and equal to WgJo sin & ; and the moment of this 
velocity about G ia Wgk sin 6 . GK. 

Bat (?£"sin0 = O(7-O(?cos0, 

so that pXd<j,/dt)=' Wgk(Cr- G cos 0), 

if p, denote the polar coordinates of H in the invariable 
plane of G. 

Now p'^ = 2AWghk{§>{h + a)~pu'f, 

and cos0== k{^u — ^fa—lpb); 

so that finally we shall find, after reduction, 

^t = ^+ Ji^'<?i+ .")-,. TO . 

dt 2 A f{b + a) — pu ' 
and therefore H describes in the invariable plane of G a Iil'v- 
polhode with parameter 6+ a. 
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(viii,) Similar considerations will show that tho curve de- 
scribed by H in the invariable plane of C is also a herpolhode, 
with parameter b — a. 

If in equation (2) of g 210 we replace Cr by Ar', the motion 
of OG is unaltered, but now the momental ellipsoid at becomes 
a sphere, and OH is the instantaneous axis o( rot-ation ; so that 
the motion of 00 is produced by rolling the cone, whose base 
is the herpolhode described by H in the invariable plane of 0, 
on the cone whose base is the herpolhode in the invariable 
plane of G, the augular velocity being proportional to OH. 

(ix.) But in the general case, where 01 is the instantaneous . 
asis, the curve described by / in the invariable plane of C? is 
similar to the curve described by H, and is therefore a herpol- 
hode. 

Now from (v.), drawing 031, m perpendicular to OG, 
OP^OO^+GI^ 

^Gh-^ + {-2G^Wy/A)ic-0G+GM) 

=c^+^-'^J^{c-og+^^^.gn} 

so that 01'^ varies as the height of /above a certain horizontal 
plane ; and the locus of 1 is therefore a sphere, to which the 
point and this plane are related as limiting point and radical 
plane. 

The motion of the Top can therefore be produced by rolling 
the herpolhode described by / in the invariable plane of G on 
this sphere, with angular velocity proportional to 01. 

(x.) It still remains to be shown that the cone described by 
01 in space round OG is a herpolhode cone ; this is left as an 
exercise. 

Darboux shows that two such hyperboloids as those described 
in § 221, with a pair of generating lines, PQ, PQ' in coincidence, 
and the opposite generators OG, 00 of the same system inter- 
secting in a fixed point 0, may be used to represent the 
motion of OG, the axis of a Top, when OG is held vertical; 
the point P of intersection of the coincident generators being 
made to describe herpolhodes in the invariable planes of G 
and G, by being moved in the direction of the common normal 
of the hyperboloids. 
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226. The numerical results of the paeudo-elliptic integrals 
of gS 218, 219, and 223 can be utilised for the construction of 
similar degenerate cases of the motion of the Top. 

Thus, if a = ^w3, h = ,oi+ifOg, 

then 6+a = uij + a)g, b — a=wi; 

and we shall find cos a = 0, cos ^ = k, (i=sec ,8, and 
CV = 2AWghsQC^, G2=2^Fr;Acos^. 
The spherical curve described by ia now given by 
sin sin(n£ cos (3 — i/') = ^{cos 6{cos j3 — cos 0)}, 
sin 6 003(11^ cos /3 — yp-)~ ^(1 — cos /3 cos 0). 
With a-lio^, b = Wi—lMg, and h + a = o)^, 

we find that cos a, cos ^, and d are unaltered, but Gr and G 
are interchanged ; and G now describes the spherical curve 
sin 6 s\n{nt — ^Jr) — ^{cos 0(sec /S— cos 6)], 
sinOcos(«i — i/r)=^(l — sec/ScosOj- 
Again.witli a = |w3, 6 = 01^—^103, J/2==l^' fifa^ll; 
so that (3(1= — f, ^h = ^, we find that 

]c = l,coBa= ~JS + 1, co&l^^-h d^s/'^ + l, G'h-^^^iAWgh; 
and the spherical curve described by G is given by 
ain'0 sin S./' = ( - 1 - 2 cos 0)^, 

sm»0 cos 3V' = (1 + cos + coE^a)^(2 + 2 cos - cos^fi). 
To realise this motion practically, place a homogeneous sphere, 
of radius c, inside a fixed spherical bowl of radius a, in contact 
at an angular distance of 60° I'rom the lowest point, and spin 
the sphere about the common normal with angular velocity 



V{-f("-)}- 



The sphere if released will roll on the interior in this curve. 
As another numerical illuBtration we may take 

when ip(<fi+ites) = % f^g=-i; 

Also, with !;£=30, g^ = 2S, <oJwi=is/^, 

S3j;(03=-5-f^6, J'f«)j = l-|v^6, etc 
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226. It is convenient to represent the two parts of i/r by 
^j and i/tj, such that 

d-i/fi_l G + Cr T_ ^i//'j_JVa - 

dt ~2 A l+costJ dw^pu—^a 

d\^^_l 6 -Gr 1 #2__|!f^; 

<i( ~2 A 1 — cosO du~^b — ^ 

also to put x~V'"i~V''ei whence Eiilec's an^le i^ = x + (-^-C)rt/J, 

an expression obtained by interchauging G and Or in i/r. 

With ffi=ptoB, 6 = (Oi+5a)3, a change of 5 into —q interchanges 
and Or, while a change of p into —p interchanges and 
~Gr: both changes of sign change G and — G and Cr into 
— Cr, and thus reverse the motion. 

The following degenerate eaaes of the motion of the Top will 
iifford an ^xei-eise on the preceding results of §§ 210, 224 :— 

A. With 6 — a = £t)y or g— p = 0, 

Gr It cos a + cos /3 

C^r^j2AWgh=<iosa+ cos 13; 

and by § 215, x is now pseudo-elliptic ; and 

X = ^(cos a + cos 0WQgll)i-$ 
where ^-tan-> / (cosg-coseXcose-cos«) 

_ ,- _i^{(cos^ — cos0X<^os6 — cos a)\ 
sin d 
,»/(l + eosa eosS — (cosa+eos 8}cos 0) 

— eOH - ^^'^ ' r-i^r '-— ■ 

smy 

The angular velocity of H round G in the invariable plane 

ot G is now constant and equal to iGlA. 

E. With6-a = wi+u.3, org-p = l, 

r, G c 1 + dcQSa 
cos 8 = ;- = y = — ^ t 

6'V/2^r(f^ = COSa+'^, 
and the .spherical curve described by G has cusps on the circle 
given by — 8; and now 

-, , 1 / (li — co.s(5)(cos6 — cosa) 

where e =taD-^,/.;-^-^ -^-, tt^—m etc. 

^ yi+a, cos a — (cos a + «)cos 6' 
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Tlie angular velocity of H round G is again equal to \(}jA. 

C. With fo+a = uij, org+p = 0, 

, _ (?r __ 1 + cos a cos /3 . 
G cos a + cos /3 
and now 1^ is pseu do- elliptic, and given by 

V' = J{'^<i^ a + cos ^)J{kg!l)t - ^; 
while the angular velocity of H round C in the invariable 
plane of G is constant and equal to ^GrjA. 

D. With^ + ffl^wi+ojg, or (j'+jj = l, 

. Gv l+(ic09« 

cos a=-T- = — J-- 

'^ G cosa+a 

and the angular velocity of H round G in the invariable plane 
of Gis again ^GrjA. 

E. With 5 = 1, b = (Oi+<t)s, '? — (?J*=0,andi//'2 disappears ; and 
now cosj3 = c/?t = l, the Top being spun originally in the 
upright position. 

Now if the Top falls ultimately to the extreme inclination a, 
we find that 0^5^/2^ Wgh = l+cos a ; 

and subsequently, after a time (, 

sin ^0 = sin ^aseeh{sin ^a^igjVjt], 
, _Grt . -^ jcoaO—cosa. 
'^~2A~^^'^' V l+cosO ' 
80 that the integrals for t and yp- are pseudo-elliptic. 

F. With5 = 0,&=aj^, (?—Cr = 0,andi/r2again disappears; but 
now d = l, and the Top does not rise to the vertical position. 

For numerical illustrations of this motion, take 

o. = iws, and g^^lo, ^3=11, when ^a^—^; 
or £'2 = *^> 9s~'^^' when ^a=—i, 

G. With p = l, a = Wg, G + C^r^O, and ^^ disappears; now 
cosa= — 1, and the Top passes through its lowest position. 

For numerical examples of pseu do- elliptic cases, employ the 
results (3K+>s; 15, 11) = ^, and j3(a)i+i^ws; 48,44) = 2. 

H. Withp = l and q^l, G — and Cr = ; and the motion 
reduces to plane revolutions, as in §18. 

I, With p = l and 2 = 0, (? = and Cr=0; and the motion 
reduces to plane oscillations, as in § 3. 

K. With ^ = 1,5=0, ^ = l,cos/3=~l, cos a=-l, the pen- 
dulum is at rest in its lowest position. 
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The Trajectory of a Projectile, for the Cubic Law of Re- 



227. An immediate application of the function 0(w, v) of 
§ 201 occurs in the solution of the motion of a body under 
gravity in a resisting medium, in ■wiiich it is assumed that the 
resistance of the medium is in the direction opposite to motion, 
and that it vaiies aa the cube of the velocity. 

Eefer the motion to oblique coordinate axes, one Ox in the 
direction of projection at the point of infinite velocity, and the 
other Oy drawn vertically downwards.- 

Denote by w the term.inal velocity of the projectile in 
the medium ; so that if W denotes the weight in pounds, the 
resistance of the air at a velocity w is a force of W{vlwf 
pounds, and the retardation produced is g{vl'wf. 

The equations of motion are then 
d^x_ _ g /dsY^ 
W iv'Kdt) ds' ' -* 

d£^ wAdtJ ds^-^ 

Eliminating the term due to the resistance, 
dx d^y d^x dy ^ dx 
di' dt-^ dt^ di~^dt 
or, writing p for dyjdx, 

dp dt dp dx __ 

di'^^^'^'' di dt^^ 

If Ox makes an angle a with the horizon, then 
d^_dy'i %^ ^2 

and now equation (1) becomes 

d^x g /dsV dx 

W~ ~vAdi/ di 



.(2) 



.,(3) 
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Iiitegratiug, noticing that dxjdt = !X , when p — 0. 



,»»(5)'' = lp'-I''smo+p-li', 



suppose, where p^ — 3p^sin a + 3p is denoted by P ; 
dx 
at 



|?=™P"' (5) 



The. .0.(3), I-,©- 



w' dp 



w^ dp 



a^Jprhp; (7) 



while ^=£p», 



ly^"'*' ■ 



■w 



2ii8. The integration required in (6) ia similar to tliat of 
ex. 8, p. 65, discussed also in g 137; we substitute 

z~m?-P^jp, 
where m ia some arbitrary constant factor ; and then 

4^'— 9'3={{4)>i^— gTgjp^ — 12m^j?sina + 12m®}/p^ 
which is a perfect square, when 

4m^— 3* = 3m*sin^a, or ^3=m^(4--3sin^a); 
so that Ji^^-9^ =w?JZ{2 -p sin a)lp, 

>J{^^-g^)~ p^ 

ds _ nf^JSdp _ dp _ gdx 

Ji'^^^-93) ~ ~ ~"3p^^" ~ m^3PS ~ ■>'-^ ' 
on choosing m^ = ^ ; so that 

gx_ /-" dz 

^ = ^@=«'^) <'' 
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ELLIPTIC INTEGRALS IN GENERAL, 


Then 




gx pama-2 


and sup[ios 


mg X = 


- a at the vertical asymptoto, wht 
,ga,_Aua ga_l 


so that 




^-c-l^ 


or 




.„ i '^ 


'^w' "■a? 'lo' *v. 






AVf 


and, integmtins, 


«=/ !l-.<!a,. 



(10) 



the equation of the trajectory. 

It is convenient to write « and v for gxjw^ and gajw'' ; 

and now 2=/ -r- — 7-, (H) 

to be integrated by the preceding rules of g 198. 
Rationalizing the denominator i^'v — f'u, it b 
^'^v—f'hj, or 4(^^z!~S3%), 
since g.^—^ ; and resolved into linear factors, it h 

where w, m'^ denote the imaginary cube roots of unity, viz., 

Now, resolved into partial fractions, 

f'v — f'u ~ 4{fh! — f^v, ) 

5 pij — jatf. 2 wjjv — jow 2 w^'fjv— jju 



^ fv — fu 2 jatov— jsit 2 ^(0^11 — ptt" ' 
on making use o£ the results of § 196, when g'g = 0. 
Then 

Mj^y2j3v~jsii y2f)oiv — pu V2j3w''y~pi* 
which is prepared for integration as required in g 198; and since 
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A fl'ii'ii^. /;j(„_„)+f^_f„)<(„ 

= — logo-(i;— M)+log(rW— M-fi^+constant 

therefore the resulfc of the iQtcgra,tion may be expressed by 

g= -log 0(-M, t;)-«, log ^{-u, «y)-a,nog 0(-i., a,^l))....{13) 

The conditions of Homogeneity of g 196 also show that the 
last equation (13) may be written 

■i^ = -3u^i;-log-^^ ^-wlog ^--- ~(^\os^ — 5 — ', 



■^, = - awfi^ - log ff(v - if.) - <e log a-((«i; - u) - (eHog <t(w^O - 10, (1 1) 

subject to the condition that y — ^, when u or a;=0. 

The equation is left in the complex imaginary form, as there 
exists no theorem for the expression of 

]ogcr(<Di' — tt) in the form F-\-i(l; 
unless we introduce a new function #(iz, «), defined by 
(Halphen, F. E.. T„ p. 151) 

Ma.a)=f{t{a + ia)^i{a-ia)]da. 

229, For the expression of the time ( in the trajectory, 
equation (8) leads to 

when resolved, as before for y, into partial fractions ; so that 
^= — log0(— w, v) — Q)^log<p{~-u, <e>v) — wlog<p( — u, wV), 

or =— log-^ —(o^log--^ — bilog 5 — ; 

or simply 

=^-loga{v-u)-w^\oga-(<^-u)-m\oga-(o>^v-u), (16) 
subject to the condition that i~i), when x or v.~0. 
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By addition, 

-u,v)4,(-it.,mv)^(-u,a,^v); 
— n)tr(«w — li)o-(ai^ — «) 



■ - -'«"'*" i 4- loff 



(TV a-oyv (Tio-v tr'u 
and this last term, when expressed in a real form, is equal to 

(Halpbeii, F. E., I., p. 232,) 
This can be proved independently; for 

J pv—pu J %fv~fn 
= / . Jr — — =log(»'ji — e''w)+a constant (17) 

J pv — fU o\> t > \ ' 

230. For the purpose of the expression of y and t in ascendT 
ing powers of x or u, it is useful to employ the function 

--^— — V^", which we may denote by ^^{~u,v) or i/f ; 
so that !/-(— «, v) = (T'f' 0(~it, v), and i^ = l, when u = 0. 
We maj' now write 
gyjw^= —'log-\J/{ — u,v') — w\og->Jf{ — tt,o>v)~(a^\ogyp-{ — ii,(ii^v)y 

gtjvj =— logl^( — W,W) — &)^logl^( — M, (Oil) — a)logl//( — t!-, (0%). 

Differentiating logarithmically, 

= -nfv + z^fv-^f v+... 

on expanding the second side by Taylor's Theorem ; so that, 
integrating again, 

^og^{~'^.v)=~^j^v+-^y'v~-yv-\-..., (18) 

Then, with ,95=0, and ^atV^oipV, etc., 

\Qg\if{-v,,wv)= -'^^^(i>fv + *^'v~-^a>Yv+ ■■■, (19) 

1 I / « ^ "^ 1 ,*'''' ■"'*/., ,1,,,. 

logi/'( — «.,w^i')= — .,i(i'Y"+«TF'''— Tr(t»F w+'--: ',20) 
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"'^' S-<¥''"«-ff''""+roV""'--) («> 

and here v,=gxjib^, g^ = 0,g^=-JT-{^~Z&\.'c^a), fv = \, 

231, When j^^, p^, P3 denote the values of p corresponding ti> 
three points defined by the values x^, x^, x^ of x, or w^, lij' ""-a 
of li, such that 

iCi+X2+a;3=0, or Ui+i(j+u.3 = 0, 
then, according to § 145, 

(■Pi-PA)*=?'iJ'2Ps-(:P2Ps+p32'i+?'ii'a)sin«+i'i+i'a+P3-(23) 
This Theorem follows also aa a corollary of Abel's Tlieorem, 
as applied in § 166 ; and it is interesting to proceed to the 
determination, in a similar manner, of the corresponding values 
of Vi+Vi+yz' ^'^'3 *i + ^2+*i- 

Changing, in §166,3; into p and 3/ into P^ then from (7) §166, 
^{dy^+ dy^ + dy^) =P;Pi " ^dp^ +PiPi-^dp^ +lhPs " ^#3 

3 /p^^Sa+p^S^ p^^'Sa+p ^S^ p^'^Sa+P sS^^ 2Sa _ 
a^-l^p^-PvPi-p^ Pi'Pi-p2-p3 P2-P3-P?.-PJ «'-!'■ 
■ ' {dt^ + dt^ + dQ = P^ - Upi + P, - idp^ + P3 - idp^ 
3 i (ap,+^)(p,Sa + S0) V _3«^^ 

«'-U (P,-Pi){pi-P,) i "'"!■ 

Therefore 

^„log(„-l)-t„log(a-»>)-(«%g(c<-w'0,...(24) 

= -log(«-l)-<«^og(a-<o)-6)log(a-w^^;..(25) 
p4_P^ Pgi__P^i pi — pi 

«- pT^^"^ ~ ^3-pi " pi-p^ ' ^' 

and a = i», when j)^=p2=J>3=0. 

As a, corollary from the preceding expressions for y and t in 
terms of X or «., it follows that 

a-hj (7U.G-v,^rrU„ a — l' 
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232. By taking %=0 and 2>3 = 0, theu 

when Xi+X2 = 0, or v^+'u^ = 0. 

Now, from equations (13) and (16), 
^2(3/1+2/2) = -log(S"*-f^)-w]og(S3U"uip;)~to%g(pw-(eVv> 

= _i log (|irM'_ ^8 ta„-/-5EL, 

^ (^ +i^a)=-log(s)u-g3v)-w^log(s»u-ft)S3u)-(Blog(s3U-«Vy) 

2 ^ ^3% — p?f} ^ zpu + fv 

In particular, when ■u=a).2, then 

and ^=-3.,^'-^og^^^^;VStan--4|?:". 

t<r " 4 " ^sj% :J^ 2e2 + j3!r 

w i ° l^h 2^ ae^ + sat;' 

80 that the expressions for y and ( are pseudo-elliptic ; and, at 
this point, j) = 2 sin u. 

233. We may now investigate the properties of certain points 
on the trajectory. 

When w-2(02-y, 

then jaw^i, ^'u— —^sixia, and p = coseca, 

so that the tangent is perpendicular to Ox. 
The velocity in the trajectory is given by 

iu{p^ — 2jj sin a + 1)*( JJ^— Sjj^in a+Spy^, 
and this is a minimum, by logarithmic differentiation, when 
p— sina p^ — 2p8ma + l _^ 

P^—2paiua-i-i p' — 3p^sina+3^i ' 

or p^eos^a+^sina — 1=0 (27) 

If the tangent AB makes an angle /S with Ox at the point A, 
then p = — , ' -,. , 

so that the relation becomes 

tana=-2cot2/3 = tan/3-cot^ (28) 

Then ^{4 + tanV) = tan ^ + cot /3 = 2 cosec 2^, 
or 'Ji^yi) = W(* - 3 s"»^«) = § (^03 a eosec 2j3. 
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The relation (28) is equivalent to a number ol other re- 
lations, such as 

tan(2^— a) — tan a — tan 2(i — tan a + 2 cob «, 
tan(a-^) = cot3^, 

tan„ = {cot(a-^)}*-{tan(a-^}}4 
8 tan a + tan^a = 2 cot 2(« -0) = cot(a -^)- tan(a - ^), 
tana={cot(a-/3)}*-{tan(o-/^)}^etc. 

Also, since p = -;; -—, , 

therefore, at these points of minimum velocity, 

and therefore j92u = pu, or u = ^<o^, as in § 160. 

The integrals for y and t at these points of minimum velocity 
are therefore pseud o- elliptic, and depend on 

y(s'-i)V(w-T) "'VK^:a)V(4?-T)' 

integrals first cooaidered by Euler (Legendve, F. E., I,, Chap. 
XXYI,). 

We find, by differentiation, that 

-T- tanh-i^/^-„ — / = - 1^3 ^ ^^^-^ - , . 

1 (t|„, V(fa'-l) + .y3 
3cfa"'»V(*»'-l) + v'3(2«-l) 

, W3 ^ »^1 

^(4,i-l) VCl''-l)+v/S V'('l»'-I)' ■ 

_ W3 

by means of which the results can be constructed; and 
noticing that, if 8 = jaii, ^(4s*— l) = S''w, (72 = 0, (/g = l, then 

we find finally, when « = fw^. 

17!/K = }»,f.,-2»,f» + 1 logK«-i«.)- W3 tan- '(,'{»-?»,), (32) 

9</»-2»{«,,-fio,f«,+ }logt>(»-|»,)+V3tati-V(''-i",)-(33) 



,.(29) 



..(31) 
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234, Denoting by the angle which the tangent at any 
point n^akes with Ox, the tangent at 0, the point of infinite 
velocity, and by tj, the angle which it makes with the tangent 
at A, the point of minimum velocity, then 9 = ^~(l>, and 
ain(^-ij.) 



so that 
and 



co<a-0) cos(a-^+^)' 

p sinO-9i) 
^ 3inasiD(^-0)-2cos( a ~/3 + 



sinO~5i) 

^_ Cos(g-0) + ^tana6iDO-0 ) 

sin(/3-.^) 

__.cos« sioO-^) 

= -2cosacosec2/3^44|+^;; 
'^sin{^-^) 
and since 

g»'K---V(^J/3)=-W('t-3sinM="teoa«cosec2A 

therefore ^^4|±^= .^-^, 

tan^ KP'^i + S^'K" ^ 

Therefore, at points defined by v^, u^, where the tangents 
make equal angles with the tangent at A, 

Thus, if % = 0, then u^=m2; and the tangent where u=u:^ 
makes an angle 2j3 with Ox. 

By the principle of Homogeneity of g 196, wo can select any 
arbitrary value of g^ and it is convenient to take g^= 1 ; and 

now, 11 ^= ', then fci~ = m'*m4, &'- ^^ Tile's v,, 

where m^^g^, ni = (4 ~ 3 sin^a) VV^' 

With g-j = 0, ^3 = 1 , we have found, in § 166, 



pt) = (* - 3 sin%)-5, f'v = ^3 sin a(4 - 3 sin^a) ^^ = - ^3 cos 2y3 ; 
so that, as a increases from to \v, p'v increases from to ^Z, 
and V increases from (b„ to iw^- 
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Denoting the analytical expression for tan 0/tau /3 in (34) 
by X, then X is independent of a or ^S, and therefore a Table 
of numerical values of X, with u or vigxjv^ for argument, will 
serve for all trajectories. 

It will be a useful uumerical exercise for the student to 
prove that corresponding values of u and X are 






24/2 



i/'i- 



V3-1-V24/3 . 



■ y3(V3 + l) + V2 . 

2^2 



Prove that, with ^^ = 0, g^—1, 
3. (.(«-?»*(«+»».) =-S^^^=^- 



J flw— 1 



-1»-V3taiil,-V3^^'- 



'14+^3 

"T^SSs' -AlogP(»-l».)+iVVStM->p'(»-i„.). 

7. Integrate (s3n)-\ (f>u)-^ (p«)'^ 
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CHAPTER VIII. 

THE DOUBLE PEEIODICITY OF THE ELLIPTIC 
FUNCTIONS. 

2^5. Besides pointing out the advantage of the direct Ellip- 
tic Functions obtained by the inversion of the Elliptic Integrals 
(g 5), Abel made an equally important step (Crelle, II., 1827) 
in showing that the Elliptic Functions are douhly -periodic 
functions, having a real period, iK or 2K, as already defined 
in g 11, and an imaginary period, 4K'i or 2K'i, where, as 
before in g 11, 

K' =Jd^jJ{\ - K'^sinV) - f'^'. 

Doubly -periodic functions make their appearance when we 
consider functions of a complex argument w=u-\-m. 

Denoting x-{-yi by z, we have already discussed in g 17!> the 
system of confocal conies given by 

rj = c sin w, or c cos U', when i.t or v is constant. 

In this ease '^- j"~Fr.i_"ix' 

and the poles of this integral, as defined in g 54, are given by 
s = ± 0, the foci of the confocal system of conies. 

Changing the origin to a focus, then 

r _dz___ 

"-^ J J\z.1e-iy 
and 2 = 2c sin^^w, 

2« — s = 2c cos^^w, 

Denoting by r, r' the focal distances of a point, then 

r^ = (a.' -i- yi)(yX, — i/i) = 4c^sin^J(n.-|- w)sin-i{u — -ui), 
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or r = 2c sio J(it4-OT)siu^(w — vi), 

r' = 2c eos^(u+vi)cm ^{u—vi); 
80 that r'+r = 'Zc cos w = 2c cosh v, 

r' — r='2c costt, 
giving the confocal ellipses and hyperbolas, foi' which v and u 
are constants. 

It is convenient to denote x~yi by s' and n—vi by w' ; 
and now the Jacobian 

.7 or ->-'''-'- = c^.'^inwsinw -^-^r7'. 

236, Now, if we consider the integral (11) of § 38, 



' J.JK 



then s = sr^^w, 

l-fe = dn2|w, 
dzjdw = sTi Jw en ^wi dn ^ic ; 
and the foLes of the integral are given by z—Q, 1. and Ijlc. 

Denoting by r, r', r" the distances of a point from these 
poles or foci 0, 0', 0" in fig. 26, then 

r' = sn ^«)sn^i(/, r=cn^iccn Jii/, &/' = dn Jw dn ^lu' ; 

or by means of formulas (2), (3), (5), (28), (29) of g 137, with Iw 

and ^^^/for v, and f, and therefore w and iv for it+i; and u — v, 

._ e n m — en -M _ 1 dn vi — Aav, 

dnifi+dviu k^ cnui+cnw' 

en TO dn n + en tt dn tii k"^ dn vi—Aa-u, 



ib*" = 



dnwi+dnu k^ en w dn w — en u dn v 

yi d u u + en u dn j)i ,„ en vi — en % 



cniJi+enM. ~ cnridiiu — enttdnw 

From these relations, by the alternate elimination of % and v, 
T + r'dn TO = en vi^ 
r — r'dn^t =cn'tt / 
or he" + fc/cn m = dn vi\ 

W — /cr'en u = dn « J' 
or Jiy-^'dn vi—krcavi = \~h\ 

WA'a 11 — /iT en tt = 1 — ^J ' 
the vectorial equations of one and the same system of confocal 
orthogonal Cartesian Ovals (fig. 26) ; also J= krr'r". (Davboux, 
Annales scimt'ifiqves de Vicole norviale superieure, IV., ISG"?.) 
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As we travel round one of these curves and make complete 
circuits, each enclosing a pair of poles of the integral w, defined 
either hy and 1, or 1 and Ijk, the integral increases by 
constant quantities iK or iiK'i, the corresponding periods of 
the elliptic function sn^|w, at 




Fig. 2S. 



By mating k ~ 0, we obtain the degenerate case of the 
confocal conies, and now K—^tt, while K' = x> ; so that the 
circular functions have a real period Itr and an infinite 
imaginary period; on the other hand, the hyperbolic functions, 
as illustrated by the confocal ellipses, have an infinite real 
period and an imaginary period ^Tri, 

Mr. J. Hanamond has shown, in the Ame-rican Jov/rnal of 
Matliematios, vol. I., how these Cartesian OvaJs may be de- 
scribed mechanically, by means of reels of thread, as in the 
case of the confocal conies of g 173. 

He takes two reels of thread, of different diameters, fastened 
together, and pivoted on the same axis at 0. Now, if the 
threads are led through a pair of the foci, and 0', the curves 

r±lr'-c 
will be described, if the diameters are in the ratio of I to 1. 

By leading the threads round an oval, as in tig. 26, theorems 
can he obtained, connecting arcs of confocal Cartesian Ovals, 
analogous to those of Graves and Chasles for elliptic arcs. 
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SSY. By inversion of this system of confocal Cartesian Ovals, 
we sliall obtain another system of orthogonal quartie curves, 
with four concyclic foei A, B, C, D, defined by the vectors 
z = a, ^, y, S, suppose ; and now 

w=/dzU{z- a.z-^.z-y.z-S)\ 
or, writing w for m/ v'(« — y-^ — S), tiien, from 1 66, 

^ — -„ — ^=snHw, — ^y — —^ = 01^1^!, "^ i = dn^|m 

Denoting by r^, r^, r^, r^ the distances of a point from the 
foci A, B. G, D, then, from these equations, 

, B-dr, , , , . a-f-i r. , , , 

mod. ^^^ — -, — = siitosniw, mod. '- - — caiwcniw, 

a — Sr^ ^ ^ a — Sr^ ' 

a — Br, 

mod. — — =dniw;dn iiv ; 

a-yr^ 
so that we obtain the vectorial equations of these orthogonal 
quartie curves on replacing r', r, r" in the equations of the 
Cartesian Ovals by these expressions. 

(Proc. Cam. Phil. Society, vol. IV. ; Holzmuller, Einfiilirung 
in die Theorie dar isogonalen Verwandtsahafteii, 1S82.) 

238, We now proceed to express the elliptic functions of the 
imaginary argument vi by functions of a real argument v. 

We know that cos vi = cosh i^, sini;i = isinh);, tauwL=*tanhv; 
and that the function or amh u, and its inverse function 
u or amh"^0 = log(sec^+tan 0) = cosh"^sec^, etc., 
connects the circular functions of tp, for which k~0, with the 
hyperbolic functions of w in §16, for which k — 1; and then 
cosh v. = sec 0, sinh u = tan 0, tanh u = sin rp, tanh ^u = tan ^0. 

Now, if ^ — amh i/ri, 

then cos cosh i^i=l, or cos^ cosi/'^l, 

a symmetrical relation, so that 

yjr — amh ^/i ; 
and sin ^ = tanh i^=i tan \jf, 

cos ^ = sech 1^ = sec ^|f, 
tan ^= sinh ^p'i^i sin ^p■, etc. 
Also dtji^i sech \lridip' ~ i sec ^d'^. 
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orisc(t.,.-). 


cn(» 


.')^ »i.o 


or iic(v, ;c') 


dn(» 




01- dc(<.,,') 



258 
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connecting the elliptic functions of imaginary argument vi and 
modulus K with the elliptic functions of real argument v and 
complementary modulus k- 

Putting V = K', we notice that sn K'i, en iT'i, and dn K'i are 
infinite; and putting v = 2K', then 

an2^'i=0, cn2Z'i=-l, dn2^'»=-l; 
also sn4^'i = 0, cniK'i^ 1, dn4iK'i= 1. 

239. The Addition Theorems of § 116 may now be written 
cn('U.+ w) = (cntt cn-i! — isn u,dn'U;snwdnv)-7-i), 
sn('M-+iii)=(sn'u,diiw+icnwdnw snv cnv)-^D, 
dn(ii + to) = (dn u cni! dn v — -ix^n n en « sn ^j) -;■ I), 
I) = cn% + K%n% 3n% ; 
remembering that the modulus of the elliptic functioug of v 
is K, while that of the fanctions of u is k. 
Thus, putting v = K', 

cn(u+i^^) = -^^ , an('it + ^'j) = — — , dn(u+K^) = -^ ; 

so that, putting u = K, 

miEi-E'i) = -iK'!K, su{K+K'i)==l/K, dn{K+K'i) = 0. 
Writing C, S, D for en 2w, sn 2u, dn 2tt, then (§ 123) 
- cn(2M +ir'-i)_l kS+DJ 

" ~^^^ci' ^^''• 

Generally, when m and n denote any integers, we find that 
cn(it + 2mK + 2nE'i) = ( - l)'^+"cu u, 
sn(tt+2mZ+2«Z'i)-{-l)'" suw, 
dn(zs + 2mZ+37iZ'i) = (--lf dnw; 
so that 4-K and 2K'i are the periods of sn u, 

2K and 4ir'* are the periods of dn w ; 
the periods of en u being %{K+K'i) and ^{K~K'i). 
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In 1 164, we may now wiite 

u^+U2+itg=^ imK+ 4<nK'i ; 
II- in the notation of the Theory of Numbers, 

u^+«,a+ii3 = (mod. iK, iK'i). 

240. A combination of the tranafoi'mations of |§ 29 and 2' 
o the reciprocal and to the complementary modulus, gives 

1 _ cu(K' vi, JkJk) 

k)- dn(/^,"l/^')- 

k') Kdn(K'v, 1 



cn(TO, k) 


= 


cn(., 


sn{vi, k) 


= 


Un(tv 
cn('i;. 


dnivi, k) 


- 


dn(ti 



k')_ cMk'v, 






dn(/'U, 1/k') dn{K'vi, uIk) 
Thus cn(/u, u//) = cd{it, K)^m{K-u, k), 
r ara(K'u, ■ijc/K') = ^x~am(iC— ii, k); 

s is otherwise evident, when we notice that, if 



u- /" (l-K^eosV)"*«^0 = -, / (1 +~Bm^yp-y^d-4., 



so that 
then 



i/r = am(ff'ii, Ik/k'), 

^ 

or il) — s.m(K — ti, k), 

provided i/r^Jir— 0. 

241. As an application, take the values of v^ and v^ in g ii 
g _ 1^ — cosa a _ d + l 

^ 1 + cos a' ^ 1 + cos a 

cos^ 



J „ l + cos8 
dnX=--ri:— ■-' 



dn^Bn = 7" 



1 — cos u 



1- 



so that, with Vi^pK'i, v^ — K+qK'i, where p and q are real 
proper fractions (| 56), then 

1 — co9a_ sn^t'^ _ sn^pK'i dn^qK'i 

1 4-cos a sn%g cn^qK'i 

1— cos/3_ s n\ ^n^_ K'^n ^y-g'-i. 

1 + cos ^ ~ Kn*Vg dn^Wj dn^^'i cn^giC'-i 

tZ— 1_ .sn^u^ cii^2_ ic'%n^i^'i sn^^'^'i 

d+l~ an^D^ cn^j cn^pff'icn^g^'-i ' 
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Tbeace, expressed in a real form, 
1 — cos a _ sn^K'dn^gK' 

or (g 135) ta.nla--l3.a^[a.m{(p+q)K',K']+3.m{{p-q)K'.K'}l 
a= 3.m{{p + q)K'.K']+3.m{(p-q)K',K'}. 

^^"* ^^^-^^ 1 + cos^- dn^F 

en^PK'K', I/k') ' 

so that /3 = am{{p+g>'-K:',l//j+ani{{^»-3)K'^', 1//}. 

And , = K'hti^pK'sn^qK' 

sn^jipK', K)Anmi -q)iK'-K. k] 
aa\ipK', k) 
md = cosi[a.m{(p+q-l)iK'+K,K}+aim{{p-q+l)iK'-K,K}]. 
In the Spherical Pendulum, Gr = i}; and therefore (g 210) 
1-Coaa l-cos/3 ^-1^^. 



1+costt l+coa^'3 + 1 
ff'sn^gff'^ 
:(p~-q)K' = &npK'cn qK' du qK'. 



' d — 1 ,, , ,,, „ ,,, snqK'cnpK'dnpK' 

d+1 r -i &a pK CO. qKdnqK 



Thence 

6i:i{q—p)K" ' aw{q — 'p)K" fi'a{q~p)K' 

242. With Jacobi's notation of @ 189, the expression for 't>// 
in § 210 becomes 
. , /cni;,dni', , cnVodnwA , ^,,. , ^,, . 
'^ \ sn w^ sn Wj / ■• i-' -• ■'■' 



/cnu,dm;, „ < 



-VZvJtt+ilog^ 



0(u4-Ui)G(u-t'j2}' 
and now, if we divide yp- into its secular and periodic part, 
in the form yjr = ^ulK+y}/, 

then "5' is called the apsidal angle, in the motion of the Top or 
of the Spherical Penduium, as seen illustrated for instance in a 
Giant Stride ; and 

/cni;,dni;, „ cn^dnw, „ \„ ,. 0(K-v,)Q(K-v„) 

which must now be expressed in a real form. 



i^ 
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From § 172, 



Cll V 



"by meana of Legendre's relation of § 171. 
Thus, with v^—pK'i, 

./■en ij.dn V, , „ \ ttjo , „, „, ,, , cnpK'dnpK' 
\ savi y tK ^'- ' ' SiXi'pK 

Again, by (2)*, § 186, since ZiC = 0, 

Z(if + w) = Zu - An ii SB (iT + tt) ; 
therefore, with v^=K+qK'i, 

Also, if p and q are proper i'ractions, the logarithmic term 
-of i^ vanishes (§ 264) ; so that, finally. 

In the Spherical Pendulum, 

en piT'dn pK'jsn pK' = (c'^sn p^sn qK'»n(2'' ~ ^W 
= ZqK -\-Z{p~q)K' -ZfK' ; 
80 that |=^p+^) + 2'Z(2ff,«')+Z{(p-g)ir',«'}. 

With the Weierstraaa notation, taking u in equation (8) 
of g 208 between the limits tOg and (o^+wj, we find (g 278) 

where a ^pio^, 6 = (b^ + jwg. 

In small oscillations near the lowest position, p and k' are 
very nearly unity, while q and k are small. 
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The Geometry of the Gartesian Oval. 

243. Denobe the angles POO', PO'O, P0"0 in fig. 26 by 
6, ff, ff' respectively ; then with as origin, 

x-^yi=. ct^^w, x — yi= cn^vf ; 

cd|w— cn^wj'_ j/l — cnu ^—cnvi\ 
~~ en ii.('+ en Jw' ~ V \1 + en it 1 + en viJ' 
or, in a real form, with modulus k for the functions of v, 

■|-cntt l + cnvJ cn^ti cnjv 

. cni(.+cn-u . „ anttsni; 

cos = rr-, , am 6=^-. ■ 

l + cnitcnii 1 + enucnv 

With 0" as origin, 

K\x+yi) = du^^u■, 
and, similarly, 

^,_dii^w — <ln^w'_^ Ul—diiu l—dnvi\ 
^ dn^w+dn^w' "VVl + dnu 1 + dnW' 
Iff'— If^—d'ou dni;— cnv\_/c%n^ucn Jit sn^w 
tan^y -V'M + dnu"dni!+cni'y~ dn§u "cn^tidn^i;'- 

„ enw+dnitdnw . ^ K^nusni" 

cosff =T— — ^^ , amp =-. -—, . 

dn '0 + dn u en v dn -u + dn u cn t' 

With 0' as origin, and 

x+yi=sii^'w, 

,, -1/1/ sniw— sriiw' 

then 4tani0^= — f— f-,. 

sn^w+sn^w 

To reduce this to a real form, aimilftr to the above, we require 
two new formulas, not included in Jacobi'a liat (§ 137j, but easily 
derivable from it, namely, 
{dn(v,+v)±Gii(u+v)}{(in(u~v)±cn{v,~v)}'=(cid^±c^d^flD,. 
{dn{ii,+v)±cn{u+v)}{da{u~v) + cn{u-v)} = K'%s^ + 8^flR 
Now, with ^w and ^v/ for u and v, and u and vi for u+v 
and u — v, 

//dn u + en M dn vi — en w\ 



.^=V(^ 



Vdn w— cnu dnvi+cnvi/' 

,_ //dnu+cnu 1 — dn?;\_cn|udn|u sn^iicn ^i; 

' Wduii— cnu l + diiw snjit dn iv ' 

„. — enti+dnttdn'u . ., K^nusnv 

" = -T J — > sintl =-1 J — . 

dn'ti — cnttdnif dnu— cnu dn f 
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244. Again, denoting the angles which P subtends at O'O", 
0"0, 00' by ,p, ,p', 0" respectively, ao that 

,j,=-!r-e'-B", 4>'=e-6", 4,"=-!r-e-e'; 

then we shall find 

nJwdnJ'M. cn|v 



tan ^0 — 



cu^u 



tan ^<p'= 



,_ ic'sa^u 



a^v&a^v 



//I — cnu l + cnw\ 
~\\L+cutt 1 — onvJ' 



(c'an ^v en Jv_ //dn u- 
:n. dn An VVduu.- 



en |tt dn |« 
_ sn Jii cii |w. en ^v dn ^v 

dn ^U sn ^ i; 



en u 1 — dn i;\ 
+ catt'r+dnW' 



' V Vl + dnu ■ ( 



cnu+dnwdnt! 
dnu+cniidni;' 
— cnv+dn'M.dn'y 



n.ij>'' = 



Inii+cn udnv 
K^sn u 3n v 



'■^ dnu — dntt enti' ^ ~dnv— dnwcnv' 

Similarly, denoting by «, w', uj" the angles whioh the noi'inal 

at P to the oval along which v is constant makes with PO, 

PC, PO", we shall find 

, sn tt en r , . sn % dn t) 

tan (0 = , tan w = 

anv 

Drawing the three circles through OTO", 0"P0, OPO', and 

denoting the points in which the normal at P meets them 

again by Q, Q', Q", we shall obtain similar simple expressions 

for PQ, OQ, ... (Williamson, Biff, and Int. CalcvMis). 

245. The two ovals defined by u and 2^'— ■!; form a complete 

eurve; and so also the ovals defined by u and 2^— «-. 

Denoting by P, P', Q, Q' the four corresponding points 

defined by (w. v), {u, ^K'-v), {IK-ii, v), {%K-u, 2K'-v); 

and denoting by p, p', q, q' their conseeutive positions when 

u receives a small increment d/ti, then 

Pp = ^Jdu = K^{'rr'r")du 

_cnt'idntt+cu'W.dniw //en vi~cnu\j 

"VVcn^i+cn «./ 



dnt)i+dnu 
_dnu+cnitdnw 



V jf l — cav. 01 
Wxi+cnnc- 



dn-ii+dnw 

and changing u into 2K—V., v into 2-ff'— 

^ , dn w.— cnudn 



n'jj'V Vl+cnu c 
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^11-. - Ww 

1 + en u CM v^ \1 + en u en vJ 

= ",-V ^(1 - 2 en V cos 9+<inH)de ; 

so that the sum of the arcs described by P and Q' is expressible 
^s an elliptic arc. 

Again Pp-Qg =-5 ——-_-—-—-_/(—--_-—-_- dw, 
° '^ ^ K'^ 1 + cnu cnt! ^ M + cnttcni;/ 

which is expressible in the form 

2 



r^V(l - 2 dn V cos 0' +dn5 



H — ^-2r*y('3Q^"f-2 cnw dni" cos 0" 4- cn^^y^" ; 

so that the difference of the arcs described by P and Q' is 
expressible by the sum of two elliptic arcs ; and thus the arc 
of the Cartesian Oval described by P is given by means of 
three elliptic arcs, which ia Genocchi'a Theorem (Annali di 
Matematica, VI„ 1864 ; Mr. S. Roberta, Proc. L. M. S., HI., V.). 

246. Let ua examine the analytical properties and physical 
applications of the functions 

log en ^w, log an ^w, log dn ^w. 

Denoting logcn|w by ^i+ii/'i' when resolved into its real 

and imaginary part, then 

^j+ii^^=| log en ■^wanlw'+^ logon iwjcn \v/ 

,, en ill! dn iw) en im'dn Iw' , ., ..cni'Uj'— cniw 

= ilog— -2 — ^ — T-^—; — s— +ttan-H — f— rr 1— 

' ° dn Jw dn ^w en \w +cn ^w 

,, cnivAnu+Anvicau , .^ ,. //I — cnu 1 — cnviN 

= ilog _---_^---— ^itan'HA/lT-; 1-; .]. 

^ ^ dnm+dnu ^\l + cn« 1 + cnW 

as in g 236, by means of formulas (3). (20), (28) of g 137 ; and 

now expressing the elliptic functions of vi, to modulus k, in 

terms of functions of v, to modulus k understood ; then 

,, dnu+cnwdnv , , , //I— enu 1— cnu\ 

Denoting logsn \w by <j)2+i-\}/'2, then 

^2+i'^2 = ^^°S^" ^wsn |w'+^logan Iwjso |ic' 

-, sn iicdn Awsn Iw'dniiif' ., ,.sn Aw'— su ^w) 

^ ° dn ^wdn^ic sn ^w+aa^w 

,, cnw — enit , ., ,. //dnii+cnn dnw— cm;i\ 

= Uog ■ - . , I 'ritB.n-hJl . ■■ ■ -■ --- . . . — —,) 

^ '^dnw+dnw \ \dnu — cou anwi + cowt/ 
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Similarly, denoticg logdnlw by 03+*'^g, it 

, , aovidnu+cnudnvi . ,. l/l-dnu l-iliiw\ 

-l'°S cnm+cn» +"■" '■A/ll+a.«T+-anS; 

,, dnu-i-cnudnv ., , //t— diiu doti — cnij\ 

= 41o2--v— — - — ~— +ttan"'-,/l q ; ■■ t ; . 

l + cuucni! \\l+dnu dm; + cni;/ 

By (20), (21), (22), (2;5) of g i:}7, we prove, in a similar 

manner, 

, ll + caw ,, cnui+cuw , ., -ianwdnii 

io?A/i ^ 5 ioK ■■ h^ tan-'— = : 

°Al — cniu ° anvi — cnu davzsnu 

= tanh-^(cn u en v)-^i tan"^(dn w sn vjsu udav), 
' -=tanli"^(dnucni!/dn v'j — ita.n'^cnU'Ravlsnu), 



, /1+dnM 



'WG^^ 



^^' '-^Qtu — en w 



247. These conjugate funetioiis <p and -^ of the complex 
u+tii are capable of representing the solution of various physi- 
cal prohlems concerning a plane in which u and v are taken as 
rectangular co-ordinates, since they satisfy the conditions 

au 'dv &u Bit 

Here u and -u are not restricted to be rectangular co-ordinates, 
but they may represent the conjugate functions of confocal 
conies or Cartesian Ovals, as in g§ 179, 23G, or of any orthogonal 
system, which divides up a plane into elementary squares or 
rectangles, as on a map or chart. 

As in § 54, we take a •period rectangle OABC, bounded by 

u=0, ■ii = 2ff', v = 0, v = '2,K' ; and now, aa the end of the vector 

w or ih-]rvi, drawn from 0, ti'avels round the boundary OABG 

■of this period rectangle, the vector w assumes the values 

2(Z(0 < i< 1); 2K+2t'K'i{0<t'< 1) ; 

%tK+2K'ia >t>0); 2t'K'i(l >t'> 0). 

When the aides of the period rectangle are a and b, we 
replace it and v by ^Kxjo, and 2K'ylb, where K'IK=b/a. 



y Google 



266 THE DOUBLE PERIODICITY 

Taking the function log en ^w or 0,+ii^j, tlien from to A, 
i/'j = ; from A to B, -^i^l-ir; from B to G, V'l = i'"" ; ancl from 
(7toO, Vr^ = 0. 

At A, where u — 2K, v~0, then ^^= — oo ; and at C, where 
u = 0, v = 2K, 01 = 0). 

The functions ^j and i^j therefore satisfy the conditions 
required of the potential and stream function, due to electrodes 
at A and 0, of the plane motion of electricity or fluid, when 
bounded by the rectangle OABG. 

The function i/^j will also represent the stationary tempera- 
ture at any point of the rectangle, when the sides OA, OG are 
maintained at tempeiatnre zero, and the sides AB, BO at 
temperature ^x. 

When the period rectangle is a square, or K~K', then 
ip-^^ \-ir when ■u,->rV = '2.K, or along the diagonal AG; we thus 
obtain the permanent temperature inside an isosceles rect- 
angular prism, when the base is maintained at one constant 
temperature, and the sides at another. 

Similar considerations will show that the function logsn^w 
or rp^+iyp-^ will give the streaming motion in the same period 
rectangle, due to a source at 0, and an equal sink at C. 

The function t/^^ is now zero along 04, AB, BG, and ^v along 
OG ; and \jf.^ will therefore represent the stationary temperature 
when OG is maintained at temperature ^-tt, while the other 
sides are maintained at zero temperature. 

A superposition of four such cases will give the permanent 
temperature when the sides of the period rectangle are main- 
tained at any four arbitrary constant temperatures. (F. Purser, 
Messenger of Mathematics, VI., p. 137.) 

Examples. 

1. Solve the equation 

(c^sn% - 2K^uhi+ 1 = 0. 

2. Investigate the curves given by 

3. Prove that the system of orthogonal curves given by 

are the stereographic projections of a system of confocal sphero- 
conics (W. Burnside, Messenger of Mathematics, X.X.), 
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Pi'ove that the stereographic projection of the points 
x=RsnuAuv, y^Ednunnv, s = ii en m en ii, 
on the sphere x^+y^+z^ = I^, 

whose latitude and longitude are 6, 0, are given by 

f+Ti=2iitana^-J9)(co«,(, + »sm^)=,K^i{j;-"°|^j- 
Prove also that 

= J^(l -Aa^u - (c'^an^). 

4. Discuss the physical interpretation of 

-kk'stimsiiii ,, ,/en'«. 

(h+^y/^= tan"^-T- r^ S-itan"' ' 

^ "^ dniidnv kcjiu 

and determine the single function from which it is derived ; 

also 01 <A+^li<■ = talln ^^ ^ — +^tan '■ — ■ 

'^ '^ an Ti dn t; cnv 

Interpret these expressions when 

x+yi = csia(u + vi). 

5. Prove that, if x+yi = sa'w, 

then + ii/. = - (Zw + g^^) 

gives the plane motion of liquid streaming past two obstacles 
given by !c = l and I/k, x==—1 and —l/ic (W. Burnside, 
Messenger, XX.). 

The Double Periodieity of Weierstrass's Fvmctioiis. 

248. A procedure similar to that of § 236 will show that the 
Cartesian Ovals of fig. 2lj are also the representation of the 
conjugate functions of the system z = fif), obtained from the 
definition of §50, 

dz 



■'^f-jii 



or d%l<iA)3 = ^W= ^Jii^^-Si^-g^, 

where i^^~g^s:—g^=^4'{'Z-~e.^{s~e^{z--e^; 

and 3=6i, Cj, e^ define the three foei. 

According to § 51, 
po_6g=(e^-e3)nsVCei-e3)w= {e.^'-e^^n'^{J{e^-(-^!-\-K'i], 
^'W-6^-={e^~e^A^^J{e^-e^)w^ {e^-e^an^Jie^-c^vi+Ki), 
j3W) - ej = (Sj - Bj) cs^^(6j - 63)^= - {^1 - 6g)dn^{^C6i - e3)w+^'i} , 
by g 239 ; thus identifying these results with those of § 236. 
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With the notation of § 202, 

ffT.wV (<T^wV /^^ivV . 

^'^-^^^UJ' s^^-^^=l^)' *^^-^^=(.^) ' 

and denoting the focal distances by r^, r^, r^, and u — vihy w', 
_(r-ii.v a-jV/ _^^jT^' _ o -gW tr^w' 

^ <jw a-w' ' ^ <tV} (tw' ' * aw rriv' 

249. To espi-ess these focal distances in a real form, as in §236, 
we employ the Addition Theorem (K) of § 200, written 

= (r^o-/w-o-a%(rH) (M) 

Again, from g 154, f{v,-\-v) — ea is a perfect square; and we 
may write x = fii/y y = ^v, s — p{u+v), 

N^fu — ea, D^^u—e^, pu — ey-, 

^ fv-fv, 

and now 

(rJ.u^v)a-{u-v)^J{f{u-\-v)-6a}<^u^M9V-^i^) 

= (tU (t^u (7«v u V ~ a-pU (y u a-gV o-w, . . . (0) 
and changing the sign of v, 

<r{u+v)iTju — v)=^<tu (t^u a-jJ o-.^u +[j-gW o-^u cr^i! ,tv. . . .(P) 
Again, hy multipliea-tion with (N) and reduction, 

fV — fH 

or 

(rg_{u+v)(T^iu-v) = o-„U a-^u a^v ir^v ~ (e„- ep)(rU o-^W trv u^v, (Q) 
<r„(w - vy^iu + 1;) = o-^-w ^^u a^v ij-^v + (e„ - e^au tr^u >jv cTyV. (R) 

Similarly, 
(r„(u+ ^)cr„(u -v) ^ {fu. - e^){fv - ej - [e„ - e^)(e„ - e^) ^ 
a-(u+v) <t(u — v) fv — fv, 

or 

a-Ju+v)crJu — v) = a-Jv.(r^^v~{e^~e^{e^—e^)(r^ua^v (S) 

(Schwaiz, Elliftwihe Functionen, p. 51.) 
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Now, from these equations 



PX (P). (Q)> (R). with 



i(u+w) for w, and lu' or J(u — w) for 



T,lf O-jiC (Tjlil 0-, 



ToW/ 



' (tmj o-j'*'' ""'^ 
or 7',= ^ ^ ^ -,- *-, = 

with similar equations for r^ 
equations of the Cartesian 0' 



",)-' 



, °-i'"r 






and r^ ; and thence the vectorial 
'als analogous to those of g 236 

-'■'"."l ek. 
r^T^vi — r^ff^vi = — (e^ — e^)(rim} 
These vectorial equations again are the geometrical Inter- 
pretation of the formula, immediately deducible from (N), 
a^W cr^iu V^(w + w') - ffyW o-^ffp(iu + w') 

^(es~e^),rw<Tw'^J^w+w-) (T) 

Making m^ = — 1 in fch e homogeneity equations of g 1 9 6, gives 

S'(f i ; 92' Ss) = - P(t' ; 92' -Ss)' _ 

the equivalent of the equations of g 238, by which a change is 

made to a real argument and complementary modulus ; while 

Ci-^i; 92' S'3)= - "i^^; 92' -9z)> 

(r(vi; g2,9s)= ■io-(v; ffa^ -ffs). 

'^ai'o-i'' 32.5's'= o-={'^; da- -ffs)' 

250. When a point has made a complete circuit of one of the 

ovals, enclosing a pair of foci, defined by e^ and e^, or e^ and e^ 

z will have regained its original value, but w will have increased 

5 51, 52 by the 



or diminished by 2w^ or Sw^, defined 
rectilinear integrals 



3 ^r'dsjJS ^T'dsl^S ; 



80 that 2(0i, 2tBg are the 'periods of the function fu, and 
p{n + 2m(0i + 2TKU3) — fw. 
To fix the ideas we have supposed the circuit of two poles 
of the integral made on the enclosing branch of a Cartesian 
Oval, but the result will be the same whatever be the curve, 
provided it makes the same number and nature of circuits. 
Now, in g 165, we can have 

u-l-'U-i-w = 2m(Oj-|-2ino3 = (mod . 2(o^, Sw^). 
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251. In g 54 it has been shown how, as the vector of the 
argument w traces out the contour of the period rectangle, pw 
assumes all real values: and pw may be made to assume any 
arbitmry complex value at a point in the interior of the 
rectangle, given by a determinate vector fwj + t'w^. 

It is convenient to put lOi+to^— —a^, so that 

iOi+(«2 + 1,13 = 0, with 61+62 + ^3 = 0; 
and now jadi^ = ^j, ^to^ = f'^, fw^ = Sg ; 

while f'oji = f'w^ = S>'wj = 0. 

The equations of g 54 show that 

mu ± (B, ) ~ e, = '■ ■■■■ - — - — ^' 



p (w ± wa) - Gg = ^^^~^- ' 

equations analogous to those of | 57, in Jacobi's notation. 

Thus, from ex. 9, p. 174, 

4j3 2it = J311. + S3(u + wi) + s»(ii. + o)a> + K'W' + t^a)- 

With negative discriminant, as in § 62, we take e^ ssi real, 
and e^, e^ imaginary ; also M^ = ^((a2+M'2),'»^=hi''>i—<"'i)'> ^^^ 
S»(Oi = e^ SXOg = fig, fa>i = SiJw'a = e^- 

252. A great advantage of the Weieratrassian notation (at 
firat rather baffling to one accustomed to the methods of 
Legendre and Jacob!) is that the dimensions of the elliptic 
integral are left arbitrary, and can be changed by an applica- 
tion of the Principle of Homogen&Uy of § 1 96. 

When the canonical elliptic integral of § 50 is normalized 
in Klein's manner (g 196) by multiplying by A^, then 

y". A'^t gs _ r da- ___ 

where s = AV, S'2 = A*v9. ^s^AVe; 

and now y^ — '2,Ty^ = \, 

so that the new discriminant is unity, and 
J=y/, /-l = 27y3^. 
If fTTy CTg denote the real and imaginary half periods of the 
normalized integral, then 
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The general elliptic integral, written with homogeneous 
variables aa in § 155, is also normalized by Klein by multiply- 
ing by the twelfth root of the discriminant of the corresponding 
quartic, and its half periods are now CT^ and sr^. 

If we normalize, for instance, the canonical iiitegiul (11) of 
g 38, written with homogeneous variables a\, x^, in the form 

thea the invariants g^ g^ and the discriminant A of the quartie 

being the expressions given in § 68, therefore 

Now the half periods of integral (11), § 38, being 2K, 2K'i, 

We are thereby enabled to change from Weierstrasa's w^ and 
(Oj to Jacobi's K and K', and to utilize the numerical results of 
Legendre's Tables. (Klein, Math. Ann., XIV., p. 118.) 

When the discriminant A is negative, we normalize by 
multiplying by ( — A)^"*, and replace w, and Wg by w^ and Wj' 
(§62); but now the new discriminant -yg^ — 27y/= —1, and 
«,,(-A)^=2^^a«'), «;(-A^) = 2ff'i^(i«/) (§^ 47, 58). 

For instance, if 3^ = in §50, (-A)^' = .^34/^/3; and in S 58, 
J"=0, or 2««' = J, 2^(|k/) = 4/2; and now 

whUe (§ 47) </«)2 = K'ilK= i^Z. 

Gon/ocal Quadric Surfaces. 

253. The symmetry and elegance of the Weierstrasa notation 
is well exhibited in the physical applications relating to con- 
focal surfaces of the second degree. 

The equation of any one of a system of confocal quadrics 

we put 

a^-|-X=m2(S^^i-e;^), h^-\-\^m\fv, — e.^, c- + X = to-(jju - e^) ; 
and now the integral 

__^ d\ ^ to. 

/ J{a^+\ ■ f-^+X .V+X) in 

3 must take a^ <b'^< li^. 



/j{ 



y Google 



272 THE DOUBLE PERIODICITY 

Tliree confocals can be drawn through any point x, y. s, 
an ellipsoid, a hyperboloid of one sheet, and a hyperboloid of two 
sheets. 

Supposing the ellipsoid to be defined by \ or w, and the 
hyperboloid of one sheet in a similar manner by /x or v, and 
the hyperboloid of two sheets by j/ or w ; then in going round 
the period rectangle of g 54, 

(i.) K=j?ni, 03 >§3u>(!p for the ellipsoids; starting with p = 
for the infinite sphere, and ending with p = l for the ineide 
of focal ellipse ; 

(ii.) 'c = (Dj+2(03, 6{>fv>e^, for the hyperboloids of one sheet; 
starting with 5 = from the focal ellipse, and ending with 
q = \ for the focal hyperbola; 

(iii.) w = r(0j+(e3, 6^>^v}>e^y for the hyperboloids of two 
sheets ; starting with 9 = 1 from the focal hyperbola, and ending 
with 2 = for the outside of the focal ellipse ; 

(iv.) the fourth side of the period rectangle gives imaginarj' 
surfaces. 

254. Replacing h^-a?' and e^-o? by ^^ and y^ so that 

ai'e the equations of the focal ellipse of the confocal system, we 

should have to put, with Jacobi's notation, 

aHX= yW(M,K), t=+X= yMsXn,;c), c^+X= y^as\u,K) 

«2+i,=-y2dnV.K). fcHi'=-y^cnV.f), e^+i/^K^^sa^iw.K) 

where ^^'tzE. '9 = ^!:^^ 

c^ — aF c^ — «^ 

and now u, v, w will be Lamp's parcmieters, as given in Max- 
well's Electricity and Magnetism, I., chap. X. 

By solution of the three equations of the confoca! quadrics, 

^- a?-b^.a^-c^ ' ^~ ia_^2.;,-^_n.2 ' 

^~ c^-a'.(^~b^ ' 
and thus x, y, z can be expressed as functions of u, v, w. 
Employing the function s^ of g 203, 

x^= ^"i:t' r=— ^- — _ ' ^—^z. — ^:^' 
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When 6^=c^, tlie ellipsoids are oblate spheroids, and the 
hyperboloida of two sheets degenerate into planes through Ox ; 
and now the orthogonal system is given by 

_a^ |^_ , ,i) 

cot^u cec% ' 

__^_,t±t = ^ (ii) 

tanh^^sech^v '^ ' ^ ' 

-^ ^=0; (iii.) 

intersecting in the point 

iB = y cot u tanti ■;;, 
y — y eec u sech v cos w, 
2 = y cec w sech v sin w. 
When li^~a^, the ellipsoids are prolate spheroids, and the 
byperboloids of one sheet are planes through O0; now the 
orthi^onal system is given by 

x^-\-y^ ^^ _ 3 /■ \ 

cech^w coth^w '' 

_ -£_+ --iL_ = o (v.) 

ein^i; cos^ ' 

sech^w tanh% '^ ' 
intersecting in the point 

x — y cech u sin v sech w, 
y = y cech u cos ij sech w, 
s = y coth 1* tanh w. 
The degenerate case of confocal paraboloids, where the centre 
is at an infinite distance, may be wiitfcen 

— L?! — i — - 1.^11 = 8«(« cosh u —x), (vii.) 

coah^^tt smh^|w ^ " ^ ' 

— ^^ T^^T- =8a(a cosv-ic), (viii,) 

■ 1 9i~ + T.01 — 8ffl(CTC03hw+a!) (ix.) 

smh^lw eoah^^w ^ '' ^ ' 

intersecting in the point 

X =T a(cosh ti + cos v — cosh w), 

j/= 4ot cosh ^u cos ^v sinh ^w, 

z — 4<a sinh ^u sin ^v cosh ^w. 

(Proe. Land. Math. Soeiety, XIX.) 
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255. We may take v,, v, w bs Lamp's ihermometriG para- 
meters, and now Laplace's equation becomes (Maxwell, Elec- 
tricity, I., chap. X.) 

Thus ,l>^Au-i-Bv+Ow-{-D{'n^+v^-\-vfi) 

+ 2Evwi:2Fwu-\-2Guv+Huvw 
is a particular solution of this equation; for instance, the 
electi'ie potential between two confocal ellipsoids, defined by 
«.j and Kg, maintained at potentials U^^ and U^, is given by 
U={U^(v.-u^)-\-U^{u^-u)}liui~v^). 
When the solution ^ is equal to UVW, the product of three 
functions, U a function of u only, V of v, and W o^ w only, 
then Laplace's equation becomes 

so that we may put 

1 d'U , , , 1 d'V , , 1 d'W , , 

-£?3i«-3^+''' T35f-!"'+''' WdW-^'+''- 
three equations of Lamp's form (§ 204), when j/ = 7l(fi + l). 

256. The complete solution of Lamd's equation was first 
obtained by Hermite, in the form 

U-CF(y,) + CT{-%). 
Denoting by Fthe product U^U^ of U^ and U^ or F{v:) and 
F( —It), two particular solutiona of the general linear differential 
equation of the second order, in its canonical form 

Udu' ^ • 
where 1 is some function of u, and denoting differentiation 
with respect to u by accent*, then 

F=E7,'Er,+ [r,P,", 

or F"-2/F-2U,'(7,'; 

and r"-2/F-2J'7=2i7,"tr/+2l7,'tfj- 

-2J(U,(/-;+ [;,-;/,) = 27F, 

or r"-4/F-2/'F=0, 

the general solution of which linear differential equation is 
jltf,"+2Bt/,tr, + 0f/,». 
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A first integral of this differentia] equation is 

where C is a constant, given by 

the iotegral of U^U^' -U^'U^ = Q. 

In Lamp's differential equation 

J =n{'ii+'l)pu+h ; 
and now, changing to x — ^u as independent variable, 
-73 V fi^Y 

(te=-i,,x-,<,,)^ +3(6*'- W^^ 

and this equation for Fhas, as a particular solution, a rational 
integral function of x or jsti, of the nth order, which we may 
write Y= n(s)it — ^a), 

and 7t = (2w— 1)2^(1, 

Now, by logarithmic differentiation, 






^=n^ 



Erioaehi shows {Convptes Mendus, XCII.) that, when resolved 
into partial fractions, we may put 

C -^ f'a 

lt(pu — pa) ^fu — jaa' 
provided that 

and J.(^a)'^-^p'a = G, 

xnen y^ -Z-g ^^i_j,«' (7;~^2 j»u-^a' 
and, integrating, 

Fu, or (7,.n^t^ex]j(-«M.n#(«,o); 
while ^2 o'' ^i ~ ^) is obtained by changing the sign of u or a. 
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257. Hennite shows {Gomptes Bmdus, 1877) that the func- 
tion F{u) may be otherwise expressed by 

^w=(<i)""*-'*.(s„rv+^44)""*''-- 

and ipu, called the si/mfle. elem,em,t, is of the form ^'^tjiiy., w), 
^{■w, w) being a, solution for it = l and A = g)u) (§ 204), 

To obtain the coelHcientB A-^, A^, ... in F{v), we suppose 
^u or e^''ip{u, (o), Fu, gju expanded in the neighbourhood of 
tt=0 (§ 195), in the form (Halphen, F. E. I., chap, VII.) 

6'^VK«) = ^+\+(X^-«Ja,)J+(X»-3XSP«-^'«>)j'+..., 

/ -.N^.E- (7i— 1)! , (ti-3)! . («-5)! 

Substituting in Lame's differential equation 
F"u= {n{n+l)pu+h}Fu, 
we obtain, by equating coefficients, 

^1- 2(2n-l) "' 
_ (^-l)(7t-2)(7.-3)(n-4) f ^( ^+1X271-1) 1 

^2- 8(2ft-I)(27i-3) r 10 'M 

On comparing the two forms of the solution Fv,, we find that 

w=2a, and X^^m-S^a. 
Thus, for instance, when n — 2, we find, as in § 200, 



(iw (r(a + i)crw 
When ft = 3, 

i'u = ^(u, «i)^('M', a^)0(u, 0.3) 

'"dv?^^'^' '^>'"'-(S'«i+S'«2+S3«a)0(«. <^)«^". 
where 01+02+ 0-3= w, 

i3'«i+g)'a2+j3'a3 = 0, 
SaffliS^'ai + f «a/»2 + S»SS^'«3 = 0, 
^w-f«i-fffl2-faa = X. 
This fails when g^ = 0, and a^^v, a^^ow, a^=io^v ; but now 
(§229) Fu = l{f'v~fu). 
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CHAPTER IX. 

THE RESOLUTION OF THE ELLIPTIC FUNCTIONS 
INTO FACTORS AND SERIES. 

258. The well-known expressions for the circular and hyper- 
bolic functions in the form of finite and infinite products 
(Chrystal, Algebra, II., p. 322; Hobson, Trigonometry, chap. 
XVII.) have their analogues for the Elliptic Functions, as laid 
down by Abel in Crdle, 2 and 3. 

Granting the poaaibility of the resolution into linear factors, 
the individual factors are readily inferred from a consideration 
of the zeroes and injinities of the function. 

Denote 2mK+2nK'i by fJ, 

where m and n denote any integers, positive or negative, 
denote also il + K or (2m+l}K+ 2nK'i by Qj, 

n+K+K'i or {2m+l)K+{2n+l)K'i by D^, 
and i:i + K'i or 2mK+(2n + l)K'i by tig. 

Then considering the function 

the zeroes are given by u = fi, and the infinities by w=C\ 
(§ 239) ; and thus we infer that, if an u can be resolved into 
a convergent product of an infinite number of linear factors, 
the form is 



n' II' 



,('-.t) 






I.IS'-e:) 



tiie accents in the numerator denoting that the simultaneous 
zero values o£ m and n are excluded. 

277 
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Similarly, cntt = Snn(l-^)/i), (2) 

dnu = (7nn(l-j)/j) (3) 

the zeroes of cnu being given by «.=[ij, and the zeroes of 
dnu hy u = Q^, while the infinities are given as before by 
u = Sl^; I) denoting the denominator in (1), 

259, But now, in demonstrating the analytical equivalence 
of the expressions on the two sides of equations (1), (2), (3), it 
will fix the ideas if we employ a physical interpretation, such 
as tliat given in g 247. 

It was shown there that the real and imaginary part {norm 
and ampUtude) of 

log sn w, 
where w — u+vi, will represent in the rectangle OABG the 
potential and current function of the flow of electricity (or of 
liquid, following the laws of electrical flow) from a positive 
electrode at to a negative electrode at 0, ^w ampferes being 
the strength of the current ; hut here we take OA — K, 0C= K' ; 
and u, V are the coordinates of any point in the rectangle. 

The infinite series of electrodes, which are the optical images 
by reflexion of these two electrodes at and G, will form a 
system on an infinite condncting plane, such that, if the 
strength of the current at each electrode is 2w ampferes, the 
resultant effect in the rectangle OABG will be the same as 
before. 

(Jochmann, ZeAtschrift fii/r MathematiTc, 18G5; 

0. J. Lodge, PUl. Mag. 1876 ; Q. J. M., XVII.) 

Starting with a single electrode at 0, of current 'iir amperes, 

the potential and current function at any point whose vector 

is w or u+ui are the norm and (wnp^if itdfe of log wi ; and log w 

may be called the vector fv/twtion of the electrode at 0. 

For an electrode at a point whose vector is c = a-\-hi, the 
vector function at s=x-\-yi is log(s — c), 
which may be written 

log(l - ZJC), 
disregarding the complex constant log( — c). 
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The vector of any optical image of in the sides of the 
rectangle OABG heing given by 0, the vector potential of the 
corresponding electrode is log(l — wjQ); and the vector function 
of the system of images of the positive electrode at will be 

iog«.n'n'(i-!?j). 

Similarly the vector function of the system of images of the 
negative electrode at G will be 

iogiin(i-0 

But these functions, considered separately, represent a 
physical impossibility, and are analytically meaningless ; their 
difference, however, 

i«g«.n-n'(i-H)/nii(i-f) 

will represent the vector function of the whole system of posi- 
tive and negative electrodes ; and since this function satisfies 
the requisite conditions inside the rectangJe OABG as the 
function iogsnw, weare led to infer equation (1), with suitable 
restrictions explained hereafter. 

For log en w, the positive electrode is placed at A, the 
negative electrode being still at 0; the vectors of the positive 
electrode images are given by Q-^ ; and now equation (2) is 
inferred ; while for log dn w, the positive electrode is placed 
at -B, and the vectors of its images are given by fJ^, the 
negative electrode being at G; and we infer equation (3). 

"When in the rectangle OABG we have OA=a, OO^b, 
we take K'/K—hja, and write K(pla)+K'i{yjh) for u+vi, 
X, y now denoting the coordinates of a point. 

260. We now proceed to express these doubly infinite pro- 
ducts of factors, corresponding to the different integral values 
of m and it, by means of singly infinite factors for different 
values of n ; that is, we combine all the factors for one value 
of n and the infinite series of values of m into a single ex- 
pression; and here we employ the formulas for the trigono- 
metrical functions expressed as infinite products. 

Interpreted physically, we detennine the vector function of 
an infinite series of electrodes, equispaced on a straight line 
parallel to OA. 
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Denoting the vectors of such a series of positive electrodes 
by 2ma-\-nbi, the vector function is 

log n (3~2ma— n6i), or logis — nbiyjl'il — ^ j; 

and provided that (s — «.6i)/2ma is ultimately zero when m is 
infinite, or that s/ma and njm, tend to the limit zero, we can 
write this vector function (Cayley, Elliptic Fvmctions, p. 300) 

log sin ^v(,z~nhi)la, (4) 

Resolved into its norm and amplitvAe, this vector function is 
h log J[co8h{-7r(?/ -nb)/a} -cos Trai/a] 

+ i tan- i[tanh{ J7r(?/ ~ n6)/a}cot(|7ra;/a)]. . . .(5) 
The amplitude or current function is therefore constant when 
x—{2m-\-l)a; and there is no flow across these lines, provided 
however, as is phj'sicaily evident, we do not recede to such a 
large distance from the origin that we are not justified in 
taking lisjlTna us zero. 

261. We suppose that Oy passes through the centre of this 
infinite aeries of electrodes, or that m reaches to equal infinite 
positive and negative values ; but now, at a very large dis- 
tance from 0, the electrodes on one side of a line, given by 
x = i2m+l)a, where m is a large number, will preponderate 
over the electrodes on the other side, and the resultant effect 
will be a uniform normal flow a across this line, to counteract 
which a term of the form —as or loge""^ must be added to the 
vector function. 

' The analytical equivalent o£ this physical effect is illustrated 
by the theorem proved in Hobson's Trigonometry, p. 328, that, 
when the integer p and q are made infinite in any given 
ratio, then 0s, the limit of the product 



(■+^J-(i+£X>+lK^-:)(i-|.)-(-^) 

=(£)-si„^ 



..(6) 



The infinite product 11(1 + c^) is convergent for all finite 
values of x, if the series Sc„ is convergent ; as is evident on 
expanding the logarithm of.tlie product. 



y Google 



INTO FACTORS AND SERIES. 281 

But Weierstraaa shows {Berlin Site., 1876) that the dAAjergent 
product ,(l-!)(l_^J(l_i)... 

can be made convergent if the exponential factor e'^'^ is 
attached to the linear factor 1 — s/ma; or, interpreted electri- 
cally, if to the motion due to the electrode at ma, whose 
vector function is log(l—zjma), we add a uniform streaming 
motion parallel to the vector ma, given by log e^'™" or s/mft. 
Now, denoting the hannonic series 

l-i + 2-i-l-3-i+...+p-Jbysp, 

since the limit of 6fj,— logp or s^ — logg is Euler's constant. 

262. In a similar manner it is inferred that the vector 
function of an infinite series of positive electrodes, whose 
vectors are (_2Tn+l)a+nhi, 

m reaching to equal positive and negative infinite values, is 
log cos ^Tr{3'-'nbi)la = llogi[cosh[Tr{y~nb)la} -|-eos('7ric/a)] 

+i tan'^[tanh{ jTr(3/-Ti.6)/«}tan(|7ra;/a)], (7> 
having lines of equal amplitude given hy x = 2ma, 

Therefore the vector function of a pair of lines of electrodes, 
whose vectors are 2ina±'tibi, is 

logsm{^Tr{z—nbi)ja}^in{^'7r(z + nbi)ja} 

=^log^{cosh('H'n-?)/(t) — eos(Tr3/a)} ; 
or, corrected by the addition of a constant, which makes the 
function vanish when z=0, the vector function is 

, coab(iiff6/a') — cos(7rg/a) _, 1 — 2g''cos(7rg/«) + 3 ^ ,(,■. 
^"^ C03h(«,rfc/a)-l ~^°^ (l-g")« "'' ^^^ 

where q=e-'^^''^. 

For a pair of lines of electrodes whose vectors are 
(2m+l)ffl±n6i, the vector function is 

logcos{J-ff{«— ■Ji6i)/(t}cos{j7r(s+'n,W)/a}, 
which may be replaced by 
- l„^ cosh(n7r6/a) + COs(^«/a) _, 1 + 2g"cos(7rg/ ffl) + 9^_" .„, 

*°^ cbsh(-,ix6/a)-i-i ~~^°^ {i+ry """"■'■■'•' 

For the line of electrodes along OA, whose vectors are 2ma 
or (2m-l-l)ffl, the vector function will be 

log sin(|x2/a} or log cos(|7rs/a) (10) 
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263. Under Cayley's restrictions, that m reaches to equal 
positive and negative infinite values, and n also ; but that the 
infinite values o£ n are infinitely small compared with the 
infinite values of m. (equivalent to taking the infinite array of 
the images of the electrodes as contained in an infinite rect- 
angle, of which the length in the direction OA is infinitely 
greater than the breadth in the direction OB), we can now 
replace the doubly infinite products in (1), (2), (3) by singly 
infinite products, in the form 

cnu = S eosi^TTu/K) U ^—^-^^^^'—'- ^J), (12) 

dn .. on l+A?!!:^:Jl/|)t?"_-%,,, (IS) 

where 

B. n i-g?'-^yWg)+<;--' („, 

By putting u—0, the values of A, B, C are seen to he 
Kllir, 1, 1 ; while g- = exp( - Trff'/ff). 

The common denominator D of the three elliptic functions, 
which represents physically a function whose logarithm is the 
vector function of the negative electrodes at points whose 
vectors are of the form Q^, is the equivalent of Jacobi's Theta 
Function of § 187 ; and we write 

rfr/jj :-(^^> 

The numerator of snu will now be the equivalent of the 
Eta Function, defined in 1 192; and thus 
Hu — ^K sn u Ou 



The numerator of en 7t is represented by the Eta t'unction 
of u+K, and the numerator of dn u by the Theta Function of 
u+K; and the factors are so chosen that 
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Equation (6) of g 188 may now be written 

e{u+v)e{u~v)e^o=e^ue^v-wuB?v; (is) 

while, by means of (7), § 137, 

'E{u+v)li('>^~v)e^O^Wue''v~Q^uWv (19) 

264, It is convenient to replace ^nrihjK by a single letter x ; 
and we shall now find that the constant factors are so adjusted 
as to give the expansions in a Fourier series in the form 

ew = 1-25 cos 2a! + 25*cos4ai--;g''cos6ic+..., (20) 

Hu = 29*sina;-2(;^sin3ic+2g^sin5«- (21) 

It is easily shown algebraically that 

''n(i-§^'ia)(i-3^-is-i) 

= Q{l-g(s + S-i) + gX^Hs-^)_-3V + ^-^)+-} (20)* 
by changing z into 5% and multiplying by qz, when the pro- 
duct on the left hand side merely changes sign ; whence equa- 
tion (20) ia inferred from (15) by putting s= e^^ ; and equation 
(21) is obtained from (20)* by writing qz for z, and multi- 
plying by qh\ 

Written in the exponential form, 

ett=''sV^V"'^, Hw-^-Si^^-V^'^ef^''-''-'', (22) 

or with q — e~'^, a=-wK'jK, and h^xi, 

Thene(tt+ .K") = 29''V^^ =2^-"'"+^', 

H(w-|- £) = 2;2('>-i)=e(2''-i)=i = Se-(''-i)^+(^"'i)''; (24) 

and e(u4-2Z)- 0^, 

H(tt-H2-S0=-Hii, (25) 

Changing u into v.+K'i, or X into x+li\ogq, we find 
e{u+E'i) = iq-ie--^'llu. 

R(u+K'i) = iq-h-^eu, (26) 

agreeing in giving Ksnii.sn(w-|-.ff''i)=l, (27) 

and leading by differentiation to the formula 

Z{u + K'i) = Zu+(cnudQUJmu)~(lwilK). (28) 

which, with (§ 176), 

Z(u+K)=Zu-(AB.ucnu/<inu), (29) 

leads to 

Z(u+K+K'i) = Zu~{snudnulcnu)-(^-!rijK) (30) 
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265. Jaeobi writes (Werlce, I., p. 499) x for It^ujE, and 
dx for Qu, e-^x for Hti, S^ for H(u+ii:), and e^s:; for Q(u-\-K); 
and now 

= 1 — 2^-008 201 + 23*008 43! — SjVjs 6a; 4- (31) 

= %*sinfl:!-23W33;+22^°sin53; - (32) 

=^2qiaoax + 2q^cos3x + iq^(iosox + (33) 

'=l-\-2qms2x+2q^Qos'kc+2q%os(>x+ ..(34) 

or, with q = e~"', b = xi, 

Qx = 2i'" exp( — n^a + 2^6), 
0,x=2 exp(— ii«a+2ii6), 
0,x = Si^-iesp{-(w-i)^a+{2»-l)6}, 

03^ = i: esp{-(7j,-J)%+(2™-l)?>} (35) 

Conversely, starting with these Q functions as defined by 
these exponential series, it is possible to rewrite the whole 
theory of Elliptic Functions «& initio in the reverse order, and 
to deduce all the preceding results, 

(Jaeobi, Werke, I., p. 499 ; Clifford, Math. Papers, p, 443.) 
For instance, wc find that 

e{x + i-jr) = B^x, e{x + \i log g) = - ig-^e^'Oia;, 
6;^(iC + Jtt) = B^x, 0-^{x-\- Ji log q)—— iq'h'^^Ox, 
^a(^+ W) = - M. ^2(3^ + hi log e)= g'^e^'^jB, 

es('C+i^)= ftc. 03(a! + ^ilog2)= 3""V*egic (36) 

The quotient of two d functions is thus a doubly periodic 
function, of real period lir or -w, and iinaginary period- i log q. 
The form of the and G function aeries shows that they 
satisfy partial differential equations of the form 

ft — ♦#-,..^ (37) 

dx'' a log q ^ ' 

and the functions are therefore suitable for the solution of 
problems in the Conduction of Heat. 

Thus, if 0(!r cos a+y sina, q) represents at any instant, (=0, 
the temperature at the point (a;, y) of an infinite plane, of 
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whicli y denotes the thermotnetric conductivity, then at any 

Bubaequent time t, the tetoperature will be given by 

eixcoaa + yBina, ge" ^t^') (38) 

266. Similar considerations to those of § 2oS enable us to 

resolve other expressions into factors ; for instance, 

dnu—Kcnu .. . , dnv,+Kcnu 
—i i , or its reciprocal p- — i 

—icfiQU_ K _ /dnu— iccnit 

K dntt+Kcau. 'Vdntt+iccn u, 

Now dc u, or Bn(.K"— u) = I/k, when 

or cos \-kUJK= eos\\{^n — \)^-aK. jK ; 

while dc'W= — 1/k, 

when cos^7ri^/i£'=~cosh(2)i-X)^7rZ7.K'; 

and therefore we may put 

d nu— urcn-it _ - coah(2n — l)|Tr.K"7-^ — cos ^irujE 

"? " COsh(27i-l)^-n-ii:7 K + COB 1-ru.jK 

l-2g"-icos(^Tu/Z)+g="-^ 

^■^l + 22»-icos(i,ru/ii:)+g^"-i' ^■'''' 

where the letter G is used to denote some constant factor. 

Now, writing x for ^viijK, and supposing x and u real, 

log(l — 2ccoaa;+c^) = log(l — c6*')+log(l — ce-"^) 

= — 2(c cos X + |c^cos 2iE + ^c^cos 3a; + . . .}, 

log(l + 2c cos x+c^)= 2(c cos a; — ^c^cos 1x + ^cVx)s 3ic — . . .), 

, 1 — 2ccosx+(;^ ., , , „ o , t n ^ , \ 

log = — ^, — r, = — 4(ccosa! + sC eoB!Ja;+-^G"cos5cc+...). 

° l + 2ccosa;+c^ v a ^ 

Therefore, expanding the logarithm of (39), 
, dnu.— Kcn-it 
log —' 

=log G— 4S(3" "icos X + \<^^~ ^cos 3ie +3a^""^eos 5ic+ ■ ■ ■) 

/ 0^ 1 O? 1 (J^ \ 

= log C - 4(^^-^- cos a; + ^ ^^jCos 305 +^ ^J-yg cos 53! + . . . j 
^]„gg_2S-JU, - -'°1^";if"^^(fl , (40) 

" V^l 1 KinhlVTfl — \\l-Trli IK ~ 



=cnf 



2m-l sinh(!!m-l)|xii:7X'' 
and, differeotiating, 

„ ., _ x^ siii(2»-l)t7r»/-g 
' i<:-'8mh(2m-l)J»Jir7if' 

the expression of sn tt in a Fourier Series. 



..(41) 
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267. By forming the similar fsictorial expressions for 
Ksntt+idnw and snu+icnu, 
and taking logarithms, we shall find 
log(Ksnu+iduu) 

,_ 1 sin(2m— l)|Tr«/ir , „, 
= constant — ziSj; ^ — i-'— —<f, — =irrfr,--A^") 

, , , . , 1 X 'v- 1 sin mTT^/J?' ,.„, 

loeC snu+icnK.)= constant —%L~~^r- — 5777??, (*d) 

^^ ' ^ m cosh. mirK IK ^ ' 

and, dift'erentiating, 

.-cnu-^S <^°^(2"^-lHW-g (441 

, -K .-TT^ cosmTTulK . 

2K K cosh mwK jK' ^ ' 
and therefore, integrating, 

irx , „ sinrnTrulK ,.„, 

We have now found that, in § 7S, 

jj 1 

" « cosh mrK'jK 

26S. From g 263, we find, in a similar manner, that 

logeu = constant+logn{l~25'''-icos(7rtt/ii:) + g*'-^ 

, . „1 cos(m/7rulK) ,,„ 

= constant — 2, ^-tt rU,4, ; (47) 

m amh(mx-tt /it ) ^ ' 

and, differentiating, 

Z»=-2J25&!S!^ («) 

, , E 7r^„mcos(m'7rZi/^) ,.-, 

K K^ s.m\i{mTrK jK) ^ ' 

2^„2„ _ 1 -^ ■^' ^ mco3(m7ru/-g) 

''"'^''-l~Z-r^^sinh(mx^7^) ^ ' 

Now, refen-ing back to § 78, we can put 

^""if sinhTixiC'/iir'^ l-g^"' 
Putting u = ill (49) or (50) gives what is called "a g series," 

y !L ^^mf K(K-ll-) 

Bmh{mrK'IK)~ l-q" ,' '■ ' 
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As an exercise, the student may form fcho similar factorial 
expressions for 

1 — CUM 1— snit 1 — dntt dnw — cnw . 
snu. ' en w ' k snit ' c'sn u 
and their reciprocals 

l + cnu 1+snw 1 + dnu dn^4+snu , 
salt ' cnii ' Ksntt' Kunu ' ' 
and thence determine, by logarithmic diiferentiation, the Fourier 
Series for ns u, cs u, ds u, etc. {Glaisher, Q. /. M., XVII.), 

The applications of these expansions will he found in papers 
in the Q. J. M., SVIII., XIX., XX. 

269. As an application of these q series, consider the problem 
of the electrification of two insulated spheres, in presence of 
each other, of radii a and b, and at a distance c from centre 
to centre, when maintained at potentials Va and Fj, with 
charges of E^ and Ej, (Maxwell, EUctricity and Magnetism, 
I., chap. XL). 

Then E^=q^jr^^-q^^V^, E^ = q^V^+q>,^V^, (52) 

where jaa, qhi, are called the coefficients of capacity, and g^B the 
coefficient of imduction. 

We take v, and v as coordinates, given by the dipolar system 

a;+2/i=itan|(tt+^)i), (58) 

so that «.=constant I'epresents a circle through the poles 
(0, ±^), and t) = constant represents an orthogonal circle, with 
the poles as limiting points. 

Now, if we revolve this system about the axis Oy, which 
may be supposed vertical, the two spheres, if outside each 
other, may bo supposed defined by 

v — a and v— — /3, 
so that (i = fccosecha, 6 = fccosech/3, e = /c(cotha+coth^) ; 
and putting a-\-^ — '^, Maxwell shows, by Sir W. Thomson's 
method of successive images, that 

9'oa='i^Scosech(nC!— 18), qab= — fe2 cosech iisr, 

gji, = ^2cosech(Tici— a), (54) 

the summations extending for all positive integral values of n 
from 1 to CO . 

Here qab is called Xamderf's Series ; it is considered in the 
Fv/ndamenta Nova, % 66. 
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Again, with a — — x, 

3oo = S;2 cosech ^{(S-ft — l)?n+a;), 
9j6 =^S cosech l{{2n — l)Tn—x} ; 
and by the preceding formulas it can he shown that 

qa-qaa^hK-^ tanann(^^'|, /j f55) 

When the two spheres are equal, x = 0, and 

9aa = qbb = ^2 eosecb ^(2n~ l)rs = kJ, _\„r i- 
When /3 = 0. the sphere ^ becomes a plane; and now 
gaa = — ?fflc — '>^S cosech na = a sinh a2 cosech na ; 
which shows that the capacity of a sphere of radius a is raised 
from, tt to a. sinh aS cosech iia by the presence of an uninsulated 
plane at a distance a cosh a from its centre. 

Similar functions occur in the determination of the motion 

of two cylinders or spheres, defined by v = a and — jS, when 

the interspace is filled with homogeneous frictionless liquid. 

(W. M. Hicks, Phil. Trans., 1880 ; Q. J. M., XVII., XVIII. ; 

I., Chaps. X., XI. ; C. Neumann, 

^ke Untersudtungen.) 

270. To illustrate geometrically the singly infinite product 
forms in g 263 of the elliptic functions, consider the analogous 
problems of electrodes at the corners of curvilinear rectangular 
plates, bounded by arcs of concentric circles and their radii. 

The vectors from the centre as origin of a series of p 
electrodes, equally spaced round a circle of radius a, will be 

a exp 2 r-Tri/p, where r=l, 2, 3, ..., p; 
and with polar coordinates r, $, the vector of the point will be 
r exp i0 ; so that for the p electrodes, each conducting a current 
of 2^ amperes, the vector function is 

loglf{r exp(ie)-a exp(2r'jri/p)} = log(rV''e-a^), (56) 

by De Moivre's Theorem (Hobson, Trigonometry, Chap. XIII.). 
Interpreted geometrically, the norm is the logarithm of the 
product of the distances of any point P from the electrodes, 
while the amplitude is the sum of the angles the lines joining 
the electrodes to P make with the vector = 0. 
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We thus prove incidentaily one of Cotes'a theorems, namely, 
that the square of the product of these distances is 

(rP6'J'e_(iP)(rJ'e-*''e_(jP) = r^i'_2aPri'co8p0 + a.^p ...(51) 

and, in addition, the theorem that the sum of the angles the 

vectors from the electrodes to P make with the vector = is 

, THinpB ,,„. 

*" r-cyfl-tf' ' *■'"* 

and when the sum of these angles is constant, the locus of P is 
an oblique trajectory of the curves 

r^'cos p0 or r*sinp9 = constant. 
With a single negative electrode at the centre, of current 
iiir ampeie.s, half the total current from the n electrodes on the 
circle will flow to 0, the other half flowing off to infinity. 

Now the vector potential is, on writing ef for rja, 
logCr^e^^^ -«.") - ^ log r»e'"« 

= I log(co3h iij> — cos n6) + i tan ~ ^- ^ - „ j^ — ^in0. ,..(5!)) 

We can isolate a sector, bounded by = 0, 6 = -!r/n, and 
r=a; and the preceding expression will represent the vector 
function of the electrical flow of ^x amperes, with electrodes 
at the end of the vectors r = a, and at r = 0. 

The amplitude of this expression will also represent the 
temperature in this sector, if the radius = is maintained at 
temperature 0, while the radius 0~wln and the arc r = a are 
maintained at temperature ^t. 

271. Now suppose that on the same circle r — a, an equal 
number p of negative electrodes are placed, equally spaced be- 
tween the positive electrodes ; the vectors of these electrodes 
being a exp(2)-— l)7ri/p, the vector function is 

-logirH'i^ + aP); 
or, if moved out radially on to a circle of radius h, 

-\oQ{TPe'^i + h^) (CO/ 

The vector function of p equal electrodes at a exp Sriri/p, 
and of j3 equal negative electrodes at a exp(2r— l)'7ri/j) will 
therefore be log(r V-''^ - «P)/(rPe'''^ + a?) ; 

which, when resolved into its norm and amplitude, is 
^jSaPrPsinpe 
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= -taiih-i — ^ — h^tan-l-.-r^-, (fal) 

CQshpp smhpp 

with p — log{r/a); this function will represent the state of 

eleetiical motion in a wedge bounded by 0=0 and B — 'wI'p. 

272. The substitution in the preceding expressions in §247 

of the conjugate functions p9 and log(r/tt)P or 'pp for u and v, 

leads to the solution of corresponding problems for curvilinear 

rectangles bounded by arcs of concentric circles and their radii ; 

and now q = {hja)P, where a and b are the radii of the curved 

sides, wbile ir/p is the angle between the straight radial sides; 

so that in the rectangle OABG, 

OA = aTrlp, BC^WI'p, OC=AB = a-h. 

The vectors of the images of an electrode at are now 

ag^'/^exp 2r-jri/p, 

where n denotes any integer, positive or negative, and 

r = l, 2, 3, ..., n. 

For electrodes a.t A, B, G, the vectors of the images are 

a5*''Pexp(27— l)i-r/j:), 

(jgp»-i);pexp SHtt/p, 

(ig(*"-i)/j.exp(2r- l)i-ff/p. 

For a given value of n, the vector potential of tlio electrodes, 

whose vectors on a circle of radius o.q^'P are 

ag^'^esp 2ri7r/p or aq'''^ex-p{2T—l)Tri/p 

will be loglTCrV^^-ai'g") or \ogIl{ri'^^^ + a^q") (62) 

Now, suppose a positive electrode is placed at and « 

negative electrode at G, with the corresponding system of 

the vector function is 



log n (rPe'''^-aP<i^)/(rPe*f*-aY''-^) 

(f )'-v{i-f (^°n{i-.- (Sf] 



oducing a negative electrode, of current tt amperes, at 
in ; and, writing TrVJJK iav pd +i\og{alr)P, this becomes 

loi^Siml-Trw K)Il: — ,, ■■ „„ - i ■ . nA , t;. — g ("•'' 
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equivalent, as in § 263, on omitting constant terms, to 
log sn w. 

A similar procedure with electrodes at A, C, and B, G, will 
lead to the singly infinite factorial expressions for en « and dnu. 

Projecting these e qui potential and stream lines stereographi- 
cally on a sphere which touches the plane, we shall obtain the 
corresponding solutions for the flow of electricity on the surface 
of the sphere, 

(Robertson Smith, Ptoc. R. 8. of Edinburgh, vol. VII, ; 
M. J. M. Hill and A. J. C. Allen, Q. J. M., SVL, XVII.} 

273. When these electrodes are replaced by straight parallel 
vortices, perpendicular to the plane, which is taken as hori- 
zontal, the potential and stream functions are interchanged. 

Suppose a vortex is placed at a point P in the rectangle 
OABC ; to introduce the restriction that there is no flow across 
the sides of the rectangle, we must suppose the motion due to 
vortices which are the optical reflexions of the point P in the 
sides of the rectangle ; the sign of the vortex being positive or 
negative according as the corresponding image has been formed 
by an even or odd number of reflexions. 

The vectors of the positive images will therefore be 
2-ma+2nbi±s:, 
and of the negative images 

where z — x + yi, ^ = x — yi. 

The resultant current and velocity function at ^=^+i)i will 
therefore be the norm and amplitude of 

Ino- TTn^^"^" + ^^''''' + ^-"=')^-^' ''^+ ^^^'^+^+ ^ ^ (CM 

''"- {■Zma+2nbi + ^-z'){^ma+-2.nbi+^+s') ^ ' 

At the point P, this vector function, due to all the other 

images, ia therefore 

1 yr-rr (27na+2 nbi )(2via+2nhi+2s) . 

and writing i; = - and ^K — \-2K'i^ = u+vi = iu, 

this may, according to g 263, be replaced by 

1 H(tt + vi) ,„.. 
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The stream function at P ia therefore, disregarding constants. 



= 1 log(iis^it— hs^to) 

= i iog{ns»(u, K)+nsXi', 0-1} ; ---(ee) 

so that the curve described by the vortex is given by 

mX^Kxja, K) + a/{2E'ylb, k') = constant, (67) 

and all the other image vortices kee]3 up a symmetrical dauce, 
by describing similar curves. 

274. The vortex is stationary when at the centre of the 
rectangle; and now, changing to the centre as origin, the 
vectors of the images are ma+iiH, where m.+n ia even for 
the positive, and odd for the negative images ; so that the 
vector function of the motion is given by 



log II n- 



i2ma+'2'nbi~3!){(2m+l)a+i2n+l)bi-z} 
{2ma+{2n + l)bi-z}{iim-^l)a+2nbi-z} 



log"".I.«-".."_£"'^ilog ; "'" ^ f68) 

It 

ih 



cn I'M! 
Expressed as norm and amplitude, as in % 247, this function 
- en w 1 — cn w' , , 1 — cn w 1 + on ly' 



"l + criio l+cniy' ^ °l + cni(; 1— cnu/ 

,, cnwi~cn« ,, snw dn w — dnit sn vi 

- S '°S M „i+-Sri+* '°S ; n»dn.i+dnus5 1ii 

, , .cn'ti ^ , -sniidnw 

= — tanh"' — — , — tanh"'-r- — ■. 

cu 1^% dn M sn -TO 

= — tanh-*(cn wGn^)4-itan"^-i — , ((J9) 

•■N\.'ihu^2Kx\(k,v = 1K'y\b; the modulus of the elliptic func- 
tions of y being k. 

The equation of a stream line of liquid is therefore given by 
cn tt cn ?; = constant, or 
cn(2Za:/a, K)cii(2K'yjb. k) = constant (70) 

Close up to a vortex the velocity according to these ex- 
pressions would become infinitely great, which is physically 
impossible ; but a solid core may be substituted for this centi'al 
portion, and the shape of this core has been investigated by 
J. H. Micholl, Phil. Trans., 1890. 
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275. When a point is placed inside an eqiiilateral triangle, 
the Kaleidoscopic aeries of positive images is given by the 
vectors s, to8, to%, where s=x+yi, and w is an ima^nary cute 
root of unity ; the negative images being given by z', tez', wV, 
where 0'=—x+yi; the origiubeingat accruer of the triangle, 
and the axia of x perpendicular to the opposite aide {Fig. 27, l). 




(i.) Fig. 27. (li.) 

lu addition, similar groups of six images must be added, 
ranged round the centre of hexagons forming a tesselated pave- 
ment, the vectors of the centres of the hexagons being 
^mh+2nhi^3 and (2m+l)h + (2n + l)kiJS, 
where h denotes the altitude of the equilateral triangle. 

In the corresponding doubly infinite products, the elliptic func- 
tions will have K'jK^^S, so that (g 47), « = sin 15°, 2kk'= ^ 
Then, in Weierstrass's notation, the vector potential at 
S=l+ni 
for a single source or electrode inside the triangle will, neglect- 
ing constant terms and factors, be expressed by (§ 278) 
log,r(f-^V(f-«V(f-«'») 

^,tt-2'V,«-«/V,(f-»V)i (71) 

while for a vortex or electrified wire, the vector potential is 

I „„ .k;-" Mf--^ M^<o''' Ml-" v.«-" Vi(;-«.'» ) „,. 

The nature of the resolution of these functions into their 
norm and amplitude is illustrated in gg227 to 231. 

(0. J. Lodge, Fhil. Mag., 1876; 0. Zimmermann, Das logar- 
ithmische Potential einer gleichseitig cb-eiecMgen Platte, Dies. 
Jena, 1880 ; A. E. H. Love, Vortex Motion in Cei'tain 1 
Am. J. M., XL) 
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So also for a rectangular boundary OAGB, if we write 

a for ^—x + (t]~y)i, or f— s, 

^ for ^+x+(>,-y)i, or ^+^, 

y for f+a^ + {^+3,)i, or ^+3, 

^ for ^-a^+(^+2/)i> or i-z'; 
z, — s', ~s, z being the vectors of the point P and its images 
by reflexion in the coordinate axes Ox, Oy, taken in oi'der in 
the four quadrants ; then the vectors of all the other images 
by reflexion in the sides of the rectangle OABO being ranged 
in a similar manner round points whose vectors are 2ma+ 2nbi, 
it follows from what has gone before that we may express the 
vector function at f of all their images, taken as positive, by 

log o-a(r0 try (tS, (73) 

with (B^ — a, o!g = bi; 

disregarding constant factors, and exponential factors of the 

form exp{Av,+Bu^). 

But when we represent the vector potential of a vortex or 
electrized wire at P, the vector potential becomes 

'"=ff/3<r,5 '^*' 

276. As another illustration of the connexion of a regular 
Kaleidoscopic figure with Elliptic Functions, consider the solu- 
tion of the reoiprocant 

{fi+l)c-lOabt + loa^==0, (7o) 

, , dy (Py , d^y d^y 

where i=-r. »= j ». &=-t4) " = -;-■■ 

dx dx' dx'^ lix" 

(Sylvester, Lectures on the Theo'i-y of iteoiprooants, VL, 188^.) 
Mr. J. Hammond has shown {Nature, Jan. 7, 1886, p. 231 ; 
Proc. L. M. S., XVII., p. 128) that the integral of this equa- 
tion (75) may be wiitten 

, , r (l + ti)dt 

"''^^'-j ^{MK~-ki)[i+tir+i(K+\i){i-tifY ■■■^"'' 

By turning the axes through an angle ■i-tan-i(X/K), we can 
make \ vanish ; and now, replacing ^k by unity, 

, . r (l + ti)dt .^-. 

_ ^^+^T /v((I + ^i)H(l- y ^"* 

(^)'=-K'^+?/^i 0,4), Q^:f=-p(x-yi; 0,4)....(78) 
and f{x+yi)f{x—yi) = l (79) 
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Since (§196) faiz=wps, pt>?z=(i?fz, 
where to is an imaginary cube root of unity, therefore 

fu,{x+yi)f<eH,x^yi) = \, (80) 

which shows that the curve is unchanged if turned through an 
angle of 60° about the origin (Fig. 27, ii.). 

Captain MaeMahon has shown that the intrinsic equation of 
this curve may be written 

cos3V' = dn(s/(;), with k=IJ'2 (81) 

The student may also show that the equation of the curve 
may be written in one of the forms 

Bxa{x±K, K) = s.xa{y±K', k), 
K^tn^ic, K)=A:Hn%, k'). 

Mx,K)My-K) = K (82) 

with K = Binl5°, K' = siii75°. 

Aa a similar exercise, the student may solve the leciproeant 

fc-5a& = (83) 

in the form jsa; j>i/= ±1, (84) 

and determine its intrinsic equation, diuwing the correspond- 
ing curves {Proc. London Math. Soc, SVIL, p. 360). 

277. When we expand, in ascending powers of u, the 
logarithm of a doubly infinite product, snch as that in the 
numerator of sn it in equation (1), § 258, we iind 

logttn'n'(l-^) = logtt-tt2£2-i-iu«Sfi-^- V2fi-^-..-(8o) 
Now, when the origin is taken at the centre of all the 
points whose vectors are Q, the coefficients of u, tt^, u^, ... 
vanish ; but the value of the series is .still indeterminate, until 
the infinite curve containing all these points has been defined. 
For if P denotes this Infinite product, and P' its value when 
the boundary has changed into a similar curve, then 
logP'-logP-Ju^Sfi-Hi-M-^SO-*-)---., 
where the summation now extends over the region lying be- 
tween the two boundaries; and now the limit of ESJ"^ is a 
definite number, A suppose, while the limit of E£i'*, ... is zero. 
Therefore 

logP'-logP=^4u^ or P'=^Pe!""^...] (SO) 

so that the value of the infinite product depends on the shape 
of the infinite boundary (Clifford, Matk. Papers, p. 463). 
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Diit, as in § 2G1, Wcierstrass removes thia ambiguity bj' 
attaebing to each linear factor of tlie product, such as 

an exponential factor ®^P(o''"9 02) ' 

and, in the physical analogue, the corresponding electrode at ij, 
whose vector function is log(l — u/fi), must have associated 
with it a uniform flow in the direction of the vector Q, repre- 
sented by ujil ; and a streaming motion in rectangular hyper- 
bolas, whose asymptotes are parallel and perpendicular to the 
vector Q, represented by ^{u/Qy. 

Now in the expansion of the logarithm of the doubly infinite 
product P, when these exponential factors are introduced, 

logP = logu-Ju*2£i"*-itt«2n-<'- (87) 

an absolutely convergent series; that is, a series the value of 
which is independent of the order of the terms. 

278, Making a new start ab initio with the sigma func- 
tion (1 195), as defined now by the equation 

■^-^E.SS'-D^^iu+lm) ("' 

where ii — 21)141) +2noi', and w'/wi is a real positive quantity, so 
that 0), <o correspond to lOj, (Og or w^, 012' according as A is posi- 
tive or negative, then (ru is the analogue of Jaeobi's Eta Func- 
tion; in fact, 

ctu = Ce'^'^m^ie, - e> = Ce-'-^e.q-^lw) (88) 

(§ 263), where C, A are certain constants ; also log o-tt is the 
same as logP in equation (S7). 
Now denoting, as in § 195, 

d log o-u , - 1 d^los crtt din, , 



3^ Si'/ 



= ^-v,'j.Q-i-ii.'i.a-'-..., (V) 

by differentiation of ( f/"} and (oS) ; so that, on rofcienee to § 195, 
we may put 

(;, = 60EO-', a-MIGSi-' (W) 

also g,' = 2\i.6'.72il~', s//,-2'. 3 . ,5.7.11 XQ-", etc. 
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Differentiating (60) again, 

f"- i+4(i"W'"S'} ^^'> 

«-■"=- J-^(i^ (^> 

Then (itW-)/u, u^u, u^pu, •u?f'ii, 'W,*p"w, . . . , are unaffected by 
the considerations of homogeneity of § 19li ; as for instance in 
the expansions in equations {21) and (22) on |>. 249. 

A change in (X) and (Y) of m into w+2joai+25w', where 'p and 
q are integers, merely leads to a rearrangement of terms ; so 
that, as in g 250, 

Ss(k + tpoi + 23(o') = pv.. 

Also, since in fi = 2m<ti + 2n(o', the arrangements {m, n) and 
(— m, ~n) exist in pairs, therefore 

■and f'^u = i.fu~fw.&ii,~^{w+w').^u~^w' 

-Vw-Sfg^u-sfs (AA) 

as originally defined otherwise in § 50. 

A change of u into w + 2(o in (V) shows that, hy a rearrange- 
ment o£ terms, 

f(t.+2.)-fu+2, (89) 

where ij is a certain constant, determined by putting ■»,= — w, 

80 that t, = f(o (90) 

Similarly ^{u + 2«,')=f(i+2,,', (91) 

where i;' = ^w' ; (92) 

and, generally, 

f(u-|-2p«,+25«,') = fii + 2jj^-|-2gV (BB) 

Integrating (SU) and (90), 

a{u + 2(o) = Ce^'' Vit, <7(i( + 2w') = G'e^^^au ; 
where C and C are determined by putting u= —w and —to'; 
so that 

ff(u + 2w)= -e^^-'+'-Vw, o-()( + 2»'):= _eW«H-«')^, (93) 
and therefore 

ff(u+2p(fl)- -(-l)i'+V"'<"+^'"'o-u-, (94) 

,r(u+2qtc')^-(-l)''+'e'"f^'^''+'>'>la'U, (95) 

and, generally, 

<riu + 2pa,+ 2qw') = - ( - l)(P+iX*+i)eP!'''+2OT'X'"+P«+'J»Vu, . . .(OC) 
■obtained also by integration of (BB). 
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The doubly infinito products in (U) may be converted into 
singly infinite products ; and now 

o-u = — ei^«^/iB sin - - II ,1 ^J .-r— ' - 

wiierc 5 = ^""/", and 



^-,....(BB) 



...*_?!:... 



- TT^S coseciiH-^wV^^). ■ ■ ■ -i^^) 



etc. ; for fche proof of these and other similar formulas merely 
stated here, the reader is referred to Sehwarz and Halphen. 

Also, denoting n+co, Q + oi + w', Q+to' by il-^, U^, Q^, 
then the function rraU of S 202 may be otherwise defined ah 
initio by the relation 

-"-''■-niK'-sWlsl+lo?) (™> 

which will be found to lead to the preceding results. 



Deuotina locr ^-.u by — »„« 



we shall find that 



^^u^^{u + u>J, a = l, 2, 3 .(9M> 

(A. E. Forsyth, Q. J. M., XXII.). 
279. Returning to the function C of equations (8) and (10),. 
§ 215, and changing the sign of the u's, we may also write it 
„ a-{v+u,+u^+ ...+Ui,)>t{v-u-^)(t(v~ u^) ...a-jv-u^) 

=Co+cijJw+cyv+...+cpS'"'"''^; (^^) 

and since we may suppose the w's and v to be all increased by 
equal amounts, the eondifcion (9) of g 215 is no longer required. 
Now, since G vanishes when v^iiy, where r = l, 2, 3, ..., fi.', 
therefore the coefficients c^, q, Cg, ..., c,i are determined by 
a series of equations of the form 

= CD+CjjJUr+C2(9'u,.+ ...+e;,j>l''"l)M,-; (100). 

and therefore the determinant 

-i)v =MC, (101). 



1, pu,., p'u 



, ^{F—'i)Wr 



where Jf is a factor independent of v ; and now this theorem, 
as a corollary of Abel's theorem, shows that the determinant, 
also vanishes when v= —u,~u.,— ...—Uii. 
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The symmetry of the determinant shows that M must he a 
symmetric function of the u's ; or writing u^ for v, and denot- 
ing the determinant by ^(%. u^, u^, ... , it,.), then ^ is a 
symmetric function of the u's, such that 

{p<q,V. ? = 0, 1, 2, ..,, f,), 
and it will be found (Schwarz, g 14) that 

J=(-l)4/'(*-i)l!2!3!... yu!- 
Thus, for instance, with /a = 2, 

I 1, ^u, p'u, \^ ij{u+V+w)rr{v—w)iT{ w — u)fT{'W-v) 

1, ^v, ^'v a^v, a^v tj^W 

I 1, ^, jj'w I 
By forming a similar function C" of the u"n, aubjeet to the 
condition (6) of 1 215, we see that (V) is an elliptic function of 
V, which can be expressed by G/G', where G and C are given 
by determinants, as above. 

Equation (CO) is also sufficient to prove that the function 
in (7) g 215 is doubly periodic 

As an application of the principles of this article and of 
^ 2U9, 215, 216, 257, the student may prove that Q of g 215 is, 
writing a for u^, b for %, and u for v, given by the equations 
n_ 'K^+«)cr(-^+^)a<«+i') 



^(v.+a+b)ru,caf,b 




= il. pu, g>% ^ 


1, j.», p'lij 




r\.fa, p'a 


1, pes, p'« 1 




1, pl>. f'b 


1. yd, f'6 




-{(«+a+6)-fM-fo-{6. 




We thus verify the equations of g§ 209, 257, 




d »(«+«+i)),,_.,|„,„ o-(«+»V(« + i),,_ 


«(i»i+f(>) 


du (rica{a+b) 


(r% (ra trb 





= ip(u, «)^(u, b). 
Whencondition(6)of §215 ianot satisfied, then (7) reappears 
qualified by an exponential factor of the form eP" when v is 
increased by ipK+^qt/; the function is then called byHermite 
a doubly periodic fv/nction of the second kind; the function 
^(tt, v) defined in g 201 being the simplest instance of this 
kind of function. 
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281), Making the u's all equalj as in § 218, and interchanging 
H. and V, the function 

ff^+flv){^U.-V)]'' 

is a doubly periodic function which can be expressed in the 
form of C ; but now the coefficients c must be determined by 
a series of equations of the form 

0- ej^"v+e^f"'v+..., 



Expressed as a determinant we may now put 

— fv, ^'u—p'v, ... , jj)(^-1)l4 — S3(f~i)w 
^'v, p"v, ... , pWit — pWv 



X^ = 



Finally, making v.~v, and dividing both sides by {u—vY, 
we find, in the limit. 












where 



Halpben denotes this function of u by i^(;(+i)W. 
Thus for instance, as in g 200, with ^ = 1, 



...(GG) 



-(cm)-- »"'*■ 
Again, with ^ = 2, 



a'^iifu — ^2u). 



By logarithmic differentiation, 

|j5logV'.«-3-„^log^p = »'(p»-pn») (HH) 

whence puw can be expressed rationally in terms of pii, j?V, 

When w = ?), 

_^(M + 1>_ 



1't 



"/'((■•I)"- 
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Also, when u = 0, 

= !t(o-J(y'+i{ao+aiSsw+... + cv^(f'-i)'(*)} 

= ffl^(-l)^+V; (102) 

and therefore %=0, when ;uw = 2poij+2gMj. 
281. In the pseu do -elliptic integrals (§218) 
fi.v = {mod. (Oj, tog) ; 
and now, knowing the number ft, the coefficients c^, Cj, c^, ■■■ in 
(7 or x^ 8-16 readily calculated from a knowledge of the values 
of fv, ^'v, f"v, ... ; in this way the results employed in g§ 218, 
219, 223, 225, 2S3 were inferred. 

Thus, for instance, in § 219, we know that 
;i = 3, M^ = 3«)i+ws; 
fv^h:, f'v = U^% ^'^=-6, f"'v = \UJ-2, /"'U=-252, ...; 
so that the ratios of e,), c^, c^, ... can be calculated from the 
equations ^ — c^-i- \c-^+ Zi^'ie^— 6cg, 

= 3i^2cj - 6cj+ 18i^2cg, 

0= -eCi+lSiVSca- 252Cg. 
Taking an arbitrary value of G^, say % we find, by sohition, 
c„=-9, Ci=-10, Cj=-3i^2; 
■)(U=%c0p"u-^iJ2f'u—l(ipu-~'d) 
= YCs{(2f'it.+2)(2j3Ti-T}-3iv'2s''w}. 

Now X^-^-- ^.^,?^ 

^(-"-^vy; 

so that, in the algebraical herpolhode referred to axes rotating 
with a certain angular velocity, we may put 

thus leading to the re.mlts of g 219. 

As other numerical examples the student may investigate 
the results of §g 218, 223, 225, 233 ; also the example due to 
Abel {(Ey,vres, L, p. 142), where ;t = .5, ^'2=!^' S's^l^, and 
ii = |((,2'or 4^2', when S3ii=— 2 or 1; we then find that the 
values of c^, c^, c^, c^, c,, c^ are proportional to 

-288, -36, -48i^3, 12, iJ'A, 0; 
or -39(5, -2.52, -12i^3, -24, ij% 0. 
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Writing s for fu, then we may put 
XH=-28S-3Gpw-48iv'%''"'+lV«+iN/3s»"'-«' 

= 36(2s2-s-10) + 12i^3(s-4}v'(4s=-12s~19), 
yu=--i'^)Q~io2.fu-lli^^f'ii-'i.4,f"u+iJ^f"'u 
= _ 36(4sH7s+7) + 12i^3(s-l)V(4s^-12s-19). 
We thence infer that the corresponding pseudo-elliptic inte- 
grals involve 

'"' V3(2s'— 10) " 2(5-1)* "■■■■ 

""" ^3(fa'+7.+7) -°" 2(8+2)* 

and now by differentiation we infer that 

/■2S+13 __ __ _<fe J^ ,(8-4) V(4»'-12.!- 19) 

y s-1 VHs'-l^s-lS) ^3 V3(2s'-s-10) "• 

'-4S-7 d8 _ 2 t ^iC^-iyC tf-lga-ia) 



/^ 






Tlins, in the Weierstrassian notation, 

£!!*_ n,„-i_ (P"- *)P'« _, /»„ 
._y„- =•■■" ^3(28.«»-i.»-10) '^'"'' 

- - !- tan-i-„4e=l'/^ ,.+ V3», 
V8(V"+7p»+7) -^ ' 

witii ^2=1:^, <;g=19, according as s)u=l or —2. 

Tliese results may be employed in the construction of 
degenerate cases of the catenaries discussed in |§ 80, 205, 206. 

Thus, for instance, the curve given by 

r' = P(p'+2), 
i-'cos(2^3ii - 59) = J-iUit* - dH'r' + »), 
is a plane catenary for a central attraction nhm" per unit of 
length, in which (§ 80) 

l-iii'mO-'-SJi"), lp = i^3rfoi;t". 
So also a tortuous catenary is given by tlie equations 
^ = F{{,(|a!/i)-l}, 
r'cos(50 + V3a;/ii) = x/3''(2r'+ 3Fr' - »), 
under an attraction v.^mr to the axis Ox. 
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282. Other pseu do -elliptic integrals are formed by the 8uin 
of two or more elliptic integrals of the third kind, when the 
sum of the parameters is of the form pw+qco', as in g 226, for 
the expressions of ^ and ^'. 

We shall denote the integral of the third kind in the form 
Oi)i § ^^^' ^y ^(^1 ^)' ^^ *^^^ ™® have found is the form of 
most frequent occurrence in the dynamical applications ; and 
now (^j) shows that 
*(it, a)+$(u, 6)-*(tt, a+b) 

_ , p'»-f 'i)^^ p(n+ u)-p(i) + «) fM-fla+h-M.) ^ 

by reason of (y), § 197, and (K), § 200. 

When « + & = (Da, ^'('*+^) = ^. ^(i*, « + !') = 0; and now 

^ ' ' ^ ' ■^ saa-ea * ^f{a—ii) — ea 
By equation (N). g 249, we may write 



= tanh" 



_f!*~ 



the latter form to be employed in dynamical problems, where 
gj'ffl is always imaginary ; thence the expressions given for ^ 
and f in g 226 can be inferred. 

As an application we can put a+fe = Wj+w5or (egin§209, and 
thence deduce a degenerate case of the Spherical Pendulum. 

Examples. 
1. Prove the following q series : — 
(i.) l-\-2q + 2q'+2q-' + ...=OK ^J(KI^^)- 

l~2q + 2q*-...^Q_0^ 
'"'■^ l + -2q^^2q^+.-.'eK ^^ ' 

(iv.) (l~2q+2q*-..:)* + m^ + 2q^ + ...y = {\ + 2q + 2q*+...y; 
(v.) v'(«'^')— ^3*. g^■^A'^ J^lin2Sq\ or - 1/1728$, accord- 
ing as A is positive or negative, when q and k or k is small. 
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2. With the notation of g 265, prove the theorem 

where 2s = vj+x+y+s. 

Deduce the formulas 
(i.) (cV^sn it sn i) sn r an s 

— K^cn 11 en u en r en s + (In u dn w dn r dn s — k'^ = 0, 
provided u+v+r+s = i}. 

(ii.) K^siil{u+v + r+s)sniiu+v-r-^) 

xanW^-v+r-s)an.ij{u-v-T+s) 

(dn«.d iiydnrdns-g^enucniicn7-cns+KV%nKani)anrsns-fc'^) 

~(dnwdni)dn5'dns-jc^cnwcni)cnrcns-icV5nttsni;snr8ns+/^) 

S. Show that 

4. Show that Weierstrass' function o-(u) satisfies the partial 
differential equations 

Show that the second of these equations is also satisfied by 
the function 

o-tt(tt)/ { (e„ - c^){ea -ey)}i ; 
and write down the differential equation satisfied hy o-aU- 

5. Prove that the projection of a geodesic on a quadric of 
revolution on a plane perpendicular to the axis is analytically 
similar to a herpolhode (Halphen, II., Chap. VI.). 

6. Evaluate the surface of an ellipsoid. 

7. Construct some degenerate cases of trajectories or caten- 
aries on a sphere, or on a vertical paraboloid or cone, employing 
the numerical results of the pseudo elliptic integrals. 
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CHAPTER X. 

THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 

283. By the Theory of Transformation is meant the ex- 
pression, in terms of the elliptic functions of modulus k and 
argument «, of an elliptic function with respect to a new 
modulus \ and of a proportional argument ujM; and then if is 
called the multiplier, and the relation connecting the moduli 
X and K is called the m,odular equation. 

A particular case of Transfonnation has already heen intro- 
duced in Landen's Transformation (§§ 28, 67, 71, 123, 181, 182) 
in its application to Pendulum Motion, and to the Rectification 
of the Hyperbola. 

In accordance with the plan of this treatise, we begin with 
a physical application of the Theory of Transformation, before 
proceeding to the analytical treatment of the subject. 

Suppose then in § 259 that an odd number, n, of such 
rectangles as OABO are placed in contact, side by side, so as 
to form a single rectangle OAnB^G, of length Ojl„ = na,(and 
height OG=h; and now put 

OAnlOG=naih = KjK', 
OA jOO= c[/6 = A/A', 

so that Klk^nK'jK; (1) 

where K, K' denote the quarter periods with respect to the 
modulus K (§ 11), and A, A' with respect to the modulus A. 

Let us begin by placing a positive electrode at 0, and an 
equal negative electrode at C; then, inside the rectangle OB, 
the vector function will be 

log sn As/a = log sn{Axla+ A.'iyjb), 
with z=x-i'iii. 
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But, inside the rectangle 0-S„, the vector function of these 
electrodes and their images will be that due to positive elec- 
trodes at 2six and negative electrodes at 2sa+bi, where s 
assumes all integral values from to n—1; and the vector 
function of this system is {§§ 259, 275) 

log ' n sn K{z - 2sa)/na = log H sn {Kxlna + K'hjjb ~ tsKjn). 

The physical equivalence of these two forms of the vector 
functioD, as seen from two different points of view, shows that 

sn( As/«) = ^ ' "il ' m{Kzlna ~ 2sK/n), 

or sniu/M,\) = Ansn{u~2sK/n), (2) 

where ujM= Axja, « = Kzjna ; 

so that M=KlnA = K'IA'; (3) 

this is the formula for the first real transforination of the sn 
function, of the nth order. 

Similar considerations will show that 

cii(w/if, X) = 5ncn<u-2s^/7i), (4) 

dn{u!M,\) = CIldn(u-2sK/n) (5) 

If, as in § 263, wc put 

g = oxp( — TT-S^V^)^ ^'^^ r = exp{ — TrA'/A); 

then 7- = 2", (6) 

and A is less than k. 

It simplifies matters to place the rectangle OB in the 
middle of n such rectangles placed side by side, and now s 
ranges from — ^(ti — 1) to ^{n+1); and combining equal posi- 
tive and negative values of s, we find, according to (7) § 137, 

sii(uM,\)^Asmb n ■^— s— 5-s- 5-, (7) 

where w = Kjn; 

y-Tt^^^' (») 

connecting y — sii{ulM,X) and X'=sii{v,, k), a^^n{2sKjn). 

284;. Next suppose that n equal rectangles, such as OABC, 
are piled on each other, so as to form a single rectangle 
OABJ^n, where OA =a, 0(7„=«b ; and now put 
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OA!OC„^alnb==KIE; 
OA/OC = a/6 = A/ A'; 

so that K'IK=nA'IA (9) 

The physical equivalence of a positive electrode at and an 
equal negative electrode at C, and of their images in the rect- 
angle OABC, with the positive electrodes at ^sK'iylb and the 
negative electrodes at {28+l)K'iylb in the rectangle O^S„C„ 
and their images, shows in a similar manner that 

sn{As/a, \) = AIL miKx/a+K'iylnb - 2sK'ijn), 
where s may assume all integral values from to n — \, but 
preferably, from ~\{it.~V) to ^(ii + l); or 

Bn{ulM,\)^AJliin(u-'2.iiK'iln,K), (10) 

where ujM—A.zja, U — Kzja\ 

sothat M^KIA^K'InA'; (11) 

and now, with 

q^e^p(--,rK'lK), r=exp(-TrA7A), 

we have r^q^'", ; (12) 

and now \ is greater than k. 

Similar considerations show that, by placing positive and 
negative electrodes at A and 0, or B and G, we shall obtain 
the formulas 

cn{ujM,\) = BJlcn(v,-^sK'ijn)', (13) 

An{i^/M.X)^GIldn(_u-2sK'i/n); (14) 

these are the formulas for the second real transformation of 
the elliptic functions, of the iith order. 

A similar piiysical interpretation of Transformation may be 
given in connexion with the curvilinear rectangles bounded by 
concentric circular arcs and their radii, as discussed in § 270. 

285. Besides the first and second real transformations in 
which q is changed into q'^ and g^'", now denoted by r^ and 
r^, there are in addition n — \ imaginary transformations, 
when 71 is a prime number, in which q is changed into iD^q^"^, 
denoted by rp, where p — 1, 2, 3,..., n—l, and to is an 
imaginary nth root of unity ; so that, corresponding to a given 
value of K, the modular equation of the nth order, if prime 
will be of the ('ii + l)th degree in X, having the roots 

of which two only, X and \, will be I'lsal ; A^ < k <Xp 
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We need only consider the Transformations of prime order, 
as a Transformation of composite order, inn, can be made to 
depend on the transformations of the mth and wth order. 

The different transformations of the wwith order are formed 
by changing q into 5™'" ; so that the number of transformations 
for any number in general is the number of divisors of mn ; 
reducing to ■n + l, as before, for a prime number n. 

For a transformation of order v? there is one real transforma- 
tion for which q remains unaltered, and wc thus obtain the 
formulas for Multiplication of the argument u by n. 

286. After this physical introduction, we can proceed to the 
general algebraical theory of Transformation, as developed hy 
Jacob! in his Furndamenta nova tkeorm functionum elli/pU- 
carv/m, 1829. 

The theory in its generality consists in the determination of 
y as a rational algebraical function of x, of the form 

S-f'/K (15) 

where U and V are rational integral functions of x, 

7=M»-|-6„-i3:"-i+... + M + M 

so as to satisfy a differential relation of the form 

Mdy dx , _, 

V7-:j^ '"' 

where X= ax^+ ibx^+ 6cic^+ idx+e, \ ,,j,. 

Y^Ay* + iBy^ + QGi/ + iDy+Ej ^ ^ 

Making the substitution of (15), we find that we must have 

Vcte ax/ dx 

^JiAlF+imPV+mUW^+iMW+EW) ~ v'X' 

and the first condition requisite is that 

AU"'+4B [7^7+6(7 [/^P + 4i>[/FH-E7* = Z2'^... (19) 

where T is a rational integral function of x, of the (2m — 2)th 

degree ; and now, if we can make 

''-<i^-^-£) ••■<») 

where M is a constant multiplier, the Transformation is 
effected. 
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But if U and V aro both of the nth degree^ or if one of the 
•Kth and the other of the (ii — l)th degree, so that either a,^ or 
6„ {not both) is zero, this is necessarily the case ; for any 
square factor in (U, V)* will appear as a linear factor of 

dx dx' 

which is also of the (2n — 2)th degree, and can therefore only 
differ from 2" by a constant factor M. 

The Transformation is now said to be of the nih order. 

By taking X of the sixth, instead of the fourth degree, Mr. 
W. Burnaide has derived hyperelliptic integrals (Proc. L. M. S., 
XXIII.) from the elliptic element dyj^Y, similar to the hyper- 
elliptic integrals of ^ 159, 160, by means of substitutions of 
the second, third, and higher orders. 

Now denoting by a, /3, y, S the roots of the quartic X = (i, 
and by d, jS', y, S those of F= ; so that, resolved into factors, 

7= A{y - aXv - /3'XJ/ - yX3/ " ^') ; 
then A{JJ~dy'tU-^'Y){\J-yY){V-SV) 

^aT\x~aXx^^){^-y){x-S); 
and now a factor, such as JJ—dY, must be composed of linear 
factors, such as ic— a, and of the squares of factors of T. 

In the expression y—UjY there are at most 2tc + 1 arbitrary 
constants ; and in determining t/and Y so as to satisfy relation 
(19) we determine 2ii — 2 of those arbitrary constants; thus 
there remain at disposal three arbitrary constants, correspond- 
ing to the three constants involved in an arbitrary linear 
transformation, such as that obtained by writing {§ 13.9) 

(te+m)/(J'ic-|-m') for a;, 
as exemplified in gg 153, ICO, where the constants I, m, I', vi 
are chosen so as to make X and Y quadratic functions of a^ 
and y^. 

When X and Y reduce to quadratic functions of x and y, 
the elliptic functions degenemte into circular and hyperbolic 
functions : and now there is no Theory of Transformation, 
except for the change from circular to hyperbolic functions, as 
in §16. 



yGoosle 



310 THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 

287- Jacob), in his Fundamenta nova, works throughout 
with the differential relation for the sn function (§ 35) 

Mdy dx , ,„, , 

v'(l-y^ 1-AV) <J(^-^'- 1-A^) 
connecting « = Kn(«, k) and i/ = sn(tt/ilf, X), 

Now, if y=UIV, 

then, since u = makes x = and ^ = 0, y and therefore U 
must be an odd function of x, the other, V, being an even 
function ; so that for an odd order of the transformation 

Since x — 1, y = l; x = 1Jk, y = l/\; etc, are simultaneous 
values of ce and y, the relation connecting x and y may be 
written in any one of the following forms, 

1+ y^{l+ x)A^IV, or V+ U=(l+ x)A^; 
1_ y = (l- x)A'^IY, V- D"=(l- x)A'^; 
l+\y = {l+Kx)C^IV, V+\U = {l+Kx)G^] 

l-\y = 0—Kai)G'^jV, V~\U={1~-kX)C'^; (22) 

where A and G are rational integral functions of x, of the 
^(n — l)ih degree, which become changed into A' and C when 
X is changed into —x ; so that we may put 
A = P+Qx, A' = P-Qx, 
C=F + Q'x, C^F-Q'x, 
where P, Q, P', Q" are even functions of x ; and therefore 

l+y l+x\P+Qx/' l+\y l + Ka^VP-QW ' 

_ p^+2PQ_+^_x KP-^+^p-q +Kgy .„„, 

giving y-^p^^^pQ^i^Qi^i-y^ 'P^-i-2KP'~Q:X^+Q'^X^' '"^ ' 

When the order n of transformation ia even, we put 
U=:a^x+a^ + ...+a„.iX"-\ V=b^-^b^^+...+b„ij^; 
andnow V+U=0-+x)ii+Kx)B^, V+XU^D^ 

F~U"=(l-x)(l-«a;)£^ V-\U=D'^; (24) 

where B, D are rational integral functions of x, of the {^n — l)th 
degree, changing into B' and B' when x is changed into ~x; 
so that we may put 

B^R^-Sx, R^^B-Sx; 
D^.B'+S'x, I)'=E~8'x; 
where R, S, R\ S' are even functions of x. 
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2S8. The number of independent constants represented by 
the a'a and h's in ?7 and V csin bo immediately halved by 
noticing that a change of Vj into u-\-K'i has the effect of 
changing a! iuto I/kx and y into 1/Xy (^ 239); and therefore of 
interchanging U and V. 

An algebraical si nipliii cation is thus introduced by writiiig 
cc/^K for X and y/,JX for ^, as in § 143 ; the differential rela- 
tion now becomes of the form (Cayley, American Journal of 
Mathematics, vol. 9) 

dy ^ pdx ,2-, 

^{\-tl3y^+y^) ^(l-^ax^+ic^) "^ ' 

and 2a=ic + l//c, 2^=X + X/X, (26) 

connecting 

and now, if 7/= UjV, 

for an odd order n of transformation, involving only n co- 
efficients B^, B^, ... , i?u-i, and therefore ^ — 1 arbitrary 
constants in y; also B.^,i= pB^. 

It follows then that, in the original relation y^UIV, con- 
necting x = si^(v,,k) and y = sn(u/M.'\), if a' — x^ is a factor 
of U, then 1 — K^aV must be a corresponding factor of V; and 
we thus obtain the expression of i/ as a function of x given in 
equation (8), and in addition the relation 

X = j¥V'na^ (27j 

so that we may wi'ite 

S-*|«nj^^=^ (28) 

Professor Cayley writes equation (25) in the form 
(1+ Sy+ S^y^ + ...)dy = p{l+ Ejfl;H B^* + ..:)dx, 
y+lSy+iS^y^ + ... =p{x + }R^a?+iR^' + ...), 
where the R's and S's are the zonal harmonics of a and ^. 

289. Writing this equation (28) in the form 

which is an equation of the Tith degree in x, the roots of which 
are a; = snii, nn(u±2w), ... , sn{u±(m — l)(o}, 
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where w~2K/n or ^K'ijn. for the two real transformations, we 
find that the sum of the roots 

2 sii(u + 2s(y), (29) 

or combining the equal positive and negative values of s, 
X / It , \ , ^ 2 sn u en 2sto dn 2S(o 



X fu 



^'= .+s Wa--- ,i-A!) (30) 

kM i — K aX 

the expression for y when the product in equation (8) is resolved 
into its partial fractions ; and similar expressions hold for the 
en and dn functions (Jacobi, Werke, I., p. 429 ; Cayley, Elliptic 
Functions, p. 256). 

290. We need not therefore confine ourselves, with Jacobi, 
to the Transformations of the sn function ; but we may some- 
times find it preferable to seek the relations connecting 

X = cn(-u., k) and ^ = cn(w./j¥, \), 
when (g 35 ; Abel, (Euvres, I., p. 363) 

or the relations connecting 

a;=dn(u, k) and y = di\{v,lM, \), 

^(l_y2_^2_X2) Jil-CCKX'^-K^) 

relations already given in (4), (5), (13), (14) of § 282, 284. 

But Prof. Klein points out {Math. Ann., XIV., p. 116) that 
it is the differential form of § 3S (really Eiemann's form), 
connecting s = sn^(u, k) and i = sn^(u/ilf, X), 
and leading to the relation, on writing h for a:^ and I for X^, 

Mdt dz , „„, 

j\UA-tA~lt)'"^{iz.l-z.l-kz)~'^'^- ^''**-' 

which is the most fundamental in the theory of the elliptic 
functions sn, en, and dn ; the periods now being 2K- and 2K'i, 
instead of 4^K and 2K'i, etc. (§ 239) ; the quadrie transforma- 
tions (of the second order) 

z^3?, \—x^, or 1— A^, 

t^y^, l~y\ or l-\y. (34) 

leading immediately to the preceding transformations of the 
sn, en, and dn functions. 
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291. The Theory of Transformation may be developed en- 
tirely from the algebraical point of view ; but Abel has shown 
how the form of the transformation of the nth order may be 
inferred from the elliptic functions of the nth parts of the 
periods, called by Klein, modiilar fwnctio'ds. 

Thus taking the first real transformation connecting 
z^suXu.k) and t^sn\ulM,\) 
in relation (33), then 

'- iA'-t)' *"■ 
1- (=(1-2) n(i-iy ■*!). 
i-if={i-fa)n(i-*/3z)'-^-i), 

0= n(l-4a8)', (35) 

where a = sii«2sif/n, ^ = m\^-l)K/n, 

aud the produets extend for all integral values of s from 1 to 

K»-i). 

The form of the factors is inferred by Abel from the con- 
sideration that 

(i.) wheni = 0, ujM =2sA + 2s'A'i, 
where s and s' are integers ; and, from equation (3), 
u = 2sKln+2s'K'i, 
s = 8n^2sK/n = 0, or «; 
(ii.) whenf = l, u/M={2s~l)A + 2s'A% 

U'=(2a-l)Kln + 2a'K'i, 
z=sn\^-l)Kjn=-l3 or 1; 
(iu.) whent = l/^,-w/jlf=(2s-l)A+(2s'-l)A'i 

u^{23~l)Kln+(2s'-l)K'i, 
z = an^{{2s-l)Kln-K'i} = l/k^ or Ijk 
(iv.) wheni=os, w/JUr=2sA-|-(2s'-l)A'i 

u = 23K/n+{2s'-l)K'i, 
2 = m\^sKjn-Ki} = \!ka, or x. 
Similarly the relations can be inferred connecting 
z^ihXi\u, k) and t=Gn^{ujM, \), 
or z^dn%u, k) and t = cD.\ujM, X), 

not only for the first real transformation, depending on equa- 
tion (3), but also for the second real transformation, depending 
on equation {11), and also for any one of the imaginary 
transformations of the mth order. 
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292. In Weierstra-ss's form the relation is 

Mdy dM _-. 

s/{^y^ - y^y - y^) ~ Ji^ - s-a* - 93) ~ ^' 

connecting x=^(v,; g^, g^) and y^^(u/M; 72,73), 
by a relation of the form 

y-u/r-, 

and this must be equivalent to relations of the form 

y~e^=(x-eM^IV, or (x-ep)B^jV. or {x-ey)C^jr, (36) 
for a transformation of odd order; giving 

iy^-Y2y-y^H^-9^^-9^)(^BCyiy^l (37) 

so that V must be a perfect square ; thus leading to the 
requisite number of equations for the determination of the 
arbitrary coefficients in U and V, and an equation over, which 
relation may be made to connect the absolute invariants J 
and J', and corresponds to the modular equation. 
For a transformation of even order, we shall have 
U 

equivalent to relations of the form 

y~ea=-, wfpo, or -^ 7m, OT — — ' ■^, (38) 

^ (lE— ej™ iK — ^a J- X — Ca J- ^ 

and therefore 

*f-ra-y>= -(ii'^ t^ W 

293. In the Weiersfcrassian form we determine the relation 
connecting x = f{u,J) and y = p{ulM, J"). 
But without altering J' we may write (§ 196) 

and now, if w, w denote the real and imaginary half periods of 
j3(u, J) or jsw, we may take wjn, m as the periods of 51(14, J"') in 
the first real transformation of the nth order ; and w, w'ln as 
the periods in the second real transformation (Felix MuUer, De 
transformati<yiie functionum elliptiearum. ; Berlin, 1867). 

The first real transformation, of odd order it, may now be 
written 

p(u,Jo=pu+"r{p(„-''-)-p?s?} («) 

similar to equation (30) for the sn function, and obtained in a 
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By integration of this equation (g 195) 
^tt, J') = 2GiU+tu+~T^~\u~2s^jn)+^{u+2sKJn), (41) 

where (?j = i'TV(2sw/™)= ^Ww^) ; i'^^) 

and integrating again, 

log a(u, J') = G^u^ + log a-u II o-(u - 2s(o/n)rr(u+2s<„ln), 

8-(tt, J') = Ge^^^\u n <t(u - 2sw/n)(7(u+ Ssw/w).! (43) 

The constant (?is determined by puttiog 14 = 0, when 

ffii o<i4 - 2s(o/ti)o-(m + 2sw/w) 

\7(-28«/ii)ff(2sw/«)' 
and now 

*• ' •' ,^1 (r\2siajn) 

=e«n'-u)'^n(s™-s'2s<.M). (4*) 

by formula (K) of § 200. 

Tlius, for instance, with 71 = 3, 

(r{u, J') = e<^t^X<ruy>{fu - G,), (45) 

where Q^ = jaf lo = ^^, 

and therefore satisfies the equation of 1 149 

fi_(g .'+ig.)' + 2g.0i . 

or B^'-igfit'-g.e^-tM.'-o (46) 

Denoting by G^ and G^ the transformed values of g^ and g^, 

they are found by a comparison of coefficients in the expansion 

of both sides of equation (44) in ascending powers of u (§ 195). 

Thus, if J"=0, or g^^O, then Gj^=0 or i^g^; and taking the 

value (?j = 0, then /' = 0, Q^^O, G^^ -27^^; and 

cr(u; 0, -27^3)-(o■u)^F^^ (*7) 

Employing the principle of Homogeneity of § 1.96, this 
equation may be written 

<r{uiJR)=iJS(>7uf^ (4S) 

leading by difPerentiation to 

iJH(v,i^-i) = S^v,+p'ulpu, (49) 

and SKm^3)=-3^+^"'*-^-^=-p.+4^ (50) 

since g^ = 0, as in g 47. 
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Thus, if g^ is positive, and wj, w/ the real and imaginary 
half periods (g 62), tben io^'jw2=is/^i ^'^^ ^^ ^^ take v, = ^w^, 
then (3% = ^g (§g 166, 233); so that g'|(Oa' = 0. 

Again, putting u=w^ in equation (49) gives 

^,'iV3 = 3>,,. (51) 

Making wse of the last equation of § 202, we find 

As a numerical exercise the student may construct the 
following table, and also fill in the values for ■W = <U2, m^, ^wg, 
5<02'i 4%. ^W' ■■■ J ^^^'^^S ffi — ''^'93~^ > ibese numerical results 
are useful in the problem of the Trajectory for the Cubic Law 
of Resistance, discussed in ^ 227-234. 
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r^e Linear Transformation. 

294. In Chapter II. the general elliptic differential flxj^X 
has been reduced to Legendre'e standard form 

(I — K%in^^)"*ii^ 
and to Jacobi's, or rather Eiemann's standard form (11) of § 3S, 

dzlJ{_^z.l-2.\-loz) 
by various substitutions, in §g 39, 40, 41, 42, 43, etc., which are 
practical illustrations of the Linear Transformation. 

In §160, the sis linear transformations are given which, 
according to Mr. R. Russell, reduce 

dxjJX to the form dzlJ{A;^-\-QCz^+E). 
In determining the linear transformations, of the form 

y=C?/F=(«ic+/3j/(y^+5). (52) 

which satisfy Kiemann's differential relation 
Mdy _ dx, 

~s/(iy.l-y.l-ly) " ~J(¥x7l^^x7i - kx) 
connecting x = sn\u, k) and y = sn^(u/M, X), 



= du. 
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we notice, lay g 13&, that the absolute invariant J is unchanged ; 
so that, according to § 68, there are six values of I, given by 

'-"- s^- \ i\ '-"■ '-P (-^) 

and six corresponding linear transformations, in which 

A'i aK+ bK'i , , , , ,, . . 

—-— and oe — «« = 1; (54) 

\a,b\ llll lilO 1|!1 Olll Olil 11 

U,^ri olli o|ii iLi i!|o i!lo i^"^-^- 

295. But if we change to Jaeobi'a form by the quadrio 
transformaiion, which changes x into x^, and y into y^, then 
Mdy ^ , ,,. 

j(i-y'.i-xvr ./(^-"'■i-A'y ' ' 

and now, forming according to § 75 the invariants ff^, g^ A, and 
/ of the quartic 1— ic^.l — A', 

g'° 12 ■ "■= 216- ■ '^-Ti-' 

, , (l + l«t+t')" ,„, 

""' -^^ 108t(l-t)' ' <"> 

Professor Klein writes rf for h or k^, and calls »; the Oe(a- 

hedron IrrationaUty ; and now the absolute invariant being 

unaltered by a linear transformation, 

(: + ui+ii _ a+iw+^y 
'^~ ~im(i~if " i()8Ai-')y ^ ' 

and the roots of this equation in I are found to be 

-^ ^. m m-: <-) 

giving the six corresponding linear transformations of Abel 
{(Euvres, I., pp. 459, 568). 

In the reductions of Chapter II. that linear transformation 
has been chosen which mates h or I positive and less than 
unity, and also gives a real value to the multiplier M. 

The coiTesponding values of the multiplier are given by 

i/jf'=i. ,', -ia±,)'. -«i±i,)', 

the linear transformations being, as may be verified. 

_+ , +2 + 1 -^ ■) l_r_^ 4- ^ -^1 I - '^'j^ 
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LaTiden's Transformation of the Second Order. 
296. The point L (g 28) in figs. 2 and 3 has been called 
Landen's point, because of the use made of it by Lftnden 
{Phil. Trans., 1771, 1775) for his transformation, important 
historically as the first ease investigated of the Transforma- 
tion of Elliptic Functions, being the Quadric Transformation, 
or of the second degree. 

The ratio AD/AE being sin^^a or ^, while ELjEA^QOsa 
or k' ; therefore, if G is the middle point of AB, 
LC _ AL~AG _ AE-EL-\AD 
CA" AC IAD 

^ l-co3a-^s in^a^(l -co3^c()^ ^ l-cos^ a^^^^e,^ 
Jsin^a sin^ia l+cosja * 

The ratio LCjOA is denoted by X ; so that 

^=1^. ''=^' -fr-v ^=Y^'- (i+')a+^)=^. 

J\ = {\~k')Ik, ^k'={1-\)I\'. and K\'=2JiK'\), ...{m) 
different forms of the modvXar equation of the second order. 

Still denoting the angle ADQ in fig. 2 by 0, we denote the 
angle ALQ by xfr; and now (§ 28) since the velocity of Q 
is n(l+K'}LQ, perpendicular to GQ, therefore tho component 
velocity of Q, perpendicular to LQ, 

LQ d^l^jdt = n{l + k')LQ cos LQO, 
or d\J/-/dt = 11(1 + k')cos LQG. 

But since — -. — ^ = 7t?,=A, therefore 
sin 1^ UQ 

sin LQG^X sin i/', cos LQO= J{1 - \ sin^i/.) = A(^/-, A) ; 

and d^ldt=n{l+K')Ai-^, X), 

or i/^ = am{(l+/)7if, X} (60) 

Now, since the angle LQG=2ijt — \j/; therefore 

siD(2^-V')=Asim/.; (61) 

and ,^ l-X ^ sin(20-^/^)-ain->/r ^tan(^-Vr) _ _,q2) 

'^ l + \ sin(20 — i/')+sin 1^ tan^ ' "" ' 

. , (l + /)tanA . , 

or tan-ii-=\ — — 5^, (03) 

^ l — K tan^0 ^ ' 

sin 1^ = (1 + K')sin ^ cos ip/A(p, 

as in equation (92), § 67. 

Putting ni = u, (l+/)n( = i), then singi = snu, sini/' = snti; 

and we obtain the formulas (90) to (98) of g 67. 
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297. Lauden starts with the relation (61) ; so that, differen- 
tiating logarithmically, 

eotii^ -yp-Xidip—d-^) — cob \lrdyp; 

2 cot(2^ - 1/')<^^ = { cot(20 — V') + cot \l/-}d\lf 
_ sin 2ip d-\p- 
sini/<-siii(2^ — i/^ 
2d<l> _ d\{r 

ain 2^ cosec i/r cos(2^ — i/r) 

Now coa{20--^) = V(l~^^sin^V) = A(^. >^); 

while sin 20 cot -^ — cos 2^ = X, 

coti/f=cot 20-|-Xcoaec2^, 
cosec^i/' = 1 + {cot 20+ X cosec 2^)^, 
dii^20 eosec^\lf — siii^ 20+(cos 20+X)^ 
= l + 2Xcos20+X^ 
= (l + X)^-4Xsin20, 

or ain 20 cosec V' = (l+X)v'(l -'c''siiV) = (l + '^)^(9^''^)' 
where K^^^X/il+X) ; so that, finally, 

A(0,K)^ A(V.,X) ' A{V',X) A("0,k) '-^"*' 

so that, if = am(nf, «), then T//- = am{(l+/c')ni, X}, and the 
angle \p- may be made to repreaent pendulum motion on the 
circle CRL, on CL as diameter, LQ meeting this circle in R. 

The velocity of R will then be due to the level of L', a point 
on CJS produced, such that GL' = CLI\^; and now we find that 

EL'^GL'-CE^J^L, 
after reduction, so that L and L' are the limiting points of the 
circle AQD with respect to the horizontal line through E; but 
now the value of g in the motion of R on the circle CRL must, 
in accordance with g 20, be reduced to ^9(1 — ic')*- 
L'Q_L'D_EL+J<W_K+ic'^_l+K 
Again, IQ-LD~EL-ED~K-~K-^'1~-~K-' 
so that (I 28) the velocity of Q is 

n{l + K')LQ, or n{l-K')L'Q (65) 

The period of R m the circle CRL is half the period of Q in 
the circle AQD; so that, if A denotes the real q^uarter period 
of the elliptic functions of modulus X, 

A^'^{1+k')K, or {l+\)A^K. (66) 
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298. Conversely, as in | 123, we can express the elliptic 
functions of modulus k and argument (1 + X)t! in terms of the 
elliptic functions of modulus X and argument v; or starting 
with the motion of R, we can deduce the motion of Q. 

But considering the motion of Q as defining in a similar way 
the motion on a larger circle, to a larger modulus y, we change 
X into K and k into y, where 

^-^^ y-]^ r=f^, (i+y)(i+.)=^, 
^^=(i-y')/y, Vy'-0-^)K. and ^V=V'^y); (^7) 

and now, from g 123, 

, ,, , , l — K sn^(u, k) 
dn{l + K-it, yj- l^J-^. 



sn(H-K 



1 + K sn'^('ii, k) 
_(l + )c)3n (u, k) 



,-, , X cn(w., K)dn(w, k) 

cnfl +(r , u, y) = -, , ^ ./ / ' 

called Landen's Sectytid TramsforirMtion. 

With a; = sn('ti, (c), y = sn(l + K . u,y), where y = 2^fc/(l + K), 

,, {1 + k)x 

then V--,-, --■■>' 



(69) 





1+ y 


-(l+!i>){H-ra)+F, 




1- !/ = 


= (l-i«)(l-«) + F, 




1+W 


-(l+i^t)' H-F, 




1— ». 


= (1-«V')' ^T, 




F. 


-l+KiC^ ... . ( 




{l + l)(fa 


and ^^j_ 


-'/■I-/!/') V(l-ai'.l-«W) 


Or, with 31 = d 


n(u,4!/ 


= da(l + ..»,,), 

-! + « + »!' 






l+;t-iD>' 




1+!/ 


-2k -^F, 




1-j, 


-2(1-0!') -i-F, 




S+V 


-2rf +F(1+,). 




!/-v' 


-2{.1!'-k")+F(1+4 




r 


= l+«-iC»; 


leading to the differential relation, (3) of § 35, 




dy 


(l + ;t)<Ja> 



JO--t-y'-y') V<i- 
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299. Denoting by V tlie real quarter-period of the elliptic 
Junctions to modulus y, then x = l makes y = l, or ^^ifrnfukes 
il+K).ti = T; so that 

or (66) (l+X)A = iC=Ml+y)r (71) 

Also, A', K', I" denoting the corresponding quarter periods to 
modulus X', K, y, the imaginary transformations of g 238 show 
that, with iu=v, 

=nnj- ,. ,,_(l+ 'c)sn(i;. /)cn(-u , /) 
snvn-,: .7., /,- dn(w, «') 

,. , ,. l-(l + >c>n ^fa k) 
cn{l + «: . V, y )= ■ 5-v^ — ■TT—-- -. 

-(^-■«.v)^^'.i(5F'^ ™ 

so that A' = (l+/c')K', r' = Kl + K)K', 

or J(H-X)A' = K'=(l+7')r'; (73) 

and therefore ^ :^=^' = 2^ (74) 

An inspection of Landen's formulas shows that the dn func- 
tion has always a rational Quadric Transformation. 

Mr. R. EusseU shows {Proc. L. M. S.. XVIII.) that the 
general rational quadric transformations which reduce 
dx/JX to the form d%IJiAs* + GG2^ + E) 
are always of the form 

TOP„-t-1lP. , 

^^m'P+^- ^^- "-^^^ 

Pi, Pj, Pj denoting the quadratic factors of G, the sextic 
covariant of X {% 160). 

Thus if X=l — x^ . l — A'', 

the sextic covariant may be written 

6 = x{l--KX^)(l-i-KX% 
leading to Landen's transformations, given above. 
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300. Landen's Transformation ia useful, as employed by 
Gauss, for the numerical calculation of K ; for if we put (fig. 2) 

LA=a, LD^h; and GA=a^, GL = J(a^-h^)^^{a~h); 
then a^ = k{a+h\h^^ J {ah); and / = &/«, X'^fcjai. ...(76) 

Now, denoting t^ by <jt■^, and A by k^, equation (64) becomes 

M(}, ^ ^01 . ,^w^ 

^(a^i:os^ij> + b'^'m^ij>) ^(ai^cos^0^'+ 6/sinVi) ' " 
while 01 — ■'^i when — ^-tt; 

30 that 

y^i" _ d<j,_ /"^ |iJ0t 

^(ffl^cosV + ^^sinV) y V(«i^8Vi+ V^i^Vi) 
^/:'" #1 

or 7i:=A:iffl/ffli-^i(l + ,cO (78) 

Continuing this proeesa with 0^, a^, and 6^, so as to obtain a 
continuous series, given by (g 296, equation 62). 

tan(0n— 0„+i) = — tan 0„, 

««+i = K««+W, d=x/M«); (79) 

then «,( and b„ tend to equality ; so tliat, putting 
a^=&„=/i, and <l>^='^, 

^(a^cosV + S'sinV) y ^(«"^cos^0„ + 6\siuV») 

_ /^^^ ^i? 



7r = -ff„lI(H-'Cr) = i7rn(l + a 



Denoting the modular angle of ^n by 6„, then 
«„+i = 8in0«+i==tan4e„; 

cos 0„+i = sec^ ^^nv'Ccos 6m), 

J 1 , 1 /I COS ©n+i . 

and i+'".=^«'l«.-;^ey 

so that 

K = ]iTrSQc0^{cosdcos6iCos6^cos0g ...), (84) 

a formula suitable for the logarithmic calculation of if. 
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The Transformation of the TIdrd Order, and of higher 
Orders. 

301. According to Jaeobi's method, tlie transformation may 
be written 

i-y_l-xn-ax\' , , 

l + y l+xVl + orc/ ^°-' 

connecting ic = sn{u, k) and y=iia{%IM, X) ; and then 

■'" l + (a'+2aK"J/l-AW *"■'' 

so that 1/Jlf=2a + 1, 

and l^ = lp?(!;r£«) (81) 

leading to the differential relation 

dy _ (^a + l)dx 

^(l_yM_XYj-V(l-^M-'cV)- ^^''> 

We shall find that, expressed in terms of «, 

and ,,,(l-«)(l+»)- ^,,(l+.Kl_rj!)!. 

l + 2a ' l + 2a 

»that V(a).?^£*. V(A')=i^;. 

leading to the Modular /Equation of the Third Order. 

JiA) + ^WX)--i (86) 

We shall also find that this tranaformation may be written 
1 - CDJu/M, X) _ 1 - en « / a + 1 + g en u f 

l + on(«/jlf,X) l + mtiXa + l-aCauJ '• '' 

l-dn(»/.M,X) l-dnWa + l + dnii V 

l+diifm/Jf.X) l+dn«Va+I-dn-J '• ' 

As a numerical exercise the student may work out the case 
ot a-lUS-1). 

In Legendre'a notation, with (c = sin^, y = sm^, he finds 
that these relations are equivalent to 

tan J(^+V') = (a + I)tan^ (89) 

The Transformation of the Third Order was the highest to 
which Legendre attained, until it was pointed out by Jacobi 
in the Astronomische Nachrichten, No. 123, 1827, that Trans- 
formations exist of the fourth, fifth, or any other higher order, 
as already explained. 
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324. THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 
Thus the transformation of the fifth order may he written 

and of the seventh order 

l + y l + x\l + ax + ~$X^+yx'*/ ' ^ ' 

and so on. 

302. When the transformation of the third order in g 157 is 
employed for the reduction of the integral in equation (6), 1 227, 

then s^^-K^jP^, (92) 

where P =y - Sp^ain^a + 3p, (03) 

and K=p\on^(x-\-pwa a-l, (94) 

as in equation (27), §233; so that iT— and s = at the points 
of minimum velocity. 

Now, with this suhstitution of § 157, 

s=f(<i^jvf\ 0, -A), (95) 

■where ^ = 4>~Zsia^a-^'i7g.^, (96) 

(g 228) ; and denoting 

/ds/y(48»+A) by fia, ^i\ by 11^; 

then p|Si2 = 0, f■lU^=-J^, and Jf^lia^^Tr^S (g 293). 

Again (g 157), p'{gxjw'') = JIP. 

where J=p\^ sin a — 2 sin^a) — Zp\2 — sin^a)+ 3p sin ci — 2, 

and J+P^A = 2{)s{Bma+^A)p~l]^ 

J"-Pv'A = 2{Kaina-VA)p-l}^ (97) 

Now from g 233, 

^A — cos u(tan j3 + cot ,8), 

Kain a + ^^} = ^ cos a(tan a + tan /?+ cot /3) = cos a tan /3, 

J(sina— ^A) = ^co3a(tan a — tan ,8 — cot /3) = —cos a cot ,3, 

, ., sin 6 
while p — — 7 7f-- 

Therefore 

Mu; 0, -A)-& %^,\i ^ ( J+JA P\i ^ Ksin «+ V A)P:zl 

VCw; 0> -A)+S''|S2j \J-y/APJ i(sina-VA)p-l 

cos cttan /3 sin 9 — eos(a — O)_tan(0 — 6)_tan0 

~ — cos a cot/3 sin — cos(a — 0)~ tan /3 tan^S 

-S>'(n;0,3B)+S''K * ^ 

(g 234) a curious result of this transformation. 
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THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 325 
Again, since 8''^&>3= — J^'^^- ^^ ™^y P'^^ 



X = 






and then, making use of relation (17) of g 229, 

<r(^2 ~ '"')(r(-5<ii(i)2 — ■M/)o-(^(iy'o>a — 11) 

" <r(|w2 - w)(rX|«2 + '^)f'(s«2 + «•) 
by means of (K) § 200, and the relation p|wg'=0; and this 
again, by equation (CC) § 279 and by § 293, reduces to 

_cr( tQ,-^; 0, -A) .„.. fOQ^ 

~K|£i3+ii; 0, -Ar ■ ^ ' 

The Transformation of the Theta Funetione. 
303. Taking the 8 function, as defined in §§ 263, 265 in the 
factorial form, 

e(a5,g) = ^(5)'il(l-2(/''-icos2!B+<3*'-^) (100) 

where 0(g) is a certain function of q which § 264 shows can be 

written 0(s) = n(l-g''). (l^l) 

then changing x into 11a;, and q into 9", 

d(nx, g") = 0(3")n(l — Sg^"" - "cos ^nx + g*"'' - ''") 

= 0(g''Jn ' n {l-2g^-icoa(2« + 2s7r/7i.) + g*'-^} 
(by Cotes's Theorem of the Circle of § 270) 

=wi-"' ?>+""'■'" <'"'' 

Similarly, with fi. — l, 2, 3, 

e,{nx, r)=j-*-J|^.'"n '«»>+"/«. 3) (103) 

Forming the quotients, and writing x for \-rnijK, then (§ 268) 
5nw=— 7- -^, cnu = =V 7i . dnw = V'^^, (104) 
and thence we obtain the formulas for the Transformation of 
the Elliptic Functions of g 283. 
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Similar considerations will show that, when q is changed to 



«.-*«=*^s«:n>(...= 



where /a=0, 1, 2, 3; this is loft as an exercise (Enneper, 
ElU^tisclie Functionen, % 38). 

Examples. 

1. Prove that a transformation of the fourth order is 

and prove that the relation between \ and k is then 

and M=il + ^Kf. 

2. Prove that, by means of the substitutions 

, . _ cosh jn sinh • }> _ 

^ ~^(cosh u+ sinh tt cosh ^) 
. , „ coah 4u sinh <b 

or sin ^0^ ■ -, , -— ,— — 'iTi — ---u^' 

sinh^w.+cosh^iicoah0 



/; 



^(cosh tt + sinh u cosh ip) 
d0 



fi. 



cosh TJ10 d0 
(cosh «+ sinh M cosh ^)"+^ 

_ 1 ■3.5. ..2OT-1 J. /-" (sinhu^^cos^ed^ 

~ S-ft-l . 2«-3T7.2Ji-'2m^l JlJ J^x «+cos 9)''+i ' 

3. Prove that, with the hcmiogeneous variables x-^, x^oi.^ 155, 
and writing X-^ for 'bXjZx-^, X^ for ZiX/dx^, the general cubic 
transformation which reduces dxj^X to the form 

is of the form z = {lX^-irmX^!{l'X^-]rm'X^) (ex. 8, p. 174). 

Prove also that the general quartic transformation may be 
written a = (iX + m,H)!{l'X + m'fl), 

where H denotes the Hessian of the quartic X (g 75). 

(R. Russell, Froc. L. M. S., vol. XVITL) 
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4. Prove that (Cay ley) 

satisfies the relation 

dy ,0^5 

Modulm Equations. 

304 In the Transformations of the uth order, which con- 
nect the Elliptic Functions of modulus X with those of 
modulus h and make r — q^, or g^'^ or w''g^'" (^ 285), 

where bc — ad=n, 

the Modular Equation, which determines \ in terms ot k, is of 
the (Ti + l)th order, as already stated, when n is prime, and 
has two real and n — 1 imaginary roots. 

We shall content ourselves with merely stating the Modular 
Equations of simple order, connecting «, A and k\ A', adopting 
the form and classification employed by Mr. B. Russell in the 
PriK. Lmhdon Math. Society, Vol. XST 
Class I. m = 15, mod. 16; 

P = 4/(A) + ^(,'A') + 1, 

(J = 4/(«A/V) + ^(«A) + i/(»-X'), 

n = U, P'-iPQ+R-O. 
m-31, (P'-IQ)'-PK-O. 
m = 47, P'-4Q~P(ie)»~2(Ji)S = 0. 
Class II. m = 7, mod. 16; 

P=4/(«^)+4/(«'^')-i. 

g=i/(«A,'A')-^(A)-4/^'A-), 

» = 7, P = 0, or ,y(rX) + 4/(«X)-l, (Guetzlaff). 

m = 23, P-J!' = 0, or ^(tA) + 4/(iA') + (2o6,A,'V)*-l. 
ii = n, P"-lS*(P'-Q)+2PJ!l-Ji-0. 
«-119, P'-Bf{1P'~WP'Q + 16PQ'} + R^.. .)... = !>. 
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328 THE TRANSFORMATION OF ELLIPTIC PUNOTIONa 
ClaksIII. 71 = 3, moa. 8; 

«-V(«x<'x')-^(a)-V(«'n 
R=-ie^iA,c'\'). 

n_3, P-O, or J{kX) + ^{k'\') = 1, (Legendto). 

m-11, P-Kl-O, or ^(icX) + V(«'X') + C2»6iX/t'X')'=l, 

«=19, P»-7P=E+168-B = 0. 

m-35, P'-ii»{6P»-16Pe) + 2-K5p._2ep_st = o. 

)1=43, pii+...«0. 

11=59, P>+....0, 

» = 83, P'+...=0. 

Class IV. 7i=l, mod. 4; 
P=«X+/V-1, 
e-=iA/i'X'-<A-«V, 
iS=-32tX«'X'. 
n = l, P = 0. 

51 = 9, P«-l*P'Ji + 64PQP-3P»-0. 
m-lJ, P>-ii»(10P"-6*Q) + 26i!lP + 12K = 0. 

« = « 

m = .5, P-Ji* = 0, or itX+«'X'+(32,X,'V)'-l. 
■» = 13, P*(P"+8fi)±li»(llP'-6ig)-0. 
m-29, pi{P'+l-iB^P-dI>?) 

±E*(9P'-64Q-13P^P + 15P^) = 0. 

71 = 37 

I^ = 53, Pl{P'+«»{413P«-2»PQ)+...)±E»|3.5P«...}=0. 

305. According to Professor Klein (Proc. L. M. S., X. ; Math. 
Ann., SIV.) these Modular Equations, are replaced by relations 
between the absolute invariant J and its transformed value J', 
by the intermediate of quantities t and -r', such that J" is a 
certain function of t, and /' the same function of t' ; and now, 
n = 2; /:J-1:1= (4t-1)";{t-1)(8t + 1)': 27t, 

tt' = 1 (§60). 
11 = 3; J:J-l:l= (t-1)(9t-1)": (27t'- 18t- 1)': -64t, 

tt' = 1. 
71 = 4; J:/-l :1= (tH14t+1)*: 

(t'-33t'-33t+I)':108t(1-t)*, 
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TC = 5; J:/-l:l= (t'-10t+5)^ 

:(T^-22T + 125)(T2-4T-ir:-172ST, 
tt' = 125. 
« = 7; J:J~l:l^ (t^+13t+49)(t^+5t+1)^ 

:(t*+14t^+63t*+70t-7)":1728t, 
tt'-49. 
7i = 13; J:J-l:l= {t'H5t + 13Xt' + 7t'+2Ut'' + 19t+1)' 
:(^2+6T-+13)(TH10T*+46T*+108T'+122T^+38T-r/rl728T, 
tt' = 13. 
The Multiplication of Elliptic Functions. 
306, I£ we perform the second real transformation upon the 
first real transformation, we obtain a transformation of the 
order n^, leading back again to the original modulus k ; because 
the first real transformation changes q into 5", and the second 
real transformation changes 5" back again to q. 
We then obtain the elliptic functions of argument 
ujMM'^nu, since M^Kln-A., M'=^AjK, 
in terms of the elliptic functions of argument u, by a trans- 
formation of the order n', and thus obtain the formulas for 
MultipHcation of the argument. 

Thus multiplication by 2 or 3 can be obtained hy two suc- 
cessive transformations of the second or third order ; and so on. 
Knowing that tho order of the transformation is v?, we 
infer in Abel's manner the factors of the numerator and 
denominator of the transformation, involving the tnodulav 
functions, the elliptic functions of the 71th part of the periods. 
Thus we infer, with the notation of § 258, that, for an odd 
value of n, 

snnu^Ui'V, (107) 



where [/"-ti snu Uirfl — ^|^-Y 

\ fmHl n/ 



ini'(i ■ 



f^nm/n. 
sn% \ 
~an'iijn) 
inr(l - An^u sn^/n), 
where m,ra'-=0, ±1, ±2, ±3,.... ±|(n-l): 

the simultaneous zero values of 7n and m' being excluded, 
as denoted by the accents, so that the number of factors is 
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Combining the factors by formula (7) of g 137, 

snnu^A anu'n.'H'aiiiv,+n!n)w{u ~n/n), (108> 
where J. is a constant factor ; and this may be written 

snntt = ^nnsn(u + Q/n); (109) 

where m,m' = 0, ±1, ±2, ,.,, ±^(w — 1); 

the simultaneous zero values of m and m,' being now admissible. 
Similar considerations will show that 

cn«u = Snncn(w + fi/n), (110) 

dn7iw = Gmidn{w + Q/n) (Ill) 

To determine the constant factors, change u into u+K or 
u+K'i, when we shall find (Cayley, EUiptic Fif/nctiona, g 368) 
^ = (_l)»-iVio^-n ij^(^/^')4(«=-n G=(l//)«'^-i>. 
Eytakingin|259 a rectangle 0-d„i?„(?„, in which OAn=na, 
OBn'^nb, and therefore containing n^ elementary rectangles, 
we obtain a physical representation of the formulas (109), 
(110), (111) for Multiplication of the argument by n. 

Writing uln for u, and making n indefinitely great, we 
deduce in a rigorous manner the doubly factorial expressions 
for anu, cnw, dnn in (1). (2), (3) of S 258. 

Again, by putting k=0 or k — I, the student may deduce aa 
an exercise the trigonometrical formulas for the resolution of 
the circular and hyperbolic functions into factors. 

(Hobson, Trigoncmietry, Chap. XVII.) 
TIte Complex Multiplication of Elliptic Functions. 
307. "When K'jK = ^I>, and D is an integer, we may sup- 
pose the multiplier n resolved, by the solution of the Pellian 
equation, into two complementary imaginary factors, so that 

n = {a+ib^D){a-ib^D) = a^+b^D; 
and now the multiplication by n can be effected by two suc- 
cessive multiplications by the complex multipliers a+ib^D 
and a—ibn/D, each leading to an imaginary transformation of 
the nth order, not changing q or the modulus k. 

(Abel, (Euvres, I., p. 377 ; Jacobi, Werke, I., p. 489.) 

The first requirement then in Complex Multiplication is a 

knowledge of the value of k for which K'jK = ,^D ; and this 

is found by putting k = X'. k' = \ in the corresponding Modular 

Equation of the order D (| 304). 

The equation is now, according to Abel, always solvable 
algebraically by radicals ; so that, ret\irning to the question of 
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the pendulum in g 15, it is possible to determine by a geometri- 
cal construction the position of two horizontal BB', hb', as in 
fig. 1, cutting off arcs below tbem, such that the period of swing 
from if to B' is ^D times the period from b to b'. 

Thus the Modular Equation of' the second order being- 
written X = {1-k')/(1+A 
we find, on putting k' = X, 

\24.2A = 1, or \ = ^i-l, when A7A=^2. 

Putting K=X', / = X in the Modular Equation of the third 
order (§ 304), 

2^{«:/) = l, or 2K/ = i = sin^7r, when K'jK^J^i; 
so that the modular angle is -^tt or 15". 

When K'jK^^, K = {J1l-lf (§71); 

obtained b J putting ryr^l, y = y' = lj'i. in ^298,299. 

When K'IK = J5. 2kk' = ^5-2, 4/(2kO = MV5~1). 
or (,2kk')"^-(2'^k')* = 1. 

When K'jK^JI, 24/(«k') = 1, 2^/ = ^ 4/{2^,c') = i. 

Collections of these singular moduli required in Complex 
Multiplication are given by Kronecker in the Berl't/n, Sifz., 
1857, 1802, in the Proc. L. M. 8., XIX,, p. 301 ; also by Kiepcrt 
in the Math. Ann., XXVI., XXXIX., and by H. Weber in his 
ElI4/ptiscke Functionen, 1891. 

308. In the expression of 'i/ = sn{a + ib^I))u as a rational 
function of 3; = sn u, leading to the differential relation 

—rn 9-^ — ir-5T=— 771 a— ;— ■ ■ a «. , where ljM = a+ib^l), 

Jacobi finds (Werlce, t. I. ; de tnuUiplicatione fimcHonum 
elliptiearv/m, per qitamtitatem iinagvnariaiR 'pro certo quodam 
modulorum systemate) that we must restrict a to be an odd 
integer, and h to be an even integer; but these restrictions, 
disappear if we work with the en functions ; and we can 
even suppose that 2a and 2& are odd integers. 
Let us determine then the relations connecting 
ic = cnit and y = ca^{ — l+i^D)u, 
so that 1IM= - ^ + ^i^D, 

leading to the differential relation 

dy _ (~ Miy/^)!^ 

where c = k'Jk, the cotangent of the modular angle. 
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If i> = +n — 1, and we denote {K+K'i)jn by w, we ahall 

then tind that, when n h odd. 



v'(»«) 






1 + 2 



tx-cngr-lWV 
U + cn(2r-l>) 



The arithmetical verification for the simple cases of 7) — 3, 
7, or 15 is left as an exercise for the student (Proe. Cam. 
PHI. Society, Vol. V.). 

Formulas (112) and (113) are inferred by putting 

(1) 2/ = l. 

when ^{-l+i^Dyu. = 'imK + 2m'K'i (m+m'even); 
and then ■M.= 4m'-K' — (m+m')aij a' = cn 2i'w. 

(2) y=-l. 

|(~l+i^D)u = 2mK"+2m'iC'i (m+m' odd) ; 
^nd then a; = cn(2r— l)(o. 

(3) y=ic, 

l{-l+iJDyi,={2m + l)K+(2m.'+l)K'i (m+m' odd); 
■M = (4m'+2)ir-{m + m'+l)w, iC=-cn2rM. 

(4) i/=-'ic, 

|( _ 1 + ^^U)tt = (2m+ l)^+(2m'+ l)Z'i (171+ m' even) ; 
and then a;= — cn(2r— l)a). 

809. "When D — in+1 or 1, mod. 4>, the relation connecting 
jB = cnit and y = cn J( — l+i^i))tt cannot be rational ; but Mr. 
G. H. Stuavt has shown (Q. J. M., Vol. XX.) that it may be 
written in the iiTational form 

- /(' \ / Ac+ic Yfr" cn(2r— l)M-ir 
y - V'.^'^J-y W- Jr=i en(2r- l)w+ic' 
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where ^ = {K+K'i)/{2n + l). 

a transformation of the order n + ^i and this is equivalent to 

i-,-=(i-i»)(i-x)n(i-jJ|J%y, 

this is inferredin the same manner as formulas {ni)aiid (112). 
For instance, with n = 0, i) = l, and K = i^2, e = l ; 

c„K-i+i)»-v(i)V(i^i-:) 

equivalent to, with u = (l+i)v, 

With 71,-1, i)-5, 2kk:' = v'5-2. c^N/^+s+a^c^s+a), 

sf'- 2""" -V 5 ' 

enH-l + iv^5)ti = V(^c) 

where a = cni(ir+ii:''i). 

310. Generally in the expression of y — ^v,jM as a function 
of x—fv,, where 

o-'/w or K'ilK=Ji-D), 
and the multiplier 1/-M ia complex, of the form 

yM^a+hJi-D). 
it is convenient to consider four classes of D. 
Class A, i) = 3,mod. 8; 
Class B, D = 7, mod. 8; 
Class C, i? = l, mod. 4; 
Class D, Z) = 2, mod. 4; 
the class for D = 0, mod. 4, not requiring separate consideration. 
It is convenient also to consider the discriminant D (g 53) as 
negative; a change to a positive discriminant being effected by 
the method of g 59 ; now w\lw^=i^I>. 

We can also normalize the integrals (^ 196, 252) by taking 

gi-^'i9i= -1. so that g^=:/{-J). 
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334 THE TRANSFOEMATION OF p::LLIPTIC FUNCTIONS. 
Class A. D = ^, mod. 8 = 8p4-3 or 4-n-l, if ^ = 2^ + 1. 

The relation connecting x and y can be written in one of 
the three eqviivalent forms 

y-e^ = M\x-e^'E{x-^(a,, + 2mJn)r-^V. 

y—e2=M%x—e^) 11 {x — p{a^—2rw^n)}^-^V, 
y~e^ = M\x-e^) H {x-f{(o^-\-%rMsln)]''^V, 
V= n{x-K2r«.»}; 

leading to the differential relation 

Md,y _ dx 

Ji^y^ - g^J - ffs) "" x^ (*«' - 9i^ - !h) 
This verifies in the particular case of y = 0, when 

i) = 3, J.= 0, gi=0, l!M = l{-l+iJS} = m; 
and then e-, = me^ eg=m^ej. 

This is the simplest case of Complex Multiplication, 
mentioned in § 196, and employed in g 227 in the determina- 
tion of the Trajectory for the cubie law of resistance. 

The form of the general transformation is inferred from the 
consideration of the series of values of u which make 
y or fiwjM) ~ e-^, e^, e.^, and qo . 
(i.) When y = e^, 

= (g + ^X'«i-»>2')+'-(<02-l-O 
•i«-={(3+r+iK-(?-r+iK}/(-*+i*^i)) 
-§^{{q + r+i)~(g~r+i)iJD}(-l-iJD) 

2n ^ 2n - 

= - 2qto^ + 2r«2 - w^ - 2ro>Jn, 
so that ic or jm = e]^ or ^{u)^+2rwj'n,). 
(ii.) When y = e^, 

u/JM-=(2g + lK+(2r + lK 

11 = - 2qw^+ 27-0,2 - (2*- + l)"'s/«. 
pu = (?3, or fi(2?'+T.)(03/n = ja((U3— Sruig/Ti). 
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THE TRANSFOEMATION OF ELLII-TIC FUNCTIONS. 33S 
(iii.) When y = e^, 

= (?+r+^)w3-(9'-r— !)<, 
■Ur= —25w2+2rw3—wg—(2r — 1)103/71, 

(iv.) "When y — 'Xi, 

ii= -2g(02+2r(o^+2r(O3/7i, 
and ^'U, = p{^rifij'n). 

Hence the form of the Transformation is infevri^d. 
By addition, we find 

^-^ (^?"rGja-P-i4.{?^P-^.,)a' 
where ^ = 2^+1; and we shall find that Ai^SG^; and the 
jI's and G's are symmetrical functions of gj, e^, e„ and there- 
fore functions of g^, g^ or J; while Gj has the same significa- 
tion as in g 29iJ. 

By employing the Modular Equations given above, or 
employing Hermite's results (Theorie des equations modu- 
laires), we find 

_2« _8 _7Vl_l 
33. 3^-3. f7a- 27- ' 

0=19, J=-2«, s, = 8, VCft+^-S. a.-^W; 

jl, = 2e,=.-^19-i, d,= !,(26 + 6i^I9), ^.s-KVlS + IM), 

theae values of A^, Ag, A^ A^ were calculated by Rev. J. 

Chevallier, Fellow of New College, Oxford, who lias also 

verified the case of jD = 1 1 . 

D =27, J=-2'x5'h-3', etc. 

D =85, ft = W51KN/5 + l))',»,+l = i{«N/5 + l)r. 

D =43, J=-2"x5", 5, = 80, Vto, + l)-3", 

S, = 3x7xV*3 (Hermite). 
^, = 2e,= -6(V'13+«), e, = 4(279 + llV'13), 

4,= 10ol+73i^4S, etc, 
fl =51, J=_64(.5 + V17)'(V + *)' (Kiepevt). 



i) =11. J. 
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336 THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 

D =67, /--a'xS'xll', 9,-«0, ^%,+l).3x7, 

(/, = 7x31x^67 (Hermite). 
D -163, J"=-2"x6>x23'x29", V(j, + l)-3x7 X 11, 

9,-7x11x19x127x^163 (Harmite). 
Class B. Z)a7, mod. 8 = 8y + 7 = 4m-l, ifii = 2y + 2. 
The relations conneetiiig y = <^{ujM) and x — ^, where 
l/jlf--H-ltVA 
are found, in a manner similar to that employed in Class A ; 

y-e,-Jlf>(ai-«,)(a:-(!,)II{ai-K«, + 2r«,/n)j'-i-y, 

y-e,- M''i( {x-if{iai + imJn)}'^V, 

r= {x-eyjl{x-f{2rn,ln)}'. 

As simple numerical applications, 

D-15, jKK^sinlS' (Joubert). 

In these cases the Jacobian notation is almost more simple, 
as given in § 308. 
Class C. D = 'i-, mod. 4 = 4ii,+ l.. 

The relations connecting x^^u and y = f(ujM), where 
lIM^-i + WD, 
cannot now be rational ; but, according to Mr. G. H. Stuart, 
we can expres.? the relations in the irrational form 
/ 4r +1 \ 

a relation which may be said to be o£ the order n + ^; and 
this is ec[uivalent to 

fa-«.)(!<-«.) M,,, , .y KKsTi"') |. 
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Class D. D an even number. 

In this class the simplest function to employ is tlie sn func- 
tion ; for instance, with 

K'IK=J-2, then ^ = ^2-1; 

and «n(i+i^2)^ = (l+^V2>nu^— ^J^^> 

where oj = \(K—iK') ; 

leading to the equations 

U -."-:" 



1+1/ \—kx\ 



1+:;; 



\-Ky J.-xn 

l+K^ 1+Al 



1— ic/l+KSisno) 



-Kxsnw/ 
connecting x = snu and y = sn{l+i^2)w. 

Afeo «n„_V(-i), rf2„=^|=i. 

These tran^foiniation^ show that it is not possible to express 
cn(l+i^2)u m teiiu'^ ot cnw, or dn(l+i^2)u in terms of v,, 
by a rational transformation. 

WithiC7A"=2, then ^=(^2-1)" (S71). 
and the relation connecting a; = sni!. and i/ = sn(l + 2i)n. may 
be written 






^ Hi- 



' (l-«^x%n22w)(l-(cVsn^4Fw) 
where w^\{K-iK'); 

equivalent to the relations 



1+y 1+k3:I 



1— Ky_l— a; 

i + K:7/~l+a! _ 

~^sn2w/ V" sniio' 
so that cn(l+2i)i4 has a factor 6nu, and du(l+2()tt has b 
factor cnu. 
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338 THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 

When K'lK^ JQ, then k = {J'A - V2)(2 - ^3) ; 
and the corresponding relation between snti andsn(l+i^6)tt 
to be written down is left as an exercise. 

{Proc. Cam. Phil. Soc, Vols. IV., V.) 

It can also be shown, in the preceding manner, that the 
relation connecting x= fv, and y = f{v,jM) where 

and D is an even number 2m, can be expres-sod by the relations 
!,-e, = Jf. (.-.,)'&■; {.-.(jI^^.,-)}' ^ 7, 

,-..=jif.(.-..) n {-p(..-£"^T.,')} -I'. 
n{^-(^".')}- 

As numerical exercises, we may take 
(i.) J[) = 2, when g^=Z(i, ^3 = 28, G^= -l+^i^2; 
(ii.) D=4, when g^=\X g^=T, G^=~2+i. 

311. In conclusion we may quote from Schwarz some 
general remarks on doubly periodic functions. 

Every analytic function rjtii of a single variable u for which 
;tn algebraical relation connects 0(u+-u) with 07i and ^v is 
said to have an Algebraical Addition Theorem ; and then <j>'u. 
must be an algebraical function of ^u (Chap. V.). 

Every such function is then an algebraical function, or an 
exponential function (circular or hyperbolic function), or an 
elliptic function, which can be expressed rationally by jaw and 
p'l* (Chap. VII.). 

Elliptic functions are doubly periodic. A function of a 
single variable cannot have more than two distinct periods, 
one real and one imaginary, or both complex. For if a third 
period was possible, the three sets of period jiarallelograms 
obtained by taking the periods in jiairs would reach everj' 
point of the plane, so that the function would have the same 
value at all points of the plane, and would therefore reduce to 
a constant (Eertrand, Calcul iviSjral, p. 602). 
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Abel, in geiieraliaing these theorems, was led to the discovery 
of the hypereliiptic and Abelian functions. 

Thus if X in § 169 is of the fifth or sixth degree, we obtain 
functions of 2 variables and 4 periods; if of the 7th or 8th 
degree, of 3 variables and 6 periods; and generally, if X 
is of the degree 2p-hl or 2p-f-2, there are p variables and 
2p periods; but this would lead us beyond the scope of the 



present treati 
development 
" Byperellipt 
XXXITI., etc. 



and the reader who wishes to follow up this 
recommended to study Professor Klein's articles 
Iscke Sigmafunctionen," Math. Ann., XXVIL, 
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APPENDIX. 

I. The, Apsidal Angle in the small oscillations of a Top. 

The expression given by Bravais in Note VII. of Lagrange's 
MAxmique analytique, t. 11., p. 352, for the apsidal angle in 
the small oscillations of a Spherical Pendulum about its lowest 
position is readily extended to the more general case of the 
Top or Gyrostat, if we empio}' the expression on p. 201, § 242, 
as the basia of our approximation. 

We divide the apsidal angle "^^ into two parts, '^^ and ~^^, 
such that i'^^ — aij^ — wifa, 

and now put 11 = 013 — sw^, ^^'^i + S'^s' 

where q and s are small numbers; so that, expanding by 
Taylor's Theorem as far as the first powers of q and 8, we may 
put fa:2;%+8<03pu)3=^s+sw3e3, 

^fc :r; ^1- jWs^Mi = ^1 - 9^31% ; 
and now, by means of Legendre's relation of p. 209, 

i'^-i-^im^— so's)'?! — wi(';g+ sia^e.^ = \i-w — n<o^{t}i^+e.^io^), 

But, from equation (B), g 51, 

3 <! 1/ \ pw— e„ - e„ — e, 

dn^*y{e, — e,)w = = 1 ■ ■ 

^ ^ ' ■" fu—e^ ^~% 

= 1 _ K'^+a 'a>-«3 ^ ^i-K"+"s) ; 
Cj — 63 ''i ~ % 

so that, integrating between the limits and w^, 

or ^^-i-ej«)i= J{i\-e^)E (Schwarz, g 20). 

Also (1 51) {e,-e,)a>,= J{e,-e^K- 

so that r,^-\-e^w^=-^{e^-e^){K~E); 

and therefore i'^-^=liTr-{-sw^iJ{f.i^—e^{K~E), 



yGoosle 



APPENDIX, 341 

But, from g 210, when a and (3 aru very nearly tt, their 
approximate values are given by 



'■' ?t-^ 






_«.-«> 


-JA, 


iV», 


~e,-e. 


+ 19"., 


i¥'«i 


= -."«. 


,'(«,-«= 




/■,^ = 2(«,- 


«.)(«!- 


'«,). 



af ph-e^. ej — gj *r^ 
and therefore (c^— 63)3^(03'^ — ^ cot^ \a cot^ |/3. 

Also (§ 210) 

G-Cj' ^ _8»'t ^ ^'("'i + g'-'a) 
G + Cr - p'o. - p'(<o, ~ swg) 

80 that (e,-<!,)5V=-(|^)'45C0tHa«<it>l/3. 
Therefore ^i^|Tr+— ^/cot Jacot J/3, 



*.=(-eTs)'7"H«.otW. 



But, ultimately, when K — d and k' = 1, 
then -B-^TT, and \i{K^E)lK^=-\-K {% 11, 170); 

80 that ■^iJ:£|7r + ^7reot4aCoti|8, 

•i'.= (§=§)!'rC„ti.C„t|/5. 

This reducea for the Spherical Pendulum, in which Cr = 0, to 
^ 12; ^Tr(i + J cot ^a cot 1^) Si Jw(l + § sin a sin (3), 
when a and (8 are neai'ly tt, thus agreeing with Bravais's result. 

When a = Tr and G + Cr=0, this approximation fails; but 
the student may now prove that the apsidal angle is 

This will be the apsidal angle when tlie Top is spinning in 
the vertical position with small angular velocity r, and is then 
struck with a alight horizontal blow. 
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II. The Motion of a Solid of Resolution in infinite friction- 
leita liquid. 

The reductions of the Elliptic Integral of the Third Kind 
in § 282 in consequence of the relation 

in connexion with the Top and Spherical Pendulum, are useful 
also in constructing degenerate cases of the motion of a Solid 
of Revolution in infinite liquid, as mentioned in § 211. 

We refer to Basset's Hydrodynamics, Vol. I., Chapters 
VIII., IX., and Appendix III., also to Halphen's Fonctiojis 
elliptiqv.es, II., Chap. IV., for an explanation of the notation ; 
and now T the kinetic energy of the system due to the 
component velocities u, v, w of the centre of the bo(5y along 
rectangular axes OA, OB, 00, fixed in the body, 00 being the 
axis of figure, and to component angular velocities p, q, r about 
OA, OB. 00 is given by 

T=^P{v?+v^)+lRiv'+lA{i>'+q') + {Cr'' (A) 

(to which the terms 

F'(up-\-vq)-{-P'wr 
may be added in the case of a body like a four-bladed screw 
propeller, or like a rifled ' projectile provided with studs or 
spiral convolutions on the exterior). 

Then the Hamiltonian equations of motion are 

dtdv ^9w"'"^3u~ • ^-^ 

d-dT -dT ^T „ 

m^~^di.+P^ = ^' ^3^ 

ddT dT , 'dT 32' -dT ^ 

d(^.-^a^+^3f-^3i7+^3w;=-^ ^*> 

d-dT 32" , -dT dT ZT „ 

a( 3^ -^ 3r 3p 3iti 3m ^ ^ 

d-dT 32" , dT dT , 32' -., 

dtdf-^dp+Pdq-''Zu+''-^v-=^- ^^> 

When no forces act, so that X, Y, Z, L, M, N vanish, then 

equation (6) shows that Or or r is constant. 

Multiplying equations (1) to (6) by u, v, w, p, q, q' in order, 

addiug and integrating, shows that T in (A) is constant. 



.(1) 
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?>u' "dv' Ziv' 



fd'fV . ^ ^ 

' ' ■■) constant ; 



tegrating, proves that 

ps(»'+»')+B'»'-i" (B) 

F being a constant, representing the resultant linear momentuin 

of the system. 

Similarly, it is shown that 

ZT-dT ,VF?}T ^-dT'dT . ^ ^ 

:^-K — \-^r- ^^+::r- ■^- 's constant; ov 
Zu, ?>p dv ^ ?>io Zv 

AP(up + vq)+OBwr^G, (C) 

where G is a constant, representing the resultant angular 

ui omentum of the system. 

From equations (A) and (B), 

and, from equation (3), 
dt'~ 

-j(b-].)(^'-^'«")" 

SO that it) or Rw is an elliptic function off. 

Taking the axis Oz in the direction of the resultant impulse 
F, and denoting by y-,, y^, y^ the cosines of the angles between 
Oz and OA, OB, OG, so that 

Pu^Fy^, Pv = Fy^, Rw = Fy^\ 
then, with Euler's coordinate angles fl, ^, t/', 

y^— — sin0eos0, y^^sinOsin^, y3 = eos0, 

P{u,p-'rvq) = F^\r\ 0(— pcos^ + gsin ^t) = F^\v?0 J\ \ 
so that 

d±^G-CFrcmd 
dt ~ AFsiii?Q 
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344 THE APPLICATIONS OF ELLIPTIC FUNCTIONS. 

^ G + CF r _1__ G-GFr 1 ^ ^i '"-^^a 
suppose; and then 

,d-\p-i d-\I/^ 
'^'^Ht df' 

The equations given by 'KivoiihaS {Yorleswiigenvher mathe- 
matisehe Pkysik, p. 240) for a, ,8, y, the coordinatea of with 
respect to fixed axes O'a, 0'j3, O'y (O'y parallel to Os) are 

Fa= /3.^-+^,g-~+^,^-, (7) 

-^^=-«i3^-«23^-«B^ ^^> 

i^= .|?'+.f+..|f; (9) 

rt( 3% 3t) aw; ^ ' 

where Uj, u^. cs "denote the cosines of the angles between O'a 
and OA, OB, 00; and ^^, ^^, ^^, the cosines of the angles 
between 0'^ and OA, OB, OC. 

Expressed by Euler'a coordinate angles, 

Uj = COS 6 cos ip cos ^ — sin <j> sin i^, 
a^ = — cos 6 sin cos i/r — cos ^ sin yp-, 
oj = sin d cos i/r ; 

^j= cos cos sin 1^+ sin ^cosi/r, 
^2= — cos sin ^ sin 1^+ cos ^ cost//-, 

while p = sin^^— sin^cos^T^, 

9 = cos00-l-sin0siu 0^, 
r= ^+cos0i/r; 
so that, after reduction, 

Fa = A cos'^ B + {Cr— A ci>5 6 i/')ain sin i/^, 
J^/3 = A sin -f - (Cr - J. cos i/r)sin 6 eos x/', 



/iy -f^^..,. . -P^ 



siii^0+ p-coa^0. 



'di~F'""''^R 



Writing ^a; for FcosQ or Itw, equation (D) becomes 



where 



/'• 



a-1^- 
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Denoting the roots of the quartic X = by : 
we may put, aceovding to §§ 151, 152, 




* fV,-fC,fC -63' 

and now, when x oKcillates between x^ and x.^, 
u = nt + (03. 

The letter u has been used here in two senses, to agree with 
the ordinary notation ; this need not however lead to confusion. 

Difi'erentiating, 

* = ^(^ +c) — f (u — c) — ^2c 

'■lp{u-c)-f2c 
^1 ^'{u—c)+^Xn+c) 
•J, s»(w-c)-p(w,+o)' 
x^ = p2c+piu- c) + p{u+c} ; 
ao that we must write v for 2c and u ?otu — c, to agree with 
Halphen's notation. 
Now, to determine y, 

Fy^{y+An'p2c)t-An{^(u~c) + a^+<:)} 

ao that, in a complete period 2to^ of the motion, the point 
will have advanced paiallel to O'y a distance 

(_~+Anp2c)2^,-iAm,^; 

also (5 152) 6p2c- coefficient of ~x^ in X. 
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We now suppose that u = a raakew j;=l, and v.==h i 
x= —1; then 

I ^^ -&'c(p i^-p(i) I ,^^_ ~f'c(pb~ pu) 

p'a ip'c .G - GFr p'6 p'c _ .Gi-GFr 

(fa— ^cf AFn ' {pb — fcf~ AFn 

Then 
diyj^i ^ -jp'a(iw- S3c) 
du (fa — fc)(pu — pa) 

and similarly 

and thei'efore 

<r(u+ciV(64-i(.) 
^— — ijj. w-ra ±L.g 

where 

P = {(«-c)+{(«+») + f((,-e) + a6+<!). 
Also 

sin^fl = 1 - a;= = (1 + icXl - x) 

{fii - pc){pb-pe){pu - fc)- 

<r''2ca-(u-a)o-{u + a)fT{b-n.)o-ib+'u) 
~(r(«-cM« + (!M(.-<i)cr(i + cV(u-c)o^(tt+c)' 
so that 

o-(u-c)o-(w+c) 
giving the projection on a plane perpendicular to Os of the 
motion of a point on the axis OC, relatively to ; also 
P(u+vi)^-Fsinee-'''\ _ 
p+qi = ( — siad\p- + i9)c-i'\ 
We find also, as in g 224, that if the values a^ and 6^ of u 
correspond to 

then a,-6i = a."6. 
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APPENDIX. 
But now introduce tlio condition 
when, according to § 282, ip- becomes iyseud<>-eUij)tic. 



Putting f=t.n^'^»^e=5., 






-£-V 



l+ain X — Xs.X-~Xy/ ' 

and, employing- h instead of a, this may also be written 

f.taa-'Jf-i-^ti^i^ • "-". ■'>-' 'A, 

^ V \ 1—x^ . l—a^a a;— iB^.a: — a^y/ 

that 1+i^ff. l+igy ^ 1-x g. \ — x -t 

1+^0- 1 + 3!^ 1-^0- 1-^"' 

and therefore each is equal to —1, and 

^Ci^a + ^(3% + 2 = 0, 
since x„+Xa+xp+Xy = ; 

and, changing to the complementary angle, 
f-tan->,/5=?t?Il'»^ 

y X — X^ .X~Xa 

. , lx8—x.x~Xy I /a; — a!„,a;a— 3^ 

with Xa> x^> x> Xy> Xf^. 
Differentiating, 

dl_(xs+Xj)(l+sf)-i(l+Xffiy)x . <fa_ ,„ 

, , , , n'n + aia— (l+a:na:a)3; 
- ln{x,+x^)-nJ f±^-^-'- 

provided that 'Jz(3!o+a:a) = (?/^^, «(l+a!ua;a) = C'»V-4- 

The quartic X must thei-efore break up into the two. 

quadratics x^ — j-et +^i 1 and cc^+ -.-r* ;- — 1; inid 

^ AFn An ^ AFn A. ' 

so that the requisite relation when a+6 = (o«, is 
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■ /I ■ ^ tea— ic.ic— 3>v 1(1/, , Or Gcos6 ^^'-'^ 



\x^—x.x—Xy_ // Vl , "^"f' *^*' 

~ ' .All AFn 

GgosO-CtF, 



80 that siii-0 sin 1^^= ^Z, sin^O cos 2^= j^ , 

and ^^mt — xy, 

where 'ni=\n{x^+Xa) = W/AF. 

Also, from (7) and (8), 

F(acos%/. + ^smi/,)=_i0 

r^An^Xjsm 6 = J.iisiii 6 sin 2f ; 
f(«sini/.-y3co9i/r) = ((7r-J cos0i/'>iue 
CvF-G cos 6 , ■ a ^^ 

Therefore Fa^Ansm 0(sin 2^cosi/<- — cos 2f sin i/^) 
— An sin siii(2^— i,^) 
= yl7isin sin(2m(-3V') ; 
F^ = An sin cos(2£-i/') 

^jlllSmO 008(2711* — 3^/'). 

Now in the motion of a point on OG, relative to 0, 

sin 9e'^ = sin0coa(mi — f)+isin dsm{mt — ^) 

___ (^y !x — X^.Xa — X . jXp — X . X — Xy \ 

where x = cos0. 

When (j — a = (i)a, and i/'j— i/'j or ^ ia pseuda-ellvptic, we 
shall find that (? and Cr are interchanged, and 

n(l+x^) = G!AF; 

«ndthen 2T-Gr^~-^=0 ; (F) 

80 that FHu^'+v^) = J^sin^O, 

As a numeiical exercise, we may take, in addition to (F), 
6 = iAFn, Gr=2J7A7i; 
then X = a;*-30a!^+16^73!-15 

^{x'-2J7x+;iXx^+2^7x-~o); 
■a'o=v'5' + ^. ^3=^-V7 + V3, (e^ = Jy-2, x^=~~J1--2.J-6- 
j,^ = 6C, ;;,= 8H, e, = l+2^::}, €^=-2, e, = l-2^3; 
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53(4= —3, ^b = l; (t = |iu<,, 6 = wi — ^wg (§225); 

S>c = 2J7 + 3, (a'c = - 8^7 - 20, f-2c = 5, ^'2c = i^7. 
Now we shall find that 

^„— ic . x~xA 



nt — ^l/^ — ^ COS' M-^--^ — ^ 



sin^e cos 3(71* - i/r) = ( — I + V"*" cos - i cos^e)^, 

= { W7 - 2 cos + W^ coH^)J(% - Jl COS e - i coa^e). 



MISCELLANEOUS EXAMPLES. 

1. Construct a Table exhibiting the eoimexioii between the 
twelve elliptic functions 

sn 11, ns tt, dc w, ed it ; 

en w, ds ti. ne w, sd u ; 
dn ii, cs u, sc u, nd u, 

2. Construct a Table of the values of the sn, cu, dn of 
•u.+m.K+'nK'i in terms of sn v,, en n, dn u ; also of the elliptic 
functions of ^(m^+ii^'i), for th., 7i = 0, 1, 2, .... 

3. Prove that, accents denoting differentiation, 
(i.) snw dn"u— sn,"u dnn = snii dnit, etc. 

I (sntt)^ snwsn'tt, (sn'w)^ I 
(ii.) (cnw)^, cn^^cn'^^, (cn'-w)^ =K'%nttcnwdiiii. 

I (dnit)^, duudn'ii, (dn'u)^ I 

(G. E. Mathews.) 

4. "Denoting by (m, n) the function 

3n(-M^— »-n)cn(M^4-tt«) 
cn(w,„ — W„)sn(w„, + M„)' 
prove that 

(4, 1){4, 2){4, 3)(2, 3)(3, 1)(]. 2)+{4, 1)(2, 3) + (4, 2)(3, 1) 

+ (4,3)C1,2) = 0. 
Denoting by A, B, the functions 
sn{t — x)sTi(y—z) sn{t—y)sn(z—x} 8n(f — s)sn(ic— ?/) 
sn(i+a;)sn(i/+s)' sn{t+y)an{3-i-x)' im(t+z)sa(x~y)' 
prove that ABO+A + B+G^O. 
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5, Prove that 

(ii.) /« sn(2it + a)du ~ tanh " ^(/c sn % 8n(u4- «) 1- 

(iii.) /log im wi(t= ixif'- J Jflog \Jk. 

(!. Determine the orbit in which 

P = }i?{i<?-\-a?u;'), the apsidal distance being a. 

7. Rectify ■/■§ = tt^cosfft 

8. Prove that the perimeter of the Cassinian Oval of § 161 

and draw the corresponding earves. 

9. Prove that the length of the curve of intersection of two 

circwlar cylinders, of radius a and h, whose axes interseet at 

n /"''^/l — ic^sin*(i\^ , ., „ „ „ 
light angles, is Sa/ { ^ : Z^ J ^4', >^' = « /o ; 

and verify the result when a = b. 

10. Prove that K and K' satisfy the differential equation 

Deduce the relation 



dk dk 4fc(l-&)' 

and thence deduce Legendre's relation (§ 171). 

11. Prove that w^ and cj^ of § 252 satisfy the differential 
equation ./{/_1)^-+-^ dJ-lU^^' 

12. Deduce the Fourier series for sn u, cn u, dn u of ^ 266, 
267 from the series for Zu. of g 26S, making use of Landen's 
Transformations and of equations (28), (29), (30) of § 264, 
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13. Prove that 

^'' p'u S»'(u+o)J S3'(u+wa) !»'(■"-+».-() 



<"-^ i(£y=^^^+^«^' 



14, Prove that, if a variable straight line meets the curve 
m (a^, ;/,)(Xj. y^){x^, y^, then (§ 166) 



. Denoting the integral 

' xydx 



A 



by fa;, 



where y is given as a function of x by the equation 

!X^+y^—daxy = l, 
prove that, for three collinear points, 

ix^+tx^+fXs=Sa. 

16. Prove or verify that, with g<i=0, the solution of Lamp's 
differential equation 

(Halphen, JM^'moire site la reduction des ^nations diff^rmi- 
tielUs, 1884.) 

17- Determine, by mean.9 of elliptic functions, the motion of 
liquid filling a rectangular box, due to compouent angular 
velocities about axes through the centre parallel to the edges. 

{Q. J. M., XV., p. IM ; W. M. Hicks, Velocity and EUctric 
Potentials between parallel planes, p. 274.) 
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IS. Prove that, with a; = ^-5r«/« and A = ^^la (g 278), 

and thence convert the fonnulaa (M) to (T) of § 249 into 
Jacobi's notation. 

19. Prove that (§ 264, 20*) 

1/Q = n"(l -g'^) ^Yf^^'"' 

20. Prove that 

(ii.) .- n(;r|Sy; 



21. Prove that, in Appendix II., p. 346. 

S,2c-K«-6) = -qJ^,; 

„ jg i-B'-CVf rr-Cr'-F'I It\, 

„ ,, iCr 2T-Cr'-F'/R 

Work out the case of 

2T-Cr'-F'IB-0, 
G-iAFn, Cr-iJiAn. 
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